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ABSTRACT. The numerical tools that have outshinning many others in
the history of Geometric Function Theory (GFT) are the Chebyshev and
Gegenbauer polynomials in the present time. Recently, Gegenbauer poly-
nomials have been used to define several subclasses of an analytic func-
tions and their yielded results are in the public domain. In this work,
analytic univalent functions defined by Gegenbauer polynomials is con-
sidered using close-to-convex approach of starlike function. Some early
few coefficient bounds obtained are used to establish the famous Fekete-
Szegd inequalities.
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1. Introduction

Let A denote the class of functions of the form
(1) F) =24 anen
n=2

which are analytic in the unit disc U = {z: |z| < 1} with conditions f(0) =
f/(0) — 1 = 0. Recall that, S is representing a univalent function with some
of the above conditions. With simple modificaton and differentiation, various
subclasses of A are known such as starlike function, convex function, bounded
turning point, close-to-convex just to mention but a few with representations

Re (ZJ{(/S)) > 0, Re (1 + ZJ{,,;S)) > 0,Re(f'(z)) > 0,Re (?é?) > 0 where

g(z) = 2+ 3,7, b,2" belong to starlike function and so on. All took their
sources from the class of Caratheodory functions P of the form

(2) p(z) =1+ pp2", |pa| <2
n=1

which are analytic in U and also satisfy the conditions p(0) = 1 and Rep(z) > 0
respectively. See [5-9,11-13].
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The class S}, contained in S* which satisfy
2f'(2)
f(z)

with a, < ﬁ, n > 2 was investigated by Singh [15]. He proved some geometric
properties for the class defined and the results are flying around. See more
detail in [10].

Szynal [16] introduced the class T () as a subclass of A consisting of functions
of the form

3) o(z) = /_ k(. m)do(m)
where

(4) k(z,m) =

—1‘<1

z

(1 —2mz—|—zZ)A’(z €U)

m € [-1,1], A > 0 and o is a probability measure on the interval [—1,1]. The

collection of such measures on [s,t] is denoted by P y-
The series expansion in (4) gives

(5) k(z,m) =24 ch y(m)z"

where ¢ (m) = 1, ¢ (m) = 2Am, c3(m) = 2A(A\+1)m2—m, c3(m) = WWF—

2A(\ + 1)m and c)(m) is representing Gegenbauer polynomials of degree n
which are analytic in the unit disk U. It has a wide application in queueing
theory, signal analysis, automatic control, scattering theory and many oth-
ers [1-4,14]. Let

(6) Gamf(z) =k(z,m)x f=2z+ Z ) (m)ayz"
n=2

where * denotes the Hadamard product of (1) and (5) which represents the
main interest of the study.

Also, two analytic functions g and h with ¢g(0) = h(0), g is said to be subordi-
nate to h, denoted by g < h, if there exists an analytic function

(7) w=w1z+wez? +ws3z® +wezt + ...
such that w(0) =0, |w(z)| < 1 and g(z) — h(w(z)), for all z € U.
For p € P given by (2), then

1+w
(8) pz) =1 =1+mz +p2z® +ps2® +
On equating the coefficients in (8), one will obtain

(%) P1 = 2w1, P2 = 2wa + 2w7, ...



Analytic Univalent fucntions defined by Gegenbauer... — JMMR Vol. 12, No. 2 (2023) 181

The author employed Oladipo [10] and Vasudevarao et al. [17] analogue to
establish that Gegenbauer polynomials also promote the growth of GFT. In
this work, analytic univalent functions defined by Gegenbauer polynomials is
studied. The initial coefficient bounds obtained is used to determine the sharp
estimate for the class defined using famous Fekete.Szego Inequalities.

For the purpose of the main results, the underneath lemmas and definition are
the major weapons to use.

Lemma 1.1. [12/Let w given by (7). then
lwop—1]| <1 —Jwi|? = |w2|® = |ws]® — ... — |wi|®  for k=2,3,...
|war| <1 = |wi1]? = |wal? = |ws|? — ... = Jwr_1]? = |wi]®  for k=1,2,3,...
Lemma 1.2. [12/Let w given by (7). If u € C, then
jwo — puwi| < maz {1, |pl}
By Lemmas 1.1 and 1.2, the following are generated.
Lemma 1.3. [12/Let p € P be given by (2). Then for u € C,
p2 — ppf| < 2 —max {1,]2u — 1]}

Lemma 1.4. [12]Let g € S*. Then for any p € C

|bs — pb3| < maz {1, |4 — 3|}

b 2
s — pt3) <1+ (Jae — 3 - )20
both inequalities are sharp.
Definition 1.5. One can say Gxm € K, if Gx.m € A and there exist g € S*
z (g)\,mf)/ (Z)
9(2)
where A > 0,m € [—1,1] and K, denotes the natural close-to-convex analogue
of S*.
o

—1|<1,zeU

2. Main Result

Theorem 2.1. Let Gy, € K, where X > 0 and m € [—1,1] be given by (1).
Then

lag] < =
2] >
e (m)]
las] < ——
3 >
(3 (m)]
and
7.3731
|ayl
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Proof. Let
(10) 2(Gamf) (2) = 9(2) (1 + w(2))

for some g € S* and w given in (7), on equating the coefficients in (10) and
using (6), one will have

(11) 2c} (m)ag = by + wy
(12) 3C%(m)a5 = b3 + b2w1 + wo
(13) 4C§ (m)a4 = by + bzwy + bows + w3

where |bg| < k and |wi| < 1 for k > 1. Therefore (11) will give
2 |ci‘(m)a2’ < |ba| + w1 — 2 |ci‘(m)a2’ <3.
Now, let &1 = |wi]|, x2 = |wa|, 23 = |ws|, 24 = |ws| from (12), to get
3 |e3 (m)as| < [bs] + [b| |wi| + |wo|
such that Lemma 1.1 implies
3 ’cé\(m)a3| <3+ 2fwi|+ (1-|wi]) <5
Since 0 < 4 + 2xy — 22 < 5 for 1 € [0,1], then |ag| < m
Also from (12) and Lemma 1.1.
4 |c§(m)a4| < |ba| + |bg| jw1] + b2 |we| + |ws| < 4 + 3z1 + 222 + 3.

For 7 € [0,1],25 <1 — 2%, 23 <1 — 2% — 22, one need to find
mazrgg (x1, T2, x3) where g (z1,2,23) =4+ 3x1 + 229 + 23
and
H{(ml,xg,xg) cxy <l <1—a? a3 <1—a? —x%}
It is obvious that the maximum over H occurs on the boundary d H which one
will now consider. Suppose

r3=1—27 —25 and wxy=1—2% then

g(z1,22,23) =6+ 3z — 23 — 21, x€]0,1].

Solving the equation above using Wolfram Alpha
mazx {6 + 3z, — x% — J;‘ll 0<x < 1} = 7.3731... at x1 = 0.72808
where

1 968
(14) 7.3731 = — {148 - - } + (54181 + 2259V/753) 3

24 (54181)3 + 2259/753

27 +V/753)3 1
(15) 0.72808 = 2T+ V53)0 -
2v39 (3(27 + V753))*

Hence |a4| < 4‘765’2311)'. This completes the proof. O

3

Setting A = 1 in Theorem 2.1, to obtain
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Corollary 2.2. Let G, € K, where A > 0 and m € [—1,1] be given by (1).
Then

3
(16) a9 S
21 < 216
5
1 < -
(17) las] < 3]4m?2 — m|
and
7.3731
(18) |a4| <

Taking m = 1 in Corollary 2.2, one will get

Corollary 2.3. Let G € K, where A\ > 0 and m € [—1,1] be given by (1).
Then

3
(19) lag| < 1

5
(20) |a3| < §
and

7.3731

21 <
(1) jaal < 720

According to corollary 2.3, there is a great difference between this result and
the one obtained by [10] and [17].

Theorem 2.4. Let Gy, € K, where X\ > 0,m € [—1,1] be given by (1) and
pweR . Foru<o0

as — a3 5 m
95 =21 < 5ty ~ @om) e

Proof. Since Gy m € K, it is easy to write

2p(2)
29 mF) (2) =

(22) 2(@nf) () = )

Let p € P be as earlier defined and g € S*, equating the coeflicients in (22)

using (2) and (6)

PR _ 3ucy(m)b3 baps _ 3ucy(m)
PR 3 m) <b3 4<ci<m>>2>+12c%<m> (2 <cf<m>>2>
1 AV
6c3 (m) (m 2) 16(c}(m))2
a1 C3udm)B) | by [, 3uch(m)
372 T 33 0m) (”3 4<c%<m>2)+12c5<m> (2 (c%(m))2>
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For p < 0 with = |p;| and applying Lemmas 1.3 and 1.4 with |bs| < 2, one

will have
e — a2l = L _ 3pcy (m)bs bap1 7 3ucy (m)
23 = 21 = 336w (b3 4<c%<m>>2> 126} (m) <2 (c?(m»?)
_ _pj _ HPi 1 3ucy (m m)
T6c3 (m) <p2 2) 16(c%<m>>2 Sl [{efm)? 3‘
1 o 3ucy (m) - ‘ x? pa?
6l (m)] |~ (e (m))? 6\c2 7T 2] 16l (m)?]

|
3c§1<m> (?M&(S;) B 3) " 6c§1<m> (2 ?M< (»3) ‘

s (%) w0y

where x € [0,2]. Since the last equation above increases with respect to x €

[0,2]
et e () - )

2 2

2 w(c%(m))?} -

which establishes the prove.

Putting A = 1 in Theorem 2.4, to get

Corollary 2.5. Let Gi,,, € K,, where X\ > 0,m € [—1,1] be given by (1) and
weR . Forpu <0,

5 Iu
2

< — .
as] = 3(4m2 —m) (4m)?

lag —

Taking m = 1 in corollary 2.5, to obtain

Corollary 2.6. Let Gy € K, where X > 0,m € [—1,1] be given by (1) and
pweR . Forpu <0,
5o

\ag—a%|§§— 6"

3. Conclusion

It is clearly observed that Gegenbauer polynomials performed better in this
work than generalized discrete probability distribution used by [10].
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