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Abstract. In this paper first, we introduce and analyze the strongly

regular relations λ∗e and Λ∗
e on a hyperring such that the derived quo-

tient ring is unitary and unitary commutative, respectively. Next, we

define and study the notion of λe-parts in a hyperring and characterize

the λe-parts in a λe-strong hyperring R. Finally, we introduce the notion
of λe-closed hyperideal in a hyperring and study some of its fundamental

properties in Krasner hyperrings.
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1. Introduction and Preliminaries

The study of equivalence relations on hyperrings, that help us to obtain cor-
responding quotient rings satisfying special conditions, has made a considerable
progress in the first decade of the twentieth century, but it still represents an
interesting research subject, as proved by the publications appeared in the last
years [1, 22]. The starting point of the general approach to these relations
is [3, Theorem 13], where the authors represented relations of a multialgebra A
using polynomial functions of a universal algebra P ∗(A) of non-empty subsets
of A. Then a characterization for these relations was provided in [25, Proposi-
tion 4.1]. The fact that term function is an important tool in multialgebras is
clearly explained also by other authors, for example see [6,7,10,13,18–20,27,28].
It is already confirmed [24,25] that the general approach to multialgebra gives
widely available results and even stronger results than they currently have. In
particular, Theorem 6 in [26] states that, for each multialgebra A =< A,F >
and I the set of some identities, there exists the smallest equivalence relation
on A for which the corresponding factor multialgebra is a universal algebra
satisfying all the identities from I. Following the same idea, in this article
we introduce the smallest equivalence relation on a hyperring such that its
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corresponding quotient ring becomes a unitary ring. This relation leads us to
investigate new particular complete parts and hyperideals in hyperrings.

First we will recall some basic definitions and results, that are fundamental
in the following sections.

A hypergroupoid (H, ◦) is a non-empty set H together with a hyperoperation
◦ defined on H, that is a mapping of H×H into the family of non-empty subsets
of H. If (x, y) ∈ H ×H, its image under ◦ is denoted by x ◦ y and sometimes,
for simplicity, by xy. If A, B are non-empty subsets of H then A ◦ B is given
by A ◦ B =

⋃
x∈A,y∈B

x ◦ y. x ◦ A is used for {x} ◦ A (respectively A ◦ x for

A ◦ {x}). A hypergroupoid (H, ◦) is called a hypergroup in the sense of [15] if
for all x, y, z ∈ H the following two conditions hold: (i) x ◦ (y ◦ z) = (x ◦ y) ◦ z,
(ii) x◦H = H ◦x = H, meaning that for any x, y ∈ H there exist u, v ∈ H such
that y ∈ x ◦ u and y ∈ v ◦ x. If (H, ◦) satisfies only the first axiom, then it is
called a semi-hypergroup. An exhaustive review updated to 1992 of hypergroup
theory appears in [4], while the book [5] contains several applications of this
theory.

If (H, ◦) is a semi-hypergroup (respectively hypergroup) and R ⊆ H ×H
is an equivalence, we set

A
=

R B ⇔ a R b, ∀a ∈ A,∀b ∈ B,
for all pairs (A,B) of non-empty subsets of H.

The relation R is called strongly regular on the left side ( on the right side) if

x R y ⇒ a◦x
=

R a◦y ( x R y ⇒ x◦a
=

R y◦a, respectively), for all (x, y, a) ∈ H3.
Moreover, R is called strongly regular if it is strongly regular on the right and
on the left side.

Proposition 1.1. Let (H, ◦) be a semi-hypergroup and R and S be two strongly
regular relations on H. Then, (R∪S)∗, which is the transitive closure of R∪S,
is strongly regular.

Proof. Suppose that x and y are two elements in H such that x(R∪ S)∗y. We

show that for all a ∈ H, a◦x(R ∪ S)∗a◦y. For this reason consider the arbitrary
elements s ∈ a ◦ x and t ∈ a ◦ y. Since x(R ∪ S)∗y, there exist z1, . . . , zn in H
such that

x(R ∪ S)z1(R ∪ S)z2 . . . (R ∪ S)zn(R ∪ S)y.

Since R and S are strongly regular, we have

a ◦ x(R ∪ S)a ◦ z1(R ∪ S)a ◦ z2 . . . (R ∪ S)a ◦ zn(R ∪ S)a ◦ y.
Therefore for all i ∈ {1, . . . , n} and li ∈ a ◦ zi, we have

s(R ∪ S)l1(R ∪ S)l2 . . . (R ∪ S)ln(R ∪ S)t.

So s(R∪S)∗t and hence (R∪S)∗ is strongly regular on the left side. Similarly
we can show that (R∪S)∗ is strongly regular on the right and the proof is then
complete. �
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If (H, ◦) is a semi-hypergroup (respectively hypergroup) and R is strongly
regular, then the quotient H/R is a semigroup (respectively group) under the
operation:

R(x)⊗R(y) = R(z), ∀z ∈ x ◦ y,
where R(a) is the equivalence class of a ∈ H with respect to R [4].

For every n ∈ N, the fundamental relation βn is defined as follows:

∀(x, y) ∈ H2, x βn y ⇐⇒ ∃(z1, z2, . . . , zn) ∈ Hn, {x, y} ⊆
n∏
i=1

zi.

Besides, β1 = {(x, x) | x ∈ H} and β =
⋃
n∈N

βn. It is known that in every

hypergroup β = β∗ [11], where β∗ is the transitive closure of the relation
β. Moreover, it is the smallest strongly regular relation on H such that the
quotient H/β∗ is a group.

In general, if R is an equivalence relation on a set A, then ∀S ∈ P ∗(A), we
write R(S) =

⋃
x∈S

R(x).

Let (H, ◦) be a hypergroupoid and A a non-empty subset of H. A is called
invertible on the left in H if, ∀(x, y) ∈ H2, the following implication holds:
y ∈ A ◦ x =⇒ x ∈ A ◦ y. Similarly the invertibility to the right is defined. We
say that A is invertible if it is invertible on the right and on the left side [5].
An element e of a hypergroup H is called an identity if a ∈ a ◦ e ∩ e ◦ a for all
a ∈ H, while an element u of H is called a scalar identity if u ◦x = x ◦u = {x}
for all x ∈ H [5].

The hyperrings were introduced and studied by Krasner [14], Nakasis [21],
Massouros [16] and especially reviewed by Davvaz and Leoreanu-Fotea [8]. A
well-known type of a hyperring, called Krasner hyperrings, is essentially rings,
with approximately modified axioms in which addition is a hyperoperation,
while the multiplication is an operation. Some principal notions of hyperring
theory can be found in the book [8]. Another type of hyperrings was introduced
by Rota [29] in 1982, where the multiplication is a hyperoperation, while the
addition is an operation, and it is called a multiplicative hyperring, that was
subsequently investigated by Olson and Ward [23]. Vougiouklis [30] introduced
the general hyperrings, in which the addition and the multiplication are both
hyperoperations.

According to [30] a general hyperring, called by short only hyperring, is a
triple (R,+, ·) satisfying the following ring-like axioms (i) (R,+) is a hyper-
group, (ii) (R, ·) is a semi-hypergroup, (iii) the multiplication is distributive
with respect to the hyperaddition. A hyperring (R,+, ·) is said to be unitary
hyperring if relating to the multiplication, (R, ·) is a semi-hypergroup with the
scalar identity e. The element e is called the unit of R.

A Krasner hyperring (see [14] ) is an algebraic structure (R,+, ·) which
satisfies the following axioms:

(1) (R,+) is a canonical hypergroup, that is:
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i) for every x, y, z ∈ R, x+ (y + z) = (x+ y) + z;
ii) for every x, y ∈ R, x+ y = y + x;
iii) there exists 0 ∈ R such that 0 + x = x = x+ 0 for all x ∈ R;
iv) for every x ∈ R there exists a unique element x′ ∈ R such that

0 ∈ x+ x′ (we shall write −x for x′ and we call it the opposite of
x);

v) z ∈ x+ y implies y ∈ −x+ z and x ∈ z − y.
(2) Relating to the multiplication, (R, ·) is a semigroup having zero as a

bilaterally absorbing element, that is, x · 0 = 0 · x = 0.
(3) The multiplication is distributive with respect to the hyperaddition +.

In [31] Vougiouklis defined the relation Γ on a hyperring as follows: xΓy if
and only if x, y ⊆ u, where u is a finite sum of finite products of elements of R,

in fact there exist n, ki ∈ N and xij ∈ R such that u =
n∑
i=1

ki∏
j=1

xij . He proved

that the quotient R/Γ∗, where Γ∗ is the transitive closure of Γ, is a ring and
also that Γ∗ is the smallest equivalent relation on R such that the quotient
R/Γ∗ is a fundamental ring. Both operations ⊕ and � on R/Γ∗ are defined as
follows:

∀z ∈ Γ∗(x) + Γ∗(y), Γ∗(x)⊕ Γ∗(y) = Γ∗(z);

∀z ∈ Γ∗(x) · Γ∗(y), Γ∗(x)� Γ∗(y) = Γ∗(z).

The commutativity of the addition in rings can be related with the existence
of the unit for the multiplication. When we speak about a general hyperring
(R,+, ·), the hyperaddition is not commutative and there is no unit with respect
to the multiplication. So the commutativity, as well as the existence of the
unit, are not assumed in the fundamental ring. Besides, we know that there
exist many rings (where the hyperoperation + is commutative) without unit.
Having this idea in mind and try to analyse it for hyperrings, Davvaz and
Vougiouklis [9] introduced the α-relation as a new strongly regular equivalence
relation on a hyperring such that the quotient is an ordinary commutative ring.
Let’s recall here its definition.

Definition 1.2. If R is a hyperring, we set

α0 = {(x, x) | x ∈ R}
and, for every integer n ≥ 1, αn is the relation defined as follows:

xαny ⇐⇒ ∃(k1, k2, . . . , kn) ∈ Nn,∃σ ∈ Sn and

[∃(xi1, . . . , xiki) ∈ Rki ,∃σi ∈ Ski , (i = 1, . . . , n)] such that

x ∈
n∑
i=1

ki∏
j=1

x
ij

and y ∈
n∑
i=1

Aσ(i),

where Ai =
ki∏
j=1

xiσi(j).
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Obviously, for every n ≥ 1, the relation αn is symmetric, while the relation
α =

⋃
n≥0

αn is reflexive and symmetric.

Theorem 1.3. [9] Let (R,+, ·) be a hyperring and α∗ be the transitive closure
of α.

(1) α∗ is a strongly regular relation on both (R,+) and (R, ·).
(2) The quotient R/α∗ is a commutative ring.
(3) The relation α∗ is the smallest equivalence relation such that the quo-

tient R/α∗ is a commutative ring.

Note that the relation α in Theorem 1.2 consists of two relations α+ and α×
defined as follows:

(1) x α
+
y ⇔ ∃n ∈ N,∃(k1, . . . , kn) ∈ Nn,∃σ ∈ Sn,

x ∈
n∑
i=1

ki∏
j=1

x
ij

and y ∈
n∑
i=1

Aσ(i),

where Ai =
ki∏
j=1

xij . In fact, if in Theorem 1.2 we set σi = id, then we

obtain α+.
(2) x α× y ⇔ ∃n ∈ N,∃(k1, . . . , kn) ∈ Nn, and ∀i = 1, . . . , n, ∃(xi1, . . . , xiki),∃σi ∈

Ski such that x ∈
n∑
i=1

ki∏
j=1

x
ij

and y ∈
n∑
i=1

Ai, where Ai =
ki∏
j=1

xiσi(j). In

fact, if in Theorem 1.2 we set σ = id, then we obtain α×.

Then immediately we obtain the new result.

Proposition 1.4. If (R,+, ·) is a hyperring, then

(i) α∗
+

and α∗
×

are strongly regular relations on both (R,+) and (R, ·);

(ii) α∗ = (α
×
∪ α

+
)∗.

Proof. (i) The proof follows directly from the definition.
(ii) By Theorem 1.1 the proof is obvious. �

Example 1.5. Let R = {0, 1, 2} be a set with hyperoperation + and the binary
operation · defined as follows:

+ 0 1 2

0 0 1 2
1 1 1 R
2 2 R 2

and

· 0 1 2

0 0 0 0
1 0 1 2
2 0 1 2

Then (R,+, ·) is a hyperring. Thus α∗
+

= R×R and α∗
×

= ∆ = {(x, x) | x ∈ R}
the diagonal relation on R.
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In this paper first we show that the relation α∗ produces with two subrela-
tions and then we introduce and analyze some new binary relations λ∗e and Λ∗e
on hyperrings such that the derived rings are unitary and unitary commutative,
respectively. We also investigate λe-parts on hyperrings. By introducing the
notion of λe-closed hyperideal I in a hyperring R, we construct the ring R/I.
Then we study the relationship between ideals in the ring R/I with hyperideals
in the Krasner hyperring R containing I.

2. The relation λe

In this section, by replacing α× with a suitable relation λe×, we introduce
the relations λe and Λe in order to obtain a new characterization of the derived
hyperring.

Definition 2.1. Suppose that (R,+, ·) is a hyperring and e ∈ R. We say that
the pair ( m∑

i=1

ki∏
j=1

x
ij
,

m∑
i=1

k′i∏
t=1

y
it

)
satisfies the condition Pe whenever one of the following situations occurs:

(1) ∀i ∈ {1, . . . ,m}, ki = k′i and ∀j ∈ {1, . . . , ki}, xij = yij ;
(2) there exist i1, . . . , id ∈ {1, . . . ,m} such that

• ∀16i6m with i /∈ {i1, . . . , id} and ∀16t6k′i, we have ki = k′i and
x
it

= y
it

;
• ∀16j6d there exist pij and lij ∈ N such that 16pij6k

′
ij

, pij6lij6k
′
ij

and k′ij = kij + (lij − pij + 1)

• ∀16j6d we have

(1) y
ijt

:
def
=


x
ijt
, if 16t < pij ;

e, if pij6t6lij ;

x
ij(t+pij

−lij−1)
, if lij < t6k′ij .

Remark 2.2. The condition Pe is as follows:

The pair
( m∑
i=1

ki∏
j=1

x
ij
,
m∑
i=1

k′i∏
t=1

y
it

)
is in Pe if the difference of elements in fi-

nite products
ki∏
j=1

x
ij

and
k′i∏
t=1

y
it

can be seen in finite products of e’s for every

i. In other words if we omit the element e from products
ki∏
j=1

x
ij

and
k′i∏
t=1

y
it

then the remain products are the same. For example (x11x12 + x21x22x23 +
x31x32, x11eex12 + x21x22x23 + x31x32e) is in Pe.
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Definition 2.3. Suppose that the hyperring R and the element e ∈ R are
given. For all m>1, define:

<em :=
{( m∑

i=1

ki∏
j=1

x
ij
,

m∑
i=1

k′i∏
t=1

y
it

)
,
( m∑
i=1

k′i∏
t=1

y
it
,

m∑
i=1

ki∏
j=1

x
ij

)
| the pair

( m∑
i=1

ki∏
j=1

x
ij
,

m∑
i=1

k′i∏
t=1

y
it

)
satisfies condition Pe

}
;

and <e :=
⋃
m>1

<em.

Example 2.4. Let R be a ring with identity e = 1R. Then for every m ≥ 1,
we have <em = ∆ and so <e = ∆.

Example 2.5. Let (A,+, ·) be a ring and N be a subgroup of its multiplicative
semigroup such that for each a ∈ A we have aN = Na. Then the multiplicative
classes x̄ = xN(x ∈ A) form a partition of A, and let Ā = A/N be the set of
these classes. If for all x̄, ȳ ∈ Ā, we define

x̄⊕ ȳ = {z̄ | z ∈ x̄+ ȳ}, and x̄ ∗ ȳ = x · y,

then the obtained structure is a hypergroup, see [8, Example 3.1.3(3)].
Now let (A,+, ·) = (Z× 2Z,+, ·), N = {−1, 1} × {0} = {(−1, 0), (1, 0)}. Thus

for each (n, 2m) ∈ Z × 2Z we have (n, 2m) = {(−n, 0), (n, 0)} = (n, 0) and so

(Z× 2Z)/N = {(n, 0) | n ∈ Z}. Put e := (3, 0). Therefore,

<e = {
(
(2k + 1, 0), (2k′ + 1, 0)

)
,
(
(2k, 0), (2k′, 0)

)
| k, k′ ∈ Z}.

Because multiplying the number 3 by every integer does not change whether the
number is even or odd. For instance

(
(1, 0), (1, 0)e

)
∈ <e1, so

(
(1, 0), (3, 0)

)
∈

<e. Also
(
(1, 0)+(2, 0), (1, 0)e+(2, 0)

)
∈ <e2 and

(
(1, 0)+(2, 0), (1, 0)+(2, 0)e

)
∈

<e2, this implies that

{
(
(3, 0), (5, 0)

)
,
(
(3, 0), (1, 0)

)
,
(
(1, 0), (5, 0)

)
,
(
(1, 0), (1, 0)

)
} ⊂ <e

and

{
(
(1, 0), (5, 0)

)
,
(
(1, 0), (7, 0)

)
,
(
(3, 0), (5, 0)

)
,
(
(3, 0), (7, 0)

)
} ⊂ <e.

By
(
(1, 0)+(3, 0), (1, 0)e+(3, 0)

)
∈ <e2 and

(
(1, 0)+(3, 0), (1, 0)+(3, 0)e

)
∈ <e2

we have

{
(
(2, 0), (0, 0)

)
,
(
(2, 0), (6, 0)

)
,
(
(4, 0), (0, 0)

)
,
(
(4, 0), (6, 0)

)
} ⊂ <e

and

{
(
(2, 0), (8, 0)

)
,
(
(2, 0), (10, 0)

)
,
(
(4, 0), (8, 0)

)
,
(
(4, 0), (10, 0)

)
} ⊂ <e.
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Suppose that (R,+, ·) is a hyperring. For every integer m ≥ 1 and x, y ∈ R
define:

(2) x (λe×)m y ⇔ ∃(A,B) ∈ <em such that x ∈ A and y ∈ B.

Take λe× :=
⋃
m≥1

(λe×)m. It follows that λe× is reflexive and transitive. Let (λe×)∗

denote as usually the transitive closure of λe×.

Proposition 2.6. If (R,+, ·) is a hyperring, then (λe×)m ⊆ (λe×)m+1.

Proof. If x (λe×)m y, then there exists (A,B) ∈ <em such that x ∈ A and y ∈ B.

Without losing the generality suppose that A =
m∑
i=1

ki∏
j=1

x
ij

and y =
m∑
i=1

k′i∏
t=1

y
it

.

Since (R,+) is a hypergroup, there exist u,w ∈ R such that xmkm ∈ u + w.
Therefore

m∑
i=1

ki∏
j=1

x
ij
⊆ (x11 . . . x1k1) + . . .+ (x(m−1)1 . . . x(m−1)k(m−1)

)+

(xm1 . . . xm(km−1)u) + (xm1 . . . xm(km−1)w).

Set km+1 := km and

x′ij :
def
=



xij , if 16i6m− 1, 16j6ki;

xmj , if i = m, 16j6km − 1;

u, if i = m, j = km;

xmj , if i = m+ 1, 16j6k(m+1) − 1;

w, if i = m+ 1, j = km+1.

Similarly define y′it from yit. Therefore

x ∈
m+1∑
i=1

ki∏
j=1

x′
ij

and y ∈
m+1∑
i=1

k′i∏
t=1

y′
it
,

where
(m+1∑
i=1

ki∏
j=1

x′
ij
,
m+1∑
i=1

k′i∏
t=1

y′
it

)
∈ <em+1. Thus x (λe×)m+1 y. �

Definition 2.7. A hyperring (R,+, ·) is called (λe)n-complete if ∀(k1, . . . , kn) ∈
Nn, ∀(xi1, . . . xiki) ∈ Rki , i = 1, . . . n, there is

λe

( n∑
i=1

ki∏
j=1

x
ij

)
=

n∑
i=1

k′i∏
t=1

y
it
,

where
( n∑
i=1

ki∏
j=1

xij ,
n∑
i=1

k′i∏
t=1

yit

)
∈ <en.
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We recall from [17] that a hyperring R is called n-complete, if ∀(k1, . . . , kn) ∈
Nn, ∀(xi1, . . . , xiki) ∈ Rki , there is

Γ
( n∑
i=1

ki∏
j=1

x
ij

)
=

n∑
i=1

k′i∏
j=1

y
ij
.

Proposition 2.8. If (R,+, ·) is a unitary hyperring with the unit e, then R is
a (λe)n-complete hyperring if and only if R is an n-complete hyperring.

Proof. Since (R, ·) is a semi-hypergroup with the scalar identity e, it follows
that λe× = α+ and therefore Γ = λe. �

Theorem 2.9. If (R,+, ·) is a (λe)n-complete hyperring, then

(λe)n = λe.

Proof. Suppose that x λe y. Thus there exists (A,B) ∈ <e such that x ∈ A
and y ∈ B. Without losing the generality suppose that

A =

m∑
i=1

ki∏
j=1

xij and B =

m∑
i=1

k′i∏
t=1

yit .

If A and B satisfy condition (1) of Theorem 2.1, then the proof is obvious.
Now suppose that A and B satisfy condition (2) of Theorem 2.1. If m6n,
then by Theorem 2.6, we have (λe×)m ⊆ (λe×)n. If m > n, since (R,+) is

a hypergroup, it follows that there exists s ∈ R such that s ∈
m∑
i=n

ki∏
j=1

x
ij

.

Set li :=

{
ki, if 16i6n− 1;

1, if i = n.
and zij :=

{
xij , if 16i6n− 1 and 16j6li;

s, if i = n
.

Therefore x ∈
n∑
i=1

li∏
j=1

z
ij

and since R is a (λe)n-complete hyperring, it follows

that

λe(x) ⊆ λe

( n∑
i=1

li∏
j=1

z
ij

)
=

n∑
i=1

l′i∏
j=1

z′
it
,

where
( n∑
i=1

li∏
j=1

z
ij
,
n∑
i=1

li∏
j=1

z
ij

)
∈ <en. By x λe y we have y ∈ λe(x) and hence

x (λe)n y, concluding the proof. �

Example 2.10. Let R be a ring with identity e = 1R. Then R is a (λe)n-
complete hyperring, so (λe)n = λe = ∆.

Example 2.11. Let (Ā,⊕, ∗) be the hyperring defined in the Theorem 2.5 and

put e = (3, 0). It is not difficult to see that

λe((0, 0)) = {(2k, 0) | k ∈ Z} and λe((1, 0)) = {(2k + 1, 0) | k ∈ Z}.
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Proposition 2.12. If (R,+, ·) is a hyperring, then (λe×)∗ is a strongly regular
relation both on (R,+) and (R, ·).

Proof. We can see very easily that (λe×)∗ is an equivalence relation. In order
to prove that it is strongly regular, we show that if x λe× y, then{

x+ a λe× y + a, a+ x λe× a+ y

x · a λe× y · a, a · x λe× a · y,

for every a ∈ R. If x λe× y, then there exists a pair (A,B) ∈ <e such that x ∈ A

and y ∈ B. So there exists m>1 such that A =
m∑
i=1

ki∏
j=1

x
ij

, B =
m∑
i=1

k′i∏
t=1

y
it

and the pair (A,B) satisfies condition Pe. Thus,

x+ a ⊆
( m∑
i=1

ki∏
j=1

xij
)

+ a and y + a ⊆
( m∑
i=1

k′i∏
t=1

yit
)

+ a.

Now, let km+1 = 1, k′m+1 = 1, x
(m+1)1

= a, y
(m+1)1

= a. So

x+ a ⊆
m+1∑
i=1

ki∏
j=1

xij and y + a ⊆
m+1∑
i=1

k′i∏
t=1

yit .

Therefore
(m+1∑
i=1

ki∏
j=1

xij ,
m+1∑
i=1

k′i∏
t=1

yit
)
∈ <em+1. This implies that (A+a,B+a) ∈

<e. Thus, for all u ∈ x+a and v ∈ y+a, we have u λe× v and hence x+a λe× y+a.

Similarly we can show that a+ x λe× a+ y.
Now we prove that (λe×)∗ is a strongly regular relation on (R, ·). If x λe× y,

then there exists (A,B) ∈ <e such that x ∈ A and y ∈ B. Therefore

there exists m>1 such that A =
m∑
i=1

ki∏
j=1

xij , B =
m∑
i=1

k′i∏
t=1

yit and the pair

( m∑
i=1

ki∏
j=1

xij ,
m∑
i=1

k′i∏
t=1

yit
)

satisfies condition Pe. Thus

x · a ⊆
( m∑
i=1

ki∏
j=1

x
ij

)
· a and y · a ⊆

( m∑
i=1

k′i∏
t=1

y
it

)
· a.

Now let for all 16i6m, ti = ki + 1, t′i = k′i + 1, xiti = a and yit′i = a. So

x · a ⊆
m∑
i=1

ti∏
j=1

xij , y · a ⊆
m∑
i=1

t′i∏
t=1

yit and
( m∑
i=1

ti∏
j=1

xij ,
m∑
i=1

t′i∏
t=1

yit
)
∈ <em.

Therefore (A · a,B · a) ∈ <e and hence for all u ∈ x · a and v ∈ y · a, we have

u λe× v. Thus x · a λe× y · a. Similarly we can show that a · x λe× a · y. �

Definition 2.13. For any hyperring R, define the relation λe as λe = λe× ∪ α+ .
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Obviously, the relation λe is reflexive and symmetric. Let λ∗e be the transitive
closure of λe. We have the following result.

Proposition 2.14. If (R,+, ·) is a hyperring, then λ∗e is a strongly regular
relation both on (R,+) and (R, ·).

Proof. The proof follows from Theorem 1.1, Theorem 1.4 and Theorem 2.12.
�

Theorem 2.15. If (R,+, ·) is a hyperring, then R/λ∗e is a ring with the unit
λ∗e(e).

Proof. By Theorem 2.14 we conclude that R/λ∗e is a ring with the following
operations:

λ∗e(a)⊕ λ∗e(b) = λ∗e(c), where c ∈ λ∗e(a) + λ∗e(b);

λ∗e(a)� λ∗e(b) = λ∗e(d), where d ∈ λ∗e(a) · λ∗e(b).
It remains to prove that λ∗e(e) is the unitary element of the ring R/λ∗e. By

Theorem 2.3, for all x ∈ R we know that (x, xe) and (x, ex) are in <e1. So, for
all y ∈ xe ∪ ex, there is x λe× y and hence λ∗e(x) = λ∗e(y). Now suppose that
z ∈ λ∗e(x) ·λ∗e(e), so there exist a ∈ λ∗e(x) and b ∈ λ∗e(e) such that z ∈ ab. Thus
we have

a = x1 λe x2 λe ... λe xn = x and b = y1 λe y2 λe ... λe ym = e.

Therefore

ab = x1b λe x2b λe ... λe xnb = xb and xb = xy1 λe xy2 λe ... λe xym = xe

and so, for all y ∈ xe we have z λe y. Thus λ∗e(z) = λ∗e(y) = λ∗e(x) and hence
λ∗e(x) � λ∗e(e) = λ∗e(x). Similarly we can prove that λ∗e(e) � λ∗e(x) = λ∗e(x).
Hence λ∗e(e) is the unitary element of the ring R/λ∗e. �

Example 2.16. Consider the ring (2Z,+, ·) of even integer numbers. Put
e = 4 and so 6 is the smallest positive element in 2Z in which λ∗e(0) = λ∗e(6)
(indeed since (0,−2 + 2) ∈ λ∗e, (0, 6) = (0,−2 + 4 × 2) ∈ λ∗e). Let a, b ∈ 2Z
such that a λ∗e b. Thus λ∗e(0) = λ∗e(a − b). By division algorithm there is a
unique pair of integers q and r such that a− b = 6q + r and 0 ≤ r < 6. Since
a− b is even, r = 0, 2 or 4. Suppose that r = 2 or 4. Because λ∗e(0) = λ∗e(6q),
hence λ∗e(0) = λ∗e(r) and it is a contradiction. Thus r = 0 and so a − b ∈ 6Z.
This implies that a′ − b′ ∈ 3Z, where a = 2a′ and b = 2b′. Therefore 2Z/λ∗e is
isomorphic to the ring Z3.

Theorem 2.17. Suppose that (R,+, ·) is a hyperring. Then the relation λ∗e is
the smallest equivalence relation such that the quotient R/λ∗e is a ring with the
unit λ∗e(e).

Proof. Let µ be an equivalence relation on R such that R/µ is a ring with

the unit µ(e) = λ∗e(e) and let φ : R // R/µ be the canonical projection.

Suppose that x λe y. Thus we have the following two cases.
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Case 1. x α+ y, so there exists σ ∈ Sn such that

x ∈
n∑
i=1

ki∏
j=1

x
ij

and y ∈
n∑
i=1

kσ(i)∏
j=1

x
σ(i)j

.

So φ(x) =
n⊕
i=1

( ki⊙
j=1

µ(x
ij

)
)

and φ(y) =
n⊕
i=1

( kσ(i)⊙
j=1

µ(x
σ(i)j

)
)

. By commutativity

of the group (R/µ,
⊕

), it follows that φ(x) = φ(y) and hence x µ y.
Case 2. x λe× y, so there exists (A,B) ∈ <e such that x ∈ A and y ∈ B.

Thus there exists m>1 such that A =
m∑
i=1

ki∏
j=1

xij , B =
m∑
i=1

k′i∏
t=1

yit and the pair

( m∑
i=1

ki∏
j=1

xij ,
m∑
i=1

k′i∏
t=1

yit
)

satisfies condition Pe. If (A,B) satisfies part (1) of

Theorem 2.1, then x µ y. If (A,B) satisfies part (2) of Theorem 2.1, then we
have

k1⊙
j=1

µ(x1j)
⊕

...
⊕ ki1⊙

j=1

µ(xi1j) ...
⊕ kid⊙

j=1

µ(xidj)
⊕

...
⊕ km⊙

j=1

µ(xmj)

k′1⊙
t=1

µ(y1t)
⊕

...
⊕ k′i1⊙

t=1
µ(yi1t) ...

⊕ k′id⊙
t=1

µ(yidt)
⊕

...
⊕ k′m⊙

t=1
µ(ymt).

By Theorem 2.1 for each 16n6d, we have
kin⊙
j=1

µ(xinj) =
k′in⊙
t=1

µ(yint). Therefore

φ(x) = φ(y) and hence x µ y. Thus x λe y implies that x µ y. Finally, let
x λ∗e y. Since µ is transitively closed, we obtain

x ∈ λ∗e(y)⇒ x ∈ µ(y).

Therefore λ∗e ⊆ µ. �

Definition 2.18. Let (R,+, ·) be a hyperring. Define the relation Λe by Λe =
λe× ∪ α.

Obviously, the relation Λe is reflexive and symmetric. Also, if R is a unitary
hyperring with unit e, then Λe = α. Let Λ∗e be the transitive closure of Λe.

Example 2.19. Suppose that (R,+, ·) is a unitary hyperring. According to
theorem 2.8 we have λe× = α+. Thus Λe = λe× ∪ α = α+ ∪ α = α

Example 2.20. Let (Ā,⊕, ∗) be the hyperring defined in the Theorem 2.5 and

put e = (3, 0). Thus Λ∗e = λ∗e. By Theorem 2.11 we have λe((0, 0)) = {(2k, 0) |
k ∈ Z} and λe((1, 0)) = {(2k + 1, 0) | k ∈ Z}. We claim the ring Ā/Λ∗e
is isomorphic to the ring (Z2,+, ·). For the proof, it is enough to show that
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(
(1, 0), (0, 0)

)
/∈ <e. Otherwise, there exists

( m∑
i=1

ki∏
j=1

(xij , 0),
m∑
i=1

k′i∏
t=1

(yit, 0)
)
∈

<em such that

(1, 0) ∈
m∑
i=1

ki∏
j=1

(xij , 0) and,(3)

(0, 0) ∈
m∑
i=1

k′i∏
t=1

(yit, 0).(4)

The relation (2.3) implies that just odd summands, such as
ki∏
j=1

(xij , 0), exist

in the sum
m∑
i=1

ki∏
j=1

(xij , 0), where every xij is an odd number and in the other

summands at least one of xij is an even number. Multiplying e in each element

(n, 0) of Ā yields the first component of the equivalence class representative
to be multiplied by 3. Since multiplying the number 3 by every integer does

not change whether the number is even or odd, we have (0, 0) /∈
m∑
i=1

k′i∏
t=1

(yit, 0).

This is in contrast to (2.4). Therefore Ā/Λ∗e = {Λ∗e((0, 0)),Λ∗e((1, 0))} which is
isomorphic to the ring (Z2,+, ·).

Theorem 2.21. Let (R,+, ·) be a hyperring. Then,

(i) Λ∗e is a strongly regular relation both on (R,+) and (R, ·) and the quo-
tient R/Λ∗e is a commutative ring with the unit Λ∗e(e).

(ii) The relation Λ∗e is the smallest equivalence relation such that the quo-
tient R/Λ∗e is a ring with the unit Λ∗e(e).

Proof. (i) The proof follows from Theorem 1.1, Theorem 2.12 and Theorem 2.15.
Notice that commutativity follows from Theorem 1.3.

(ii) The proof is similar to the proof of Theorem 2.17. �

3. The transitivity conditions of λe and λe-strong hyperrings

In this section, first we state the conditions that are equivalent to the tran-
sitivity of the relation λe. Then we introduce the notion of λe-strong hyperring
and study its relationship with the transitivity of the relation λe.

Definition 3.1. Let M be a non-empty subset of a hyperring R. We say that
M is a λe-part if the following conditions are satisfied:

(P1) for every n ∈ N, i = 1, . . . , n, ki ∈ N, and any permutation σ ∈ Sn, we
have

n∑
i=1

ki∏
j=1

xij
⋂
M 6= ∅ =⇒

n∑
i=1

kσ(i)∏
j=1

x
σ(i)j
⊆ M,
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(P2) for every m ∈ N, i = 1, . . . ,m, ki ∈ N, we have

m∑
i=1

ki∏
j=1

xij
⋂
M 6= ∅ =⇒

m∑
i=1

k′i∏
t=1

yit ⊆ M,

whenever the pair
( m∑
i=1

ki∏
j=1

xij ,
m∑
i=1

k′i∏
t=1

yit
)

satisfies condition Pe.

Proposition 3.2. Let M be a non-empty subset of a hyperring R. The follow-
ing conditions are equivalent:

(1) M is a λe-part of R.
(2) For any x ∈M such that xλey, it follows that y ∈M .
(3) For any x ∈M such that xλ∗ey, it follows that y ∈M .

Proof. (1 =⇒ 2): Let (x, y) ∈ R2 be a pair such that x ∈ M and xλey. Then
we have the following two possibilities.

Case 1: If xα+y, then there exist n ∈ N and the permutation σ ∈ Sn

such that x ∈
n∑
i=1

ki∏
j=1

x
ij

and y ∈
n∑
i=1

kσ(i)∏
j=1

x
σ(i)j

. Since M is a λe-part, by

Theorem 3.1(P1), we have
n∑
i=1

ki∏
j=1

x
σ(i)j
⊆ M and thus y ∈M .

Case 2: If xλe×y, then there exists a pair
( m∑
i=1

ki∏
j=1

x
ij
,
m∑
i=1

k′i∏
t=1

y
it

)
satisfying

Pe such that x ∈
m∑
i=1

ki∏
j=1

x
ij

and y ∈
m∑
i=1

k′i∏
t=1

y
it

. Since M is a λe-part, by

Theorem 3.1(P2), we have
m∑
i=1

k′i∏
t=1

y
it
⊆ M and therefore y ∈M .

(2 =⇒ 3): Let x ∈ M and y ∈ R such that xλ∗ey. Obviously, there ex-
ist m ∈ N and (x = w0, w1, . . . , wm−1, wm = y) ∈ Rm+1 such that x =
w0λew1λe . . . λewm−1λewm = y. Since x ∈ M we obtain y ∈ M , by apply-
ing the hypothesis (2) m times.

(3 =⇒ 1): First let
n∑
i=1

ki∏
j=1

x
ij

⋂
M 6= ∅ and x ∈

n∑
i=1

ki∏
j=1

x
ij

⋂
M . For every

permutation σ ∈ Sn and for every y ∈
n∑
i=1

kσ(i)∏
j=1

x
σ(i)j

we have x α+ y and hence

x λe y. Thus x ∈ M and xλ∗ey and so by (3) we obtain y ∈ M , meaning that
n∑
i=1

kσ(i)∏
j=1

x
σ(i)j
⊆ M , as requested in the part (P1) of Definition 3.1.
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Now let
m∑
i=1

ki∏
j=1

xij
⋂
M 6= ∅ and x ∈

m∑
i=1

ki∏
j=1

xij
⋂
M . For every y ∈

m∑
i=1

k′i∏
t=1

yit we have xλe×y and hence x λe y. Similarly as before we have y ∈M

and thus
m∑
i=1

k′i∏
t=1

yit ⊆M , as requested in the part (P2) of Definition 3.1. Now

the proof is complete. �

Before proving the next theorem, we introduce the following notations.

Notation 3.3. For every element x of a hyperring R, set:

(N1) Tn(x) =
{ n∑
i=1

ki∏
j=1

x
ij
| x ∈

n∑
i=1

ki∏
j=1

x
ij

}
;

(N2) P
α+
n (x) =

⋃
n>1

{ n∑
i=1

kσ(i)∏
j=1

x
σ(i)j
| σ ∈ Sn,

n∑
i=1

ki∏
j=1

x
ij
∈ Tn(x)

}
;

(N3) P
λe×
m (x) =

⋃
m>1

{ m∑
i=1

k′i∏
t=1

y
it
|
m∑
i=1

ki∏
j=1

x
ij
∈ Tm(x) and the pair

( m∑
i=1

ki∏
j=1

x
ij
,

m∑
i=1

k′i∏
t=1

y
it

)
satisfies condition Pe

}
;

(N4) P (x) = [
⋃
n>1

P
α+
n (x)]

⋃
[
⋃
m>1

P
λe×
m (x)].

Lemma 3.4. Suppose that R is a hyperring.

(i) For every x ∈ R, there is P (x) = {y ∈ R | xλey}.
(ii) If M is a λe-part of R and x ∈M , then P (x) ⊆ M .

Proof. (i) It is easy to see that P (x) ⊆ {y ∈ R | xλey}.
Conversely, for every pair (x, y) of elements of R we have:

xα+y ⇔ ∃n ∈ N,∃σ ∈ Sn : x ∈
n∑
i=1

ki∏
j=1

xij and y ∈
n∑
i=1

kσ(i)∏
j=1

x
σ(i)j

⇔ ∃n ∈ N, y ∈ Pα+
n (x)

⇒ y ∈ P (x),
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and

xλe×y ⇔ ∃m ∈ N, x ∈
m∑
i=1

ki∏
j=1

x
ij

and y ∈
m∑
i=1

k′i∏
t=1

yit such that the

pair
( m∑
i=1

ki∏
j=1

x
ij
,

m∑
i=1

k′i∏
t=1

y
it

)
satisfies condition Pe

⇔ ∃m ∈ N, y ∈ Pm(x)

⇒ y ∈ P (x).

(ii) The proof follows immediately from (i). �

With this preparation, we are now ready to state equivalent conditions to
the transitivity of the relation λe.

Theorem 3.5. Suppose that R is an arbitrary hyperring. Then the following
conditions are equivalent:

(1) The relation λe is transitive.
(2) For every x ∈ R, there is λ∗e(x) = P(x).
(3) For every x ∈ R, the set P (x) is a λe-part of R.

Proof. (1 =⇒ 2): By Theorem 3.4(i), for every pair (x, y) of elements of R we
have:

y ∈ λ∗e(x)⇔ xλ∗ey ⇔ xλey ⇔ y ∈ P (x).

(2 =⇒ 3): If M is a non-empty subset of R, then M is an λe-part of R if
and only if it is a union of equivalence classes modulo λ∗e. In particular, every
equivalence class modulo λ∗e is a λe-part of R.

(3 =⇒ 1): If xλey and yλez, then by Theorem 3.4(i), we have x ∈ P (y) and
y ∈ P (z). Since P (z) is a λe-part, by Theorem 3.4(ii), we obtain P (y) ⊆ P (z).
Thus x ∈ P (z) and hence by Theorem 3.4(i), we have xλez. Therefore λe is
transitive. �

In the second part of this section, we introduce and study a new type of
hyperring, called the λe-strong hyperring. Suppose that (R,+, ·) is a hyperring

and φe : R // R/λ∗e is the canonical projection, i.e., for any a ∈ R, φe(a) =

λ∗e(a). In Theorem 2.15 we proved that R/λ∗e is a ring with identity such that
1
R/λ∗e

= λ∗e(e). Set now De(R) := φe
−1(1

R/λ∗e
) and we obtain the following

result.

Proposition 3.6. For a non-empty subset M of a hyperring R we have De(R)·
M ∪M ·De(R) ⊆ φe

−1(φe(M)).

Proof. Since λ∗e(e) = 1
R/λ∗e

, for every x ∈ De(R) ·M we have λ∗e(x) = λ∗e(m) for

some m ∈ M and hence x ∈ φe−1(φe(M)). Thus De(R) ·M ⊆ φe
−1(φe(M)).

Similarly, the other part can be proved. �
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Definition 3.7. Suppose that (R,+, ·) is a hyperring and e ∈ R. We say that
R is a λe-strong hyperring, whenever:

(i) for all x, y ∈ R if xλ∗ey, then x · e ∩ y · e 6= ∅ and e · x ∩ e · y 6= ∅.
(ii) {e} is an invertible set in the semi-hypergroup (R, ·).

Theorem 3.8. Suppose that R is a λe-strong hyperring.

(i) For a non-empty subset M of R we have:
(i-1) M ·De(R) = De(R) ·M = φe

−1(φe(M)).
(i-2) M is a λe-part if and only if φe

−1(φe(M)) = M .
(ii) The relation λe is transitive.

Proof. (i-1) By Theorem 3.6 it is enough to prove that

φe
−1(φe(M)) ⊆ M ·De(R) ∩De(R) ·M.

For every x ∈ φe−1(φe(M)), an elementm ∈M exists such that φe(x) = φe(m).
Since R is a λe-strong hyperring, it follows that x · e∩m · e 6= ∅. So there exists
z ∈ x · e∩m · e. Since {e} is invertible, we have x ∈ z · e and hence x ∈ m · e · e.
Therefore x ∈ M ·De(R), because e · e ⊆ De(R). Similarly we can prove that
φ−1
e (φe(M)) ⊆ De(R) ·M .

(i-2) Suppose thatM is a λe-part and take an arbitrary element x ∈ φ−1
e (φe(M)).

Thus there exists m ∈ M such that φe(x) = φe(m) and hence mλ∗ex, so by
Theorem 3.2 we have x ∈ M . Therefore φ−1

e (φe(M)) ⊆ M . It is obvious that
M ⊆ φ−1

e (φe(M)) and so φ−1
e (φe(M)) = M .

For proving the sufficiency part, suppose that mλ∗ex and m ∈ M . Thus
φe(x) = φe(m) ∈ φe(M) and so x ∈ φ−1

e (φe(M)) = M . Therefore by Theo-
rem 3.2 it follows that M is an λe-part of R.

(ii) By Theorem 3.5, it is enough to show that, for all x ∈ R, P (x) is an
λe-part of R. For this reason we prove that φ−1

e (φe(P (x))) = P (x) and by (i)
we have P (x) is an λe-part of R.

Now take an arbitrary z ∈ φ−1
e (φe(P (x))). So there exists k ∈ P (x) such that

φe(z) = φe(k) and hence λ∗e(z) = λ∗e(k). Since k ∈ P (x), by Theorem 3.4(i) we
have xλek. Thus λ∗e(k) = λ∗e(x) and so λ∗e(z) = λ∗e(x). Since R is a λe-strong
hyperring, it follows that x · e∩ z · e 6= ∅ and hence there exists s ∈ x · e∩ z · e.
Therefore x ∈ z · e · e and z ∈ x · e · e, because {e} is an invertible set in R.
Thus, z ∈ z · e · e · e · e. Since (z · e · e, z · e · e · e · e) ∈ <e, it follows that
xλez and hence z ∈ P (x). So φ−1

e (φe(P (x))) ⊆ P (x), while the other inclusion
P (x) ⊆ φ−1

e (φe(P (x))) is obvious. Therefore φ−1
e (φe(P (x))) = P (x) and hence

the proof is complete. �

Example 3.9. Let R be a ring with identity e = 1R. In this case we have
R/λ∗e = {{a} | a ∈ R} ∼= R and De(R) = {e}. Thus R is a λe-strong hyperring
and the conditions of theorem 3.8 valid.

Example 3.10. Let (Z6,+3̄, ·3̄) be the hyperring by the following hyperopera-
tions, see [2],
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+3̄ 0̄ 1̄ 2̄ 3̄ 4̄ 5̄

0̄ {0̄, 3̄} {1̄, 4̄} {2̄, 5̄} {0̄, 3̄} {1̄, 4̄} {2̄, 5̄}
1̄ {1̄, 4̄} {2̄, 5̄} {0̄, 3̄} {1̄, 4̄} {2̄, 5̄} {0̄, 3̄}
2̄ {2̄, 5̄} {0̄, 3̄} {1̄, 4̄} {2̄, 5̄} {0̄, 3̄} {1̄, 4̄}
3̄ {0̄, 3̄} {1̄, 4̄} {2̄, 5̄} {0̄, 3̄} {1̄, 4̄} {2̄, 5̄}
4̄ {1̄, 4̄} {2̄, 5̄} {0̄, 3̄} {1̄, 4̄} {2̄, 5̄} {0̄, 3̄}
5̄ {2̄, 5̄} {0̄, 3̄} {1̄, 4̄} {2̄, 5̄} {0̄, 3̄} {1̄, 4̄}

·3̄ 0̄ 1̄ 2̄ 3̄ 4̄ 5̄

0̄ {0̄, 3̄} {0̄, 3̄} {0̄, 3̄} {0̄, 3̄} {0̄, 3̄} {0̄, 3̄}
1̄ {0̄, 3̄} {1̄, 4̄} {2̄, 5̄} {0̄, 3̄} {1̄, 4̄} {5̄, 2̄}
2̄ {0̄, 3̄} {2̄, 5̄} {1̄, 4̄} {0̄, 3̄} {2̄, 5̄} {1̄, 4̄}
3̄ {0̄, 3̄} {0̄, 3̄} {0̄, 3̄} {0̄, 3̄} {0̄, 3̄} {0̄, 3̄}
4̄ {0̄, 3̄} {1̄, 4̄} {2̄, 5̄} {0̄, 3̄} {1̄, 4̄} {2̄, 5̄}
5̄ {0̄, 3̄} {2̄, 5̄} {1̄, 4̄} {0̄, 3̄} {2̄, 5̄} {1̄, 4̄}

Put e := 1̄. Thus (Z6,+3̄, ·3̄) is a λe-strong hyperring and λ∗e(0̄) = λ∗e(3̄),
λ∗e(1̄) = λ∗e(4̄) and λ∗e(2̄) = λ∗e(5̄). So the ring Z6/λ

∗
e is isomorphic to the

ring (Z3,+, ·). Also the canonical projection φe : Z6
// Z6/λ

∗
e is as follows,

φe(0̄) = φe(3̄) = λ∗e(0̄), φe(1̄) = φe(4̄) = λ∗e(1̄) and φe(2̄) = φe(5̄) = λ∗e(2̄). This
implies that De(Z6) = φe

−1(1Z6/λ∗e
) = {1̄, 4̄}, where 1Z6/λ∗e

= λ∗e(1̄). It is not

difficult to see that for each subset M of Z6 we have M ·De(Z6) = De(Z6)·M =
φe
−1(φe(M)). For instance if M = {2̄, 3̄}, then {2̄, 3̄} · {1̄, 4̄} = {2̄, 5̄, 0̄, 3̄} and

φe
−1(φe({2̄, 3̄})) = {2̄, 5̄, 0̄, 3̄}.

4. λe-closed hyperideals in (Krasner) hyperrings

In this section first we define the notion of λe-closed hyperideal I in a hy-
perring R. By using it, we construct the quotient ring R/I in order to obtain a
relationship between hyperideals in the Krasner hyperring R containing I and
ideals in the ring R/I.

Let (R,+, ·) be a hyperring and φe : R // R/λ∗e be the canonical projec-

tion, introduced in the previous section. Set K(R) = φe
−1(0

R/λ∗e
).

Proposition 4.1. For a non-empty subset M of a hyperring R, we have
K(R) +M = M +K(R) = φe

−1(φe(M)).

Proof. It is easy to see that K(R) + M ⊆ φe
−1(φe(M)). Conversely, suppose

that x ∈ φe−1(φe(M)), so there exists m ∈ M such that φe(x) = φe(m) and
hence λ∗e(x) = λ∗e(m). Since (R,+) is a hypergroup, there exists k ∈ R such
that x ∈ k+m and so λ∗e(x) ∈ λ∗e(k)+λ∗e(m). Therefore λ∗e(x) = λ∗e(k)⊕λ∗e(m).
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Because (R/λ∗e,⊕) is a group, we obtain λ∗e(k) = 0
R/λ∗e

and hence k ∈ K(R).

Thus φe
−1(φe(M)) ⊆ K(R) + M . Similarly, one proves that φe

−1(φe(M)) =
M +K(R). �

Corollary 4.2. With the notation of Proposition 4.1, we have the following
assertions.

(i) If R is a hyperring, then K(R) is a hyperideal.
(ii) If R is a Krasner hyperring, then

(ii-1) λ∗e(0) = 0
R/λ∗e

;

(ii-2) for all x ∈ R, λ∗e(−x) = −λ∗e(x);
(ii-3) K(R) is a normal hyperideal.

Proof. The proof of (i) follows from Theorem 4.1. Also part (ii) is straightfor-
ward. �

Definition 4.3. Suppose that I is a hyperideal in a hyperring (R,+, ·). We
say that I is a λe-closed hyperideal, whenever for every a ∈ I, λ∗e(a) ⊆ I.

Remark 4.4. For a Krasner hyperring R, it is obvious that K(R) is a λe-closed
hyperideal of R.

Theorem 4.5. Suppose that (R,+, ·) is a hyperring.

(i) For every ideal I of R/λ∗e, φe
−1(I) is a λe-closed hyperideal of R and

K(R) ⊆ φe
−1(I).

Suppose that I is a λe-closed hyperideal of R such that (I,+) is a closed sub-
hypergroup of (R,+) and K(R) ⊆ I.

(ii) φe(I) is an ideal of R/λ∗e.
(iii) If e ∈ I, then I = R.

Denote by A the set of all λe-closed hyperideals of R and by B the set of all
ideals of R/λ∗e.

(iv) There is a one-to-one correspondence between A and B.
(v) If I ∈ A, then I is a maximal element in the partial order set (A, ⊆ ),

i.e., I is a maximal hyperideal in R if and only if φe(I) is a maximal
ideal in the ring R/λ∗e.

Proof. (i) Let x, y ∈ φe
−1(I) be given. Then λ∗e(x) ⊕ λ∗e(y) ∈ I. Thus, by

Theorem 2.15, it follows that λ∗e(z) ∈ I, for each z ∈ x + y and hence x +
y ⊆ φe

−1(I). Besides, there exists t ∈ R such that x ∈ t+ y and so λ∗e(t) ∈ I.
Therefore φe

−1(I) + x = φe
−1(I), hence (φe

−1(I),+) is a subhypergroup of
(R,+). Since φe is a surjective map, it follows that φe

−1(I) is closed under
“·”. These imply that, φe

−1(I) is a hyperideal of R and since 0
R/λ∗e

∈ I, we

conclude that λ∗e(x) ∈ I for each x ∈ K(R). Thus, K(R) ⊆ φe
−1(I). It is easy

to see that φe
−1(I) is λe-closed.

(ii) Let a, b ∈ I be given such that λ∗e(x) = λ∗e(a)⊕λ∗e(b). So by Theorem 2.15
we write λ∗e(x) = λ∗e(c), where c ∈ a + b ⊆ I. Thus, x ∈ λ∗e(c) ⊆ I and hence
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φe(I) is closed under “⊕”. Because R/λ∗e is a ring, there exists an element
a′ ∈ R such that λ∗e(a) ⊕ λ∗e(a′) = 0

R/λ∗e
. Therefore a + a′ ⊆ K(R) ⊆ I and

hence a′ ∈ I, because (I,+) is a closed subhypergroup.
(iii) Since λ∗e(e) is the identity of the ring R/λ∗e, from (ii) we have φe(I) =

R/λ∗e. Let r ∈ R be given. Then λ∗e(r) ∈ φe(I). Thus there exists a ∈ I such
that λ∗e(r) = λ∗e(a) ⊆ I. Thus, r ∈ λ∗e(r) ⊆ I.

(iv) Define Γ : A // B by Γ(I) = φe(I) and Λ : B // A by Λ(I) =

φe
−1(I) for each I ∈ A and I ∈ B. By parts (i) and (ii), we have that Γ

and Λ are mappings and since φe is surjective, Γ ◦ Λ = IdB. Now let I ∈ A
and r ∈ φe−1(φe(I)).Thus, there exists a ∈ I such that λ∗e(r) = λ∗e(a) ⊆ I and
hence r ∈ I. Therefore Λ ◦ Γ = IdA.

(v) The proof follows from (iv). �

Proposition 4.6. Suppose that I is a λe-closed hyperideal in a Krasner hy-
perring (R,+, ·). Then we have:

(i) K(R) ⊆ I.
(ii) (I,+) is a complete subhypergroup of (H,+).

Proof. (i) Let a ∈ K(R) be an arbitrary element. By Theorem 4.2(i), it follows
that λ∗e(a) = λ∗e(0). Since 0 ∈ I, there is λ∗e(0) ⊆ I and hence a ∈ λ∗e(a) ⊆ I.

(ii) Let (a1, . . . , an) ∈ Rn such that
n∑
i=1

ai ∩ I 6= ∅. Thus, there exists

an element a ∈ I such that a ∈
n∑
i=1

ai and hence by Theorem 2.15 we have

λ∗e(a) =
n⊕
i=1

λ∗e(ai). Therefore
n⊕
i=1

λ∗e(ai) ⊆ I. Since for each b ∈
n∑
i=1

ai, we

write λ∗e(b) =
n⊕
i=1

λ∗e(ai), this implies that b ∈ λ∗e(b) ⊆ I. Thus,
n∑
i=1

ai ⊆ I. �

Let (R,+, ·) be a Krasner hyperring and I be a λe-closed hyperideal of R.
For each x, y ∈ R define the following relation:

x
I≡e y ⇐⇒ ∃a ∈ I, x− y ⊆ λ∗e(a).

It is easy to see that
I≡e is an equivalence relation on R. For each x ∈ R the

equivalence class of x is denoted by [x
I
]e and the set of all equivalence classes

is denoted by R/I.

Remark 4.7. Let (R,+, ·) be a Krasner hyperring and I be a λe-closed hyper-
ideal of R.

(i) For each x ∈ R, λ∗e(x) ⊆ [x
I
]e. Indeed, if y ∈ λ∗e(x), then λ∗e(x)−λ∗e(y) =

0
R/λ∗e

. By Theorem 4.2, λ∗e(0) = 0
R/λ∗e

and so x−y ⊆ λ∗e(0). Thus, x
I≡e y and

hence y ∈ [x
I
]e.

(ii) If I ⊆ K(R), then for each x ∈ R, λ∗e(x) = [x
I
]e. Thus, λ∗e(x)⊕λ∗e(−y) =

0
R/λ∗e

and hence by Theorem 4.2(ii) λ∗e(x) = −λ∗e(−y) = λ∗e(y). Therefore

y ∈ λ∗e(x).
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(iii) The relation
I≡e is a strongly regular equivalence relation. Indeed, let

x
I≡e y so there exists a ∈ I such that x − y ⊆ λ∗e(a). For each z ∈ R since

z−z ⊆ λ∗e(0) and λ∗e(a)⊕λ∗e(0) = λ∗e(0), it follows that (x−y)+(z−z) ⊆ λ∗e(a)+
λ∗e(0) ⊆ λ∗e(a). This implies that for each element s ∈ x − z and t ∈ y − z,
s
I≡e t.
(iv) It is easy to see that for each x, y, z, t ∈ R if z, t ∈ [x

I
]e + [y

I
]e, then

[z
I
]e = [t

I
]e

Based on the previous comments, we have the following result.

Proposition 4.8. Suppose that I is a λe-closed hyperideal in the Krasner
hyperring (R,+, ·). Then (R/I,�,�) is a ring, where

[x
I
]e � [y

I
]e = [z

I
]e, z ∈ [x

I
]e + [y

I
]e;

[x
I
]e � [y

I
]e = [z

I
]e , z ∈ [x

I
]e · [yI ]e.

Besides [e
I
]e is the identity element of the semigroup (R/I,�).

Proof. It is not difficult to show that (R/I,�,�) is a ring. Note that [0
I
]e is

the identity of the group (R/I,�) and for each [x
I
]e ∈ R/I, [(−x)

I
]e is the

inverse of [x
I
]e under the operation �. Now, for each x ∈ R we have λ∗e(e)

is the identity of the ring (R/λ∗e,⊕,�), therefore λ∗e(x) � λ∗e(e) = λ∗e(x) =

λ∗e(e) � λ∗e(x). It follows that x · e − x ⊆ λ∗e(0) and hence x · e I≡e x. This
implies that [e

I
]e is the identity element of the semigroup (R/I,�). �

Theorem 4.9. Suppose that I is a λe-closed hyperideal in a Krasner hyperring
R.

(i) If J is a hyperideal in R containing I, then the set J = {[a
I
]e | a ∈ J}

is an ideal in the quotient ring R/I.
(ii) If J is an ideal in the quotient ring R/I, then the set J = {a ∈ R |

[a
I
]e ∈ J } is a hyperideal in R.

(iii) There is a one-to-one correspondence between ideals in the quotient
ring R/I and hyperideals of R containing I.

Proof. (i) By Theorem 4.6, there is K(R) ⊆ I and (I,+) is a closed subhy-
pergroup of (R,+) and thus K(R) is closed, too. Thus, by Theorem 4.5,
φe(I) is an ideal in the ring R/λ∗e. Now let a, b ∈ J and x ∈ [a

I
]e + [b

I
]e

be arbitrary. So there exist u ∈ [a
I
]e and v ∈ [b

I
]e such that x ∈ u + v.

Therefore u − a ⊆ λ∗e(a
′) and v − b ⊆ λ∗e(b

′) for some a′, b′ ∈ I. This implies
that (u + v) − (a + b) ⊆ λ∗e(a

′) + λ∗e(b
′). Since φe(I) is an ideal in R/λ∗e, it

follows that λ∗e(a
′) ⊕ λ∗e(b

′) ∈ φe(I) and hence there exists c ∈ I such that
λ∗e(a

′)+λ∗e(b
′) ⊆ λ∗e(c). Thus, for each d ∈ a+b ⊆ J , x−d ⊆ λ∗e(c). Therefore

x
I≡e d and hence [a

I
]e � [b

I
]e = [d

I
]e ∈ J .

(ii) The proof is straightforward.
(iii) The proof follows directly from (i) and (ii). �
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Corollary 4.10. Suppose that I is a λe-closed hyperideal in a Krasner hyper-
ring R. Then I is a maximal hyperideal in R if and only if the derived quotient
ring (R/I,�,�) is a field.

Proof. Let I be a maximal hyperideal in R. By Theorem 4.5(v), φe(I) is a
maximal ideal in the ring (R/λ∗e,⊕,�). Thus, if [0

I
]e 6= [x

I
]e ∈ R/I, then

λ∗e(x) /∈ φe(I) and hence there exists y ∈ R such that (λ∗e(x)⊕ φe(I))(λ∗e(y)⊕
φe(I)) = λ∗e(e) ⊕ φe(I). This implies that there exists a ∈ I such that xy −
e ⊆ λ∗e(a) and so [x

I
]e� [y

I
]e = [e

I
]e. Therefore [x

I
]e has an inverse in the ring

R/I, meaning that (R/I,�,�) is a field. Conversely, let J be an hyperideal
in R containing I. By Theorem 4.9, the set J = {[a

I
]e ∈ R/I | a ∈ J} is an

ideal in R/I and so J = R/I or J = {[0
I
]e}. If J = R/I, then [b

I
]e = [e

I
]e

for some b ∈ J . Thus, there exists a ∈ I such that e − b ⊆ λ∗e(a) ⊆ I and so
e ∈ c + b for some c ∈ I. Therefore e ∈ J and hence by Theorem 4.5(iii), we
have J = R. Now if J = {[0

I
]e}, then for each x ∈ J there exists a ∈ I such

that x ∈ λ∗e(a) ⊆ I. Thus, J = I. These results imply that I is a maximal
hyperideal in R. �

5. Conclusions

The study conducted in this research note falls in the area of derived clas-
sical structures obtained from hyperstructures having similar properties. In
particular, by defining some new strongly regular relations on a general hyper-
ring, namely λ∗e and Λ∗e that represent the transitive closures of λe and Λe,
we prove that the corresponding quotient structure is a unitary and unitary
commutative ring, respectively. The relation λe is not transitive in general,
thus here, by using some generalization of the complete parts, we have stated
conditions under which λe becomes transitive. Finally, we have defined the
λe-closed hyperideals in hyperrings, proving that they have an important role
in Krasner hyperrings. Indeed, if I is a λe-closed hyperideal in a Krasner hy-
perring R, then there exists a one-to-one correspondence between the ideals of
the quotient ring R/I and the hyperideals of R containing I. Moreover, such
a hyperideal I is maximal in R if and only if the quotient ring R/I is a field.
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