
ANALYTIC UNIVALENT FUCNTIONS DEFINED BY

GEGENBAUER POLYNOMIALS

S.O. Olatunji �

Article type: Research Article

(Received: 29 April 2022, Received in revised form 22 June 2022)

(Accepted: 22 September 2022, Published Online: 22 September 2022)

Abstract. The numerical tools that have outshinning many others in

the history of Geometric Function Theory (GFT) are the Chebyshev and

Gegenbauer polynomials in the present time. Recently, Gegenbauer poly-
nomials have been used to define several subclasses of an analytic func-

tions and their yielded results are in the public domain. In this work,

analytic univalent functions defined by Gegenbauer polynomials is con-
sidered using close-to-convex approach of starlike function. Some early

few coefficient bounds obtained are used to establish the famous Fekete-

Szegö inequalities.
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1. Introduction

Let A denote the class of functions of the form

(1) f(z) = z +

∞∑
n=2

anz
n

which are analytic in the unit disc U = {z : |z| < 1} with conditions f(0) =
f ′(0) − 1 = 0. Recall that, S is representing a univalent function with some
of the above conditions. With simple modificaton and differentiation, various
subclasses of A are known such as starlike function, convex function, bounded
turning point, close-to-convex just to mention but a few with representations

Re
(
zf ′(z)
f(z)

)
> 0, Re

(
1 + zf ′′(z)

f ′(z)

)
> 0, Re (f ′(z)) > 0, Re

(
zf ′(z)
g(z)

)
> 0 where

g(z) = z +
∑∞
n=2 bnz

n belong to starlike function and so on. All took their
sources from the class of Caratheodory functions P of the form

(2) p(z) = 1 +

∞∑
n=1

pnz
n, |pn| ≤ 2

which are analytic in U and also satisfy the conditions p(0) = 1 and Rep(z) > 0
respectively. See [5–9,11–13].

� olatunjiso@futa.edu.ng, ORCID: 0000-0002-4651-6876

DOI: 10.22103/jmmr.2022.19425.1249 © the Authors
Publisher: Shahid Bahonar University of Kerman

How to cite: S.O. Olatunji, Analytic Univalent fucntions defined by Gegenbauer

polynomials, J. Mahani Math. Res. 2023; 12(2): 179-186.

179

https://orcid.org/0000-0002-4651-6876
mailto: olatunjiso@futa.edu.ng
https://jmmrc.uk.ac.ir/article_3425.html


180 S.O. Olatunji

The class S∗µ contained in S∗ which satisfy∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ < 1

with an ≤ 1
n−1 , n ≥ 2 was investigated by Singh [15]. He proved some geometric

properties for the class defined and the results are flying around. See more
detail in [10].
Szynal [16] introduced the class T (λ) as a subclass of A consisting of functions
of the form

(3) c(z) =

∫ 1

−1
k(z,m)dσ(m)

where

(4) k(z,m) =
z

(1− 2mz + zz)λ
, (z ∈ U)

m ∈ [−1, 1], λ ≥ 0 and σ is a probability measure on the interval [−1, 1]. The
collection of such measures on [s, t] is denoted by P[s,t].
The series expansion in (4) gives

(5) k(z,m) = z +

∞∑
n=2

cλn−1(m)zn

where cλ0 (m) = 1, cλ1 (m) = 2λm, cλ2 (m) = 2λ(λ+1)m2−m, cλ3 (m) = 4λ(λ+1)(λ+2)
3 m2−

2λ(λ + 1)m and cλn(m) is representing Gegenbauer polynomials of degree n
which are analytic in the unit disk U . It has a wide application in queueing
theory, signal analysis, automatic control, scattering theory and many oth-
ers [1–4,14]. Let

(6) Gλ,mf(z) = k(z,m) ∗ f = z +

∞∑
n=2

cλn−1(m)anz
n

where ∗ denotes the Hadamard product of (1) and (5) which represents the
main interest of the study.
Also, two analytic functions g and h with g(0) = h(0), g is said to be subordi-
nate to h, denoted by g ≺ h, if there exists an analytic function

(7) ω = ω1z + ω2z
2 + ω3z

3 + ω4z
4 + ...

such that ω(0) = 0, |ω(z)| < 1 and g(z)− h(ω(z)), for all z ∈ U .
For p ∈ P given by (2), then

(8) p(z) =
1 + ω

1− ω
= 1 + p1z + p2z

2 + p3z
3 + ....

On equating the coefficients in (8), one will obtain

(9) p1 = 2ω1, p2 = 2ω2 + 2ω2
1 , ....
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The author employed Oladipo [10] and Vasudevarao et al. [17] analogue to
establish that Gegenbauer polynomials also promote the growth of GFT. In
this work, analytic univalent functions defined by Gegenbauer polynomials is
studied. The initial coefficient bounds obtained is used to determine the sharp
estimate for the class defined using famous Fekete.Szegö Inequalities.
For the purpose of the main results, the underneath lemmas and definition are
the major weapons to use.

Lemma 1.1. [12]Let ω given by (7). then

|ω2k−1| ≤ 1− |ω1|2 − |ω2|2 − |ω3|2 − ...− |ωk|2 for k = 2, 3, ...

|ω2k| ≤ 1− |ω1|2 − |ω2|2 − |ω3|2 − ...− |ωk−1|2 − |ωk|2 for k = 1, 2, 3, ...

Lemma 1.2. [12]Let ω given by (7). If µ ∈ C, then

|ω2 − µω2
1 | ≤ max {1, |µ|}

By Lemmas 1.1 and 1.2, the following are generated.

Lemma 1.3. [12]Let p ∈ P be given by (2). Then for µ ∈ C,

|p2 − µp21| ≤ 2−max {1, |2µ− 1|} .

Lemma 1.4. [12]Let g ∈ S∗. Then for any µ ∈ C

|b3 − µb22| ≤ max {1, |4µ− 3|}

|b3 − µb22| ≤ 1 + (|4µ− 3| − 1)
|b2|2

4
,

both inequalities are sharp.

Definition 1.5. One can say Gλ,m ∈ Kµ if Gλ,m ∈ A and there exist g ∈ S∗∣∣∣∣z (Gλ,mf)
′
(z)

g(z)
− 1

∣∣∣∣ < 1, z ∈ U

where λ ≥ 0,m ∈ [−1, 1] and Kµ denotes the natural close-to-convex analogue
of S∗µ.

2. Main Result

Theorem 2.1. Let Gλ,m ∈ Kµ where λ ≥ 0 and m ∈ [−1, 1] be given by (1).
Then

|a2| ≤
3

2
∣∣cλ1 (m)

∣∣
|a3| ≤

5

3
∣∣cλ2 (m)

∣∣
and

|a4| ≤
7.3731

4|cλ3 (m)|
.
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Proof. Let

(10) z (Gλ,mf)
′
(z) = g(z) (1 + ω(z))

for some g ∈ S∗ and ω given in (7), on equating the coefficients in (10) and
using (6), one will have

(11) 2cλ1 (m)a2 = b2 + ω1

(12) 3cλ2 (m)a3 = b3 + b2ω1 + ω2

(13) 4cλ3 (m)a4 = b4 + b3ω1 + b2ω2 + ω3

where |bk| ≤ k and |ωk| ≤ 1 for k ≥ 1. Therefore (11) will give

2
∣∣cλ1 (m)a2

∣∣ ≤ |b2|+ |ω1| → 2
∣∣cλ1 (m)a2

∣∣ ≤ 3.

Now, let x1 = |ω1|, x2 = |ω2|, x3 = |ω3|, x4 = |ω4| from (12), to get

3
∣∣cλ2 (m)a3

∣∣ ≤ |b3|+ |b2| |ω1|+ |ω2|
such that Lemma 1.1 implies

3
∣∣cλ2 (m)a3

∣∣ ≤ 3 + 2 |ω1|+
(
1−

∣∣ω2
1

∣∣) ≤ 5

Since 0 ≤ 4 + 2x1 − x21 ≤ 5 for x1 ∈ [0, 1], then |a3| ≤ 5

3|cλ2 (m)| .
Also from (12) and Lemma 1.1.

4
∣∣cλ3 (m)a4

∣∣ ≤ |b4|+ |b3| |ω1|+ |b2| |ω2|+ |ω3| ≤ 4 + 3x1 + 2x2 + x3.

For x1 ∈ [0, 1], x2 ≤ 1− x21, x3 ≤ 1− x21 − x22, one need to find
maxHg (x1, x2, x3) where g (x1, x2, x3) = 4 + 3x1 + 2x2 + x3
and

H
{

(x1, x2, x3) : x1 ≤ 1, x2 ≤ 1− x21, x3 ≤ 1− x21 − x22
}
.

It is obvious that the maximum over H occurs on the boundary δH which one
will now consider. Suppose

x3 = 1− x21 − x22 and x2 = 1− x21, then

g (x1, x2, x3) = 6 + 3x1 − x21 − x41, x ∈ [0, 1].
Solving the equation above using Wolfram Alpha
max

{
6 + 3x1 − x21 − x41 : 0 ≤ x1 ≤ 1

}
= 7.3731... at x1 = 0.72808

where

(14) 7.3731 =
1

24

{
148− 968

(54181)
1
3 + 2259

√
753

}
+ (54181 + 2259

√
753)

1
3

(15) 0.72808 =
(27 +

√
753)

1
3

2
√

39
− 1(

3(27 +
√

753)
) 1

3

.

Hence |a4| ≤ 7.3731
4|cλ3 (m)| . This completes the proof. �

Setting λ = 1 in Theorem 2.1, to obtain
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Corollary 2.2. Let G1,m ∈ Kµ where λ ≥ 0 and m ∈ [−1, 1] be given by (1).
Then

(16) |a2| ≤
3

4 |(m)|

(17) |a3| ≤
5

3 |4m2 −m|
and

(18) |a4| ≤
7.3731

4|8m2 − 4m|
.

Taking m = 1 in Corollary 2.2, one will get

Corollary 2.3. Let G1,1 ∈ Kµ where λ ≥ 0 and m ∈ [−1, 1] be given by (1).
Then

(19) |a2| ≤
3

4

(20) |a3| ≤
5

9
and

(21) |a4| ≤
7.3731

16
.

According to corollary 2.3, there is a great difference between this result and
the one obtained by [10] and [17].

Theorem 2.4. Let Gλ,m ∈ Kµ where λ ≥ 0,m ∈ [−1, 1] be given by (1) and
µ ∈ R . For µ ≤ 0

|a3 − a22| ≤
5

3cλ2 (m))
− 9µ

(cλ1 (m))2
.

Proof. Since Gλ,m ∈ Kµ, it is easy to write

(22) z (Gλ,mf)
′
(z) = g(z)

2p(z)

1 + p(z)

Let p ∈ P be as earlier defined and g ∈ S∗, equating the coefficients in (22)
using (2) and (6)

a3 − a22 =
1

3cλ2 (m)

(
b3 −

3µcλ2 (m)b22
4(cλ1 (m))2

)
+

b2p1
12cλ2 (m)

(
2− 3µcλ2 (m)

(cλ1 (m))2

)
+

1

6cλ2 (m)

(
p2 −

p21
2

)
− µp21

16(cλ1 (m))2

a3 − a22 =
1

3cλ2 (m)

(
b3 −

3µcλ2 (m)b22
4(cλ1 (m))2

)
+

b2p1
12cλ2 (m)

(
2− 3µcλ2 (m)

(cλ1 (m))2

)
+

1

6

(
p2

cλ2 (m)
− 4(cλ1 (m))2 + 3cλ2 (m)

8(cλ1 (m))2cλ2 (m)

)
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For µ ≤ 0 with x = |p1| and applying Lemmas 1.3 and 1.4 with |b2| ≤ 2, one
will have∣∣a3 − a22∣∣ =

∣∣∣∣ 1

3cλ2 (m)

(
b3 −

3µcλ2 (m)b22
4(cλ1 (m))2

)
+

b2p1
12cλ2 (m)

(
2− 3µcλ2 (m)

(cλ1 (m))2

)
+

1

6cλ2 (m)

(
p2 −

p21
2

)
− µp21

16(cλ1 (m))2

∣∣∣∣ ≤ 1

3|cλ2 (m)|

∣∣∣∣ 3µcλ2 (m)

(cλ1 (m))2
− 3

∣∣∣∣
+

1

6|cλ2 (m)|

∣∣∣∣2− 3µcλ2 (m)

(cλ1 (m))2

∣∣∣∣x+
1

6|cλ2 (m)|

∣∣∣∣2− x2

2

∣∣∣∣− µx2

16|(cλ1 (m))2|

=
1

3cλ2 (m)

(
3µcλ2 (m)

(cλ1 (m))2
− 3

)
+

1

6cλ2 (m)

(
2− 3µcλ2 (m)

(cλ1 (m))2

)
x

+
1

6cλ2 (m)

(
2− x2

2

)
− µx2

16(cλ1 (m))2

where x ∈ [0, 2]. Since the last equation above increases with respect to x ∈
[0, 2]

∣∣a3 − a22∣∣ ≤ [ 1

3cλ2 (m)

(
3µcλ2 (m)

(cλ1 (m))2
− 3

)
+

1

6cλ2 (m)

(
2− 3µcλ2 (m)

(cλ1 (m))2

)
x

+
1

6cλ2 (m)

(
2− x2

2

)
− µx2

16(cλ1 (m))2

]
x=2

which establishes the prove.
�

Putting λ = 1 in Theorem 2.4, to get

Corollary 2.5. Let G1,m ∈ Kµ where λ ≥ 0,m ∈ [−1, 1] be given by (1) and
µ ∈ R . For µ ≤ 0,

|a3 − a22| ≤
5

3(4m2 −m)
− 9µ

(4m)2
.

Taking m = 1 in corollary 2.5, to obtain

Corollary 2.6. Let G1,1 ∈ Kµ where λ ≥ 0,m ∈ [−1, 1] be given by (1) and
µ ∈ R . For µ ≤ 0,

|a3 − a22| ≤
5

9
− 9µ

16
.

3. Conclusion

It is clearly observed that Gegenbauer polynomials performed better in this
work than generalized discrete probability distribution used by [10].



Analytic Univalent fucntions defined by Gegenbauer... – JMMR Vol. 12, No. 2 (2023) 185

4. Aknowledgement

The author is grateful to both the handling editor and anonymous reviewers
for their constructive comments and suggestions which led to this improved
manuscript.

References

[1] A. Amourah, A. G. Al Amoush, M. Al-Kaseasbeh, Gegenbauer polynomials and bi-
univalent functions. Palestine Journal of Mathematics, 10 (2), 625-632, (2021) .

[2] A. Amourah, B.A. Frasin, T. Abdeljawad, Fekete-Szegö Inequality for Analytic and Biu-
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