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Abstract. In this paper, firstly we obtain characterization for bounded-

ness of the weighted differentiation composition operator from QK(p, q)

space into weighted Zygmund space. Then we give an estimation for the
essential norm of such an operator on the mentioned spaces. As an ap-

plication, we present a characterization for the compactness of the above
operator.
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1. Introduction

Let D be unit disk {z ∈ C : |z| < 1} and H(D) be the space of all analytic
functions on D. The class of all f ∈ H(D) ∩ C(D) such that

‖f‖ = sup

∣∣f (ei(θ+h)
)

+ f
(
ei(θ−h)

)
− 2f

(
eiθ
)∣∣

h
<∞,

where the supremum is taken over all eiθ ∈ ∂D and h > 0, is denoted by Z and
called Zygmund space. The Closed Graph Theorem together [4, Theorem 5.3]
implies that f ∈ Z if and only if

sup
z∈D

(
1− |z|2

)
|f ′′(z)| <∞.

The space Z is a Banach space with the following norm

‖f‖Z = |f(0)|+ |f ′(0)|+ sup
z∈D

(
1− |z|2

)
|f ′′(z)|.

Let µ be a weight, which means that a positive continuous function on D. The
weighted Zygmund space Zµ is defined as the space of all analytic functions f
on D for which supz∈D µ(z)|f ′′(z)| <∞ and the norm on this space is

‖f‖Zα = |f(0)|+ |f ′(0)|+ µ(z)|f ′′(z)|.
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When µ(z) = (1− |z|2)α, α > 0, we have Zα which is known as Zygmund type
space and in the special case if α = 1 then Z1 = Z. For more information on
these spaces and operators on them see for instance [7,10–12,17,18,26,27], and
the related references therein.

Let p > 0, q > −2 and K : [0,∞) −→ [0,∞) be a nondecreasing continuous
function. The space QK(p, q) consists of all f ∈ H(D) such that

‖f‖pQK(p,q) = |f(0)|+ sup
ξ∈D

∫
D
|f ′(z)|p

(
1− |z|2

)q
K(g(z, ξ)) dA(z) <∞,

where dA is the normalized Lebesgue area measure in D, g(z, ξ) = log 1
|ϕξ(z)| ,

and ϕξ(z) = ξ−z
1−ξ̄z . For p ≥ 1, QK(p, q) with the norm ‖f‖QK(p,q) becomes a

Banach space, see [14–16, 20, 22], for more details regarding QK(p, q) spaces.
Following [20], we assume that the following condition holds∫ 1

0

(
1− r2

)q
K(− log r)r dr <∞,

since otherwise QK(p, q) consists only of constant functions.
With different choices on K, p, q, many classical functions spaces such as

Bloch space, Hardy space, BMOA, Qs and QK can be obtained, see [2, 3, 6,
19, 21, 23]. If K(x) = xs, s ≥ 0, we get F (p, q, s) spaces. About Bloch spaces,

there is a useful discussion. If f ∈ QK(p, q) then f ∈ B
q+2
p and

‖f‖
B
q+2
p
≤ C‖f‖QK(p,q),

where Bα, α > 0, denotes the Bloch type space (or α-Bloch space), see [20].
We need for the following fact about the functions in Bα (see [24]):

(1) ‖f‖Bα ≈
n∑
i=0

|f (i)(0)|+ sup
z∈D

(1− |z|2)α+n|f (n+1)(z)|,

where n ∈ N. Moreover QK(p, q) = B
q+2
p if and only if

(2)

∫ 1

0

(1− r2)−2K(− log r)rdr <∞.

A function h with derivative |h′(z)|p = |1 − z|−q−2 represents an extremal

growth in B
q+2
p and by Lemma 2.7 [9], there exist parameters p, q and K such

that h ∈ QK(p, q) ( B
q+2
p . Also taking K(t) = ts, 0 < s < 1 and q > −s − 1

imply that QK(p, q) coincides with the non-trivial F (p, q, s) space.
For an analytic self-mapping ϕ on D, the composition operator Cϕ is defined

as follows

Cϕ(f)(z) = f(ϕ(z)), f ∈ H(D).

The weighted composition operator is defined by uCϕf(z) = u(z)f(ϕ(z)), u ∈
H(D), which is a combination of composition and multiplication operators. For
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m ∈ N, the weighted differentiation composition operator Dm
u,ϕ is as follows

Dm
u,ϕf(z) = u(z)f (m)(ϕ(z)).

This kind of operator includes some classical operators like D, DCϕ, CϕD
and so on. The above operator has been investigated by many authors, see,
e.g. [5, 7, 11,17,18,22,25–27].

Boundedness and compactness of integral-type operator fromQK(p, q) spaces
to α-Bloch space and Zygmund-type spaces investigated in [15] and [16], respec-
tively. The essential norm of generalized weighted composition operators from
the Bloch-type spaces to the weighted Zygmund spaces estimated in [1]. Also
essential norm of Stevic-Sharma operator from QK(p, q) space to Zygmund-
type space approximated in [8]. Recently Manavi et al., found an estimation
for the essential norm of generalized integral type operator from QK(p, q) to
Zygmund Spaces, see [13]. The motivation of the paper is to continue the
line of finding an approximation for the essential norm of the operators. The
application of the results is to find necessary and sufficient conditions for the
compactness of the operator.

In this paper, firstly we investigate boundedness of the weighted differen-
tiation composition operator Dm

u,ϕ, m ∈ N from QK (p, q) into Zµ. Then we
obtain an estimate for the essential norm of such operators. As an applica-
tion we present a characterization for the compactness of the operator Dm

u,ϕ on
mentioned spaces.

For any bounded operator T between two Banach spaces X and Y , the
essential norm of T is denoted by ‖T‖e,X→Y and is defined by

‖T‖e,X→Y = inf{‖T − S‖ : S is a compact operator from X to Y }.

The operator is compact if and only if ‖T‖e,X→Y = 0.
If m = 0 then we have uCϕ where properties of it between QK (p, q) and

Zµ are proved, among other general results, in [8]. This result is that uCϕ :
QK (p, q)→ Zµ is bounded if and only if

(1) q + 2 > p, supz∈D
µ(z)|u′′(z)|

(1−|ϕ(z)|2)
q+2
p
−1

<∞,

sup
z∈D

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)|
(1− |ϕ(z)|2)

q+2
p

<∞, sup
z∈D

µ(z)|u(z)ϕ′2(z)|
(1− |ϕ(z)|2)

q+2
p +1

<∞

(2) q + 2 = p, supz∈D µ(z)|u′′(z)| ln e
1−|ϕ(z)|2 <∞,

sup
z∈D

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)|
(1− |ϕ(z)|2)

q+2
p

<∞, sup
z∈D

µ(z)|u(z)ϕ′2(z)|
(1− |ϕ(z)|2)

q+2
p +1

<∞

(3) q + 2 < p, u ∈ Zµ,

sup
z∈D

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)|
(1− |ϕ(z)|2)

q+2
p

<∞, sup
z∈D

µ(z)|u(z)ϕ′2(z)|
(1− |ϕ(z)|2)

q+2
p +1

<∞
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The author of [8] also presented some necessary and sufficient conditions for
the compactness.

Throughout this paper, we assume that the following condition holds∫ 1

0

K(− log r)(1− r)min{−1,q}
(

log
1

1− r

)χ−1(q)

rdr <∞,

where χO (x) is the characteristic function of the set O. For simplifying calcu-
lations, we set α = q+2

p and

A(u, ϕ, α) = sup
z∈D

µ(z)|u(z)|
(1− |ϕ(z)|2)α

,

B(u, ϕ, α) = lim sup
|ϕ(z)|→1

µ(z)|u(z)|
(1− |ϕ(z)|2)α

.

All positive constants will be denoted by C which may vary from one occurrence
to another. By A & B we mean there exists a constant C such that A ≥ CB
and A ≈ B means that A & B & A.

The following two theorems are our main results.
Theorem A. Let p > 0, q > −2, K : [0,∞) → [0,∞) be a nondecreasing

continuous function, ϕ be an analytic self-map of D and u be an analytic
function on D. Then Dm

u,ϕ : QK (p, q)→ Zµ is bounded if and only if

A(u′′, ϕ, α+m−1) <∞, A(2u′ϕ′+uϕ′′, ϕ, α+m) <∞, A(uϕ′2, ϕ, α+m+1) <∞,

where α = q+2
p .

Theorem B. Let p > 0, q > −2, K : [0,∞) → [0,∞) be a nondecreasing
continuous function, ϕ be an analytic self-map of D and u be an analytic
function on D. If Dm

u,ϕ : QK (p, q)→ Zµ be bounded, then

‖Dm
u,ϕ‖e ≈

max
{
B(u′′, ϕ, α+m− 1), B(2u′ϕ′ + uϕ′′, ϕ, α+m), B(uϕ′2, ϕ, α+m+ 1)

}
,

where α = q+2
p .

2. Proof of Main results

If f ∈ QK(p, q) then using (1), we have (recall that α = q+2
p )

(3) |f (k)(z)| ≤ C ‖f‖Bα
(1− |z|2)α+k−1

, z ∈ D, k ∈ N.

Lemma 2.1. Let p > 0, q > −2 and α = q+2
p . Then the following function

belongs to QK(p, q),

fa(z) =
1− |a|2

(1− az)α
, a, z ∈ D.
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Proof. ∫
D
|f ′a(z)|p(1− |z|2)qK(g(z, ξ)) dA(z)

=

∫
D

|a|p(1− |a|2)p

|1− az|2+p+q
(1− |z|2)qK(g(z, ξ)) dA(z)

≤ 2p
∫
D

(1− |z|2)q

|1− az|2+q
K(g(z, ξ)) dA(z).

Applying Lemma 2.7 [9], we obtain

‖fa‖pQK(p,q) = |fa(0)|+ sup
ξ∈D

∫
D
|f ′a(z)|p(1− |z|2)qK(g(z, ξ)) dA(z) ≤ C

where C is a positive constant independent of p, q,K. �

The proof of the following lemma is similar to the proof of Lemma 2.2 of [13],
so it is omitted.

Lemma 2.2. Let p > 0, q > −2, K : [0,∞) → [0,∞) be a nondecreas-
ing continuous function, ϕ be an analytic self-map of D and u be an analytic
function on D. If ‖ϕ‖∞ < 1 and Dm

u,ϕ : QK (p, q) → Zµ be bounded, then
Dm
u,ϕ : QK (p, q)→ Zµ is compact.

Now we are ready to prove Theorem A.
Proof of Theorem A. Suppose that f ∈ QK(p, q). Then (3) implies that

µ(z)|(Dm
u,ϕf)′′(z)| = µ(z)|u′′(z)f (m)(ϕ(z)) + (2u′(z)ϕ′(z) + u(z)ϕ′′(z))f (m+1)(ϕ(z))

+ u(z)ϕ′2(z)f (m+2)(ϕ(z))|

≤ sup
z∈D

µ(z)|u′′(z)|
(1− |ϕ(z)|2)α+m−1

‖f‖Bα + sup
z∈D

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)|
(1− |ϕ(z)|2)α+m

‖f‖Bα

+ sup
z∈D

µ(z)|u(z)ϕ′2(z)|
(1− |ϕ(z)|2)α+m+1

‖f‖Bα

≤ sup
z∈D

µ(z)|u′′(z)|
(1− |ϕ(z)|2)α+m−1

‖f‖QK(p,q) + sup
z∈D

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)|
(1− |ϕ(z)|2)α+m

‖f‖QK(p,q)

+ sup
z∈D

µ(z)|u(z)ϕ′2(z)|
(1− |ϕ(z)|2)α+m+1

‖f‖QK(p,q).

On the other hand

|(Dm
u,ϕf)(0)| = |u(0)f (m)(ϕ(0))| ≤ |u(0)|

(1− |ϕ(0)|2)α+m−1
‖f‖QK(p,q),

and

|(Dm
u,ϕf)′(0)| ≤ |u(0)|

(1− |ϕ(0)|2)α+m−1
‖f‖QK(p,q) +

|u(0)ϕ′(0)|
(1− |ϕ(0)|2)α+m

‖f‖QK(p,q).
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In view of the above equations and using the definition of norm in QK(p, q)
spaces, if

A(u′′, ϕ, α+m−1) <∞, A(2u′ϕ′+uϕ′′, ϕ, α+m) <∞, A(uϕ′2, ϕ, α+m+1) <∞
then Dm

u,ϕ : QK (p, q) → Zµ is bounded. Now suppose that the operator is
bounded. Applying the operator on the function f(z) = zm we obtain

(4) sup
z∈D

µ(z)|u′′(z)| <∞,

and also applying on the functions zm+1 and zm+2 respectively and using
triangle inequality, we have

(5) sup
z∈D

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)| <∞, sup
z∈D

µ(z)|u(z)ϕ′2(z)| <∞.

For 0 6= a ∈ D, set

fa(z) =
1− |a|2

(1− āz)α
, ha(z) =

(1− |a|2)2

(1− āz)α+1 , ga(z) =
(1− |a|2)3

(1− āz)α+2 , z ∈ D

and define

(6) Fa(z) = (α+m+ 2)fa(z)− α(2α+ 2n+ 3)

α+m
ha(z) +

α(α+ 1)

α+m
ga(z).

Then Fa ∈ QK(p, q) and supa∈D ‖Fa‖QK(p,q) ≤ C where C is a positive con-

stant, Lemma 2.1. Also, F
(m)
a (a) = F

(m+2)
a (a) = 0 and

F (m+1)
a (a) = −an+1α(α+ 1) · · · (α+m− 1)

(1− |a|2)α+m
.

Since Dm
u,ϕ : QK (p, q)→ Zµ is bounded then

C ≥‖Dm
u,ϕFϕ(a)‖Zµ ≥ sup

z∈D
µ(z)|(Dm

u,ϕFϕ(a))
′′(z)|

≥µ(a)|(Dm
u,ϕFϕ(a))

′′(a)|

=µ(a)|ϕ(a)|m+1α(α+ 1) · · · (α+m− 1)|2u′(a)ϕ′(a) + u(a)ϕ′′(a)|
(1− |ϕ(a)|2)α+m

.

Fix r ∈ (0, 1). Then

sup
|ϕ(a)|>r

µ(a)|2u′(a)ϕ′(a) + u(a)ϕ′′(a)|
(1− |ϕ(a)|2)α+m

(7)

≤ sup
|ϕ(a)|>r

|ϕ(a)|m+1

rm+1

µ(a)|2u′(a)ϕ′(a) + u(a)ϕ′′(a)|
(1− |ϕ(a)|2)α+m

<∞.

On the other hand,

sup
|ϕ(a)|≤r

µ(a)|2u′(a)ϕ′(a) + u(a)ϕ′′(a)|
(1− |ϕ(a)|2)α+m

≤ sup
|ϕ(a)|≤r

1

(1− r2)α+m
µ(a)|2u′(a)ϕ′(a) + u(a)ϕ′′(a)| <∞.
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Last inequality and (7) yield that A(2u′ϕ′ + uϕ′′, ϕ, α + m) < ∞. To get the
other conditions, the proof is similar. Use instead of Fa, the test functions
defined below

Ga(z) = (α+m+ 1)(α+m+ 2)fa(z)− 2α(α+m+ 2)ha(z) + α(α+ 1)ga(z),

Ha(z) = fa(z)− 2α

α+m
ha(z) +

α(α+ 1)

(α+m)(α+m+ 1)
ga(z),

with the derivatives G
(m+1)
a (a) = G

(m+2)
a (a) = 0 and

G(m)
a (a) = 2am

α(α+ 1) · · · (α+m− 1)

(1− |a|2)α+m−1

and H
(m)
a (a) = H

(m+1)
a (a) = 0 and

H(m+2)
a (a) = 2am+2α(α+ 1) · · · (α+m− 1)

(1− |a|2)α+m+1
.

The proof of Theorem A is completed.
The proof of Theorem B is divided into two parts and we assume that

‖ϕ‖∞ = 1, otherwise is true by Lemma 2.2.
Lower bound of Theorem B. Let {zj}j∈N be a sequence in D such that

|ϕ(zj)| → 1. Let Fj = Fϕ(zj) be functions are defined in (6). Then {Fj} is a
bounded sequence in QK(p, q) which converges uniformly to zero on compact

subsets of D, F
(m)
j (ϕ(zj)) = F

(m+2)
j (ϕ(zj)) = 0 and

F
(m+1)
j (ϕ(zj)) = −ϕ(zj)

n+1α(α+ 1) · · · (α+m− 1)

(1− |ϕ(zj)|2)α+m
.

Let C1 = supj∈N ‖Fj‖QK(p,q). Then

C1‖Dm
u,ϕ‖e ≥ lim sup

j→∞
‖Dm

u,ϕFj‖Zµ

≥ lim sup
j→∞

µ(zj)|(2u′(zj)ϕ′(zj) + u(zj)ϕ
′′(zj))F

(m+1)
j (ϕ(zj))|

− lim sup
j→∞

µ(zj)|u′′(zj)F (m)
j (ϕ(zj))|

− lim sup
j→∞

µ(zj)|u(zj)ϕ
′2(zj)F

(m+2)
j (ϕ(zj))|

= lim sup
j→∞

α(α+ 1) · · · (α+m− 1)|ϕ(zj)|n+1|2u′(zj)ϕ′(zj) + u(zj)ϕ
′′(zj)|

(1− |ϕ(zj)|2)α+m

= lim sup
j→∞

α(α+ 1) · · · (α+m− 1)|2u′(zj)ϕ′(zj) + u(zj)ϕ
′′(zj)|

(1− |ϕ(zj)|2)α+m
.

Hence,

B(2u′ϕ′ + uϕ′′, ϕ, α+m) = lim sup
j→∞

|2u′(zj)ϕ′(zj) + u(zj)ϕ
′′(zj)|

(1− |ϕ(zj)|2)α+m
. ‖Dm

u,ϕ‖e.
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To prove

B(uϕ′2, ϕ, α+m+ 1) . ‖Dm
u,ϕ‖e, B(u′′, ϕ, α+m− 1) . ‖Dm

u,ϕ‖e

use the functions Gj = Gϕ(zj) and Hj = Hϕ(zj) respectively. Indeed {Gj} and
{Hj} are bounded sequences in QK(p, q) which converge to zero uniformly on

compact subsets of D and G
(m+1)
j (ϕ(zj)) = G

(m+2)
j (ϕ(zj)) = 0 and

G
(m)
j (ϕ(zj)) = 2ϕ(zj)

mα(α+ 1) · · · (α+m− 1)

(1− |ϕ(zj)|2)α+m−1

and H
(m)
j (ϕ(zj)) = H

(m)
j (ϕ(zj)) = 0 and

H
(m+2)
j (ϕ(zj)) = 2ϕ(zj)

m+2α(α+ 1) · · · (α+m− 1)

(1− |ϕ(zj)|2)α+m+1
.

We omit the rest of the proof due to the similarity. So, we get

‖Dm
u,ϕ‖e &

max
{
B(u′′, ϕ, α+m− 1), B(2u′ϕ′ + uϕ′′, ϕ, α+m), B(uϕ′2, ϕ, α+m+ 1)

}
.

The upper bound of Theorem B. Suppose that {rj} be a sequence in
(0, 1) such that limj→∞rj = 1. Since Dm

u,ϕ : QK (p, q)→ Zµ is bounded, then
it can be easily proved that Dm

u,rjϕ : QK (p, q) → Zµ is bounded. Also, since

‖rjϕ‖∞ < 1, then using Lemma 2.2, Dm
u,rjϕ : QK (p, q) → Zµ is a compact

operator for any j. So

‖Dm
u,ϕ‖e ≤ ‖Dm

u,ϕ −Dm
u,rjϕ‖ = sup

‖f‖QK (p,q)≤1

‖(Dm
u,ϕ −Dm

u,rjϕ)f‖Zµ , j ∈ N.

Fix δ ∈ (0, 1). For any f with ‖f‖QK(p,q) ≤ 1 we have

‖(Dm
u,ϕ −Dm

u,rjϕ)f‖Zµ = |((Dm
u,ϕ −Dm

u,rjϕ)f)(0)|+ |((Dm
u,ϕ −Dm

u,rjϕ)f)′(0)|
+ sup
z∈D

µ(z)|((Dm
u,ϕ −Dm

u,rjϕ)f)′′(z)|

≤|u(0)f (m)(ϕ(0))− u(0)f (m)(rjϕ(0))|+ |u′(0)(f (m)(ϕ(0))− f (m)(rjϕ(0)))|

+ |u(0)ϕ′(0)(f (m+1)(ϕ(0))− rjf (m+1)(rjϕ(0)))|

+ sup
z∈D

µ(z)|((Dm
u,ϕ −Dm

u,rjϕ)f)′′(z)|.
(8)

If j →∞, then

|u(0)f (m)(ϕ(0))− u(0)f (m)(rjϕ(0))| → 0,

|u′(0)(f (m)(ϕ(0))− f (m)(rjϕ(0)))| → 0,

|u(0)ϕ′(0)(f (m+1)(ϕ(0))− rjf (m+1)(rjϕ(0)))| → 0.
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On the other hand

sup
z∈D

µ(z)|((Dm
u,ϕ −Dm

u,rjϕ)f)′′(z)| ≤ sup
z∈D

µ(z)|u′′(z)||f (m)(ϕ(z))− f (m)(rjϕ(z))|

+ sup
z∈D

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)||f (m+1)(ϕ(z))− rjf (m+1)(rjϕ(z))|

+ sup
z∈D

µ(z)|u(z)ϕ′2(z)||f (m+2)(ϕ(z))− r2
jf

(m+2)(rjϕ(z))|.

We divide each of three suprema on the right hand side of the above into two
parts, one in |ϕ(z)| ≤ δ which is a compact set and therefore using (4) and (5),
we obtain

lim sup
j→∞

sup
|ϕ(z)|≤δ

µ(z)|u′′(z)||f (m)(ϕ(z))− f (m)(rjϕ(z))| = 0,

lim sup
j→∞

sup
|ϕ(z)|≤δ

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)||f (m+1)(ϕ(z))− rjf (m+1)(rjϕ(z))|1 = 0,

lim sup
j→∞

sup
|ϕ(z)|≤δ

µ(z)|u(z)ϕ′2(z)||f (m+2)(ϕ(z))− r2
jf

(m+2)(rjϕ(z))| = 0.

Now we compute the other part. Applying (3), we have

sup
δ<|ϕ(z)|<1

µ(z)|u′′(z)||f (m)(ϕ(z))− f (m)(rjϕ(z))|

≤ sup
δ<|ϕ(z)|<1

µ(z)|u′′(z)||f (m)(ϕ(z))|+ sup
δ<|ϕ(z)|<1

µ(z)|u′′(z)||f (m)(rjϕ(z))|

≤ C sup
δ<|ϕ(z)|<1

µ(z)|u′′(z)|
(1− |ϕ(z)|2)α+m−1

+ C sup
δ<|ϕ(z)|<1

µ(z)|u′′(z)|
(1− |rjϕ(z)|2)α+m−1

≤ 2C sup
δ<|ϕ(z)|<1

µ(z)|u′′(z)|
(1− |ϕ(z)|2)α+m−1

.

(9)

In a same way one can see that

sup
δ<|ϕ(z)|<1

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)||f (m+1)(ϕ(z))− rjf (m+1)(rjϕ(z))|

≤ 2C sup
δ<|ϕ(z)|<1

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)|
(1− |ϕ(z)|2)α+m

(10)

and

sup
δ<|ϕ(z)|<1

µ(z)|u(z)ϕ′2(z)||f (m+2)(ϕ(z))− r2
jf

(m+2)(rjϕ(z))|

≤ 2C sup
δ<|ϕ(z)|<1

µ(z)|u(z)ϕ′2(z)|
(1− |ϕ(z)|2)α+m+1

.(11)
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From (8), (9), (10) and (11), we get

‖Dm
u,ϕ‖e ≤ sup

‖f‖QK (p,q)≤1

‖(Dm
u,ϕ −Dm

u,rjϕ)f‖Zµ ≤ 2C sup
δ<|ϕ(z)|<1

µ(z)|u′′(z)|
(1− |ϕ(z)|2)α+m−1

+ 2C sup
δ<|ϕ(z)|<1

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)|
(1− |ϕ(z)|2)α+m

+ 2C sup
δ<|ϕ(z)|<1

µ(z)|u(z)ϕ′2(z)|
(1− |ϕ(z)|2)α+m+1

.

Finally letting δ → 1 implies that

‖Dm
u,ϕ‖e .

max
{
B(u′′, ϕ, α+m− 1), B(2u′ϕ′ + uϕ′′, ϕ, α+m), B(uϕ′2, ϕ, α+m+ 1)

}
.

Corollary 2.3. Let p > 0, q > −2, K : [0,∞) → [0,∞) be a nondecreas-
ing continuous function, ϕ be an analytic self-map of D and g be an analytic
function on D. Then Dm

u,ϕ : QK (p, q)→ Zµ is compact if and only if

lim sup
|ϕ(z)|→1

µ(z)|u′′(z)|
(1− |ϕ(z)|2)α+m−1

= 0,

lim sup
|ϕ(z)|→1

µ(z)|2u′(z)ϕ′(z) + u(z)ϕ′′(z)|
(1− |ϕ(z)|2)α+m

= 0,

lim sup
|ϕ(z)|→1

µ(z)|u(z)ϕ′2(z)|
(1− |ϕ(z)|2)α+m+1

= 0.

Remark 2.4. With different choices on p, q and K we can obtain some corol-
laries for the compactness and boundedness of the operators mentioned in the
introduction.

By using Theorem A and Corollary 2.3, we get the following example.

Example 2.5. Let m = 1, u = 1 and ϕ(z) = z. Then D1
u,ϕ : QK (1, 0)→ Z is

not bounded. Since α = q+2
p = 2, A(u′′, ϕ, α+m− 1) = A(2u′ϕ′ + uϕ′′, ϕ, α+

m) = 0 and

A(uϕ′2, ϕ, α+m+ 1) = sup
z∈D

1

(1− |z|2)3
=∞.

Also when β ≥ 4, then the operator D1
u,ϕ : QK (1, 0)→ Zβ is bounded, because

A(u′′, ϕ, α+m−1) = A(2u′ϕ′+uϕ′′, ϕ, α+m) = 0 and A(uϕ′2, ϕ, α+m+1) =
supz∈D(1− |z|2)β−4 = 1.

Similarly B(u′′, ϕ, α+m−1) = B(2u′ϕ′+uϕ′′, ϕ, α+m) = 0 and B(uϕ′2, ϕ, α+
m+ 1) = lim|z|→1(1− |z|2)β−4. So, D1

u,ϕ : QK (1, 0)→ Z4 is not compact and

for γ > 4, D1
u,ϕ : QK (1, 0)→ Zγ is compact.
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3. Conclusion

By using test functions we presented equivalence condition for bounded-
ness and compactness of operator Dm

u,ϕ : QK (p, q) → Zµ. Also an estima-
tion for the essential norm of the operator has been found in the paper. It
is worthwhile mentioned that the results can be stated for some well-known
operators included in the weighted differentiation composition operator. By
comparing Theorems 2.4 and 3.2 of [1] with Theorem A and Theorem B re-
spectively, the operator Dm

u,ϕ : QK (p, q) → Zµ is bounded (compact) if and

only if Dm
u,ϕ : B

q+2
p → Zµ is bounded (compact). By setting µ(z) = (1−|z|2)β ,

similar results will be obtained for the operator Dm
u,ϕ from QK (p, q) into Zyg-

mund type space. A future work on this subject can be replacing the weighted
Zygmund space by n-th weighted type space.
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