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Abstract. In the present paper, we investigate the eigenvalues of an el-

liptic differential operator on compact Riemannian manifolds with bound-
ary and derive a general inequality for these eigenvalues. Applying this

inequality, we give universal estimates for eigenvalues on compact do-
mains of complete submanifolds in an Euclidean space, and of complete

manifolds admitting special functions. Finally, we find universal bounds

on the (k + 1)-th eigenvalue on such objects in terms of the first k eigen-
values independent of the domains.
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1. Introduction

Let (Mn, g) be a Riemannian manifold with local coordinate system {xi}ni=1.
The most important geometric operator on M is the Laplace-Beltrami operator
which is defined by

∆ =
1√

det g

m∑
i,j=1

∂i(
√

det g gij∂j) = gij(∂i∂j − Γkij∂k)

where ∂i = ∂
∂xi , (gij) = (gij)

−1 and Γkij are the Christoffel symbols of the
Riemannian metric g = (gij). The Riemannian measure dµ on (M, g) is defined
by dµ =

√
det gdx1 ∧ ... ∧ dxn. Throughout this paper, the integrations on M

are always taken with respect to dµ. Suppose that Ω is a bounded domain in
a Riemannian manifold M . Since the equation∫

Ω

v(∆2 −∆)u =

∫
Ω

u(∆2 −∆)v,

holds for all functions v such that vanish on ∂Ω, we infer the operator ∆2 −∆
is a self-adjoint and hence its eigenvalues are real and discrete. If Λ1 is the
first non-zero eigenvalue of the operator ∆2−∆ and Λi, i = 1, 2, · · · is the i-th
eigenvalue of the operator ∆2 −∆ then we can write

0 < Λ1 ≤ Λ2 ≤ · · · .
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Obtaining a nice estimate of the eigenvalues of a geometric operator is very
important in mathematics and physics. We will focus our attention on this
problem. Payn et al. [12] established that the inequality

(1) Λk+1 − Λk ≤
4

kn

k∑
i=1

Λi, k = 1, 2, · · · .

holds for the Dirichlet eigenvalues of the Laplace operator on Ω ⊂ Rn. Recently,
many interesting generalizations of (1) have been obtained. For instance, in [16]
Yang proved the following inequality

k∑
i=1

(Λk+1 − Λi)(Λk+1 − (1 +
4

n
)Λi) ≤ 0, for k = 1, 2, · · · ,

for Dirichlet eigenvalues of the Laplace operator on Ω ⊂ Rn. Then Harrell et
al. [7] extended the Yang’s inequality of Dirichlet eigenvalues of the Laplacian
as follows

k∑
i=1

(Λk+1 − Λi)
2 ≤ 4

n

k∑
i=1

(Λk+1 − Λi)(Λi +
n2

4
H2

0 ),

on bounded domain Ω in a complete Riemannian manifold Mn isometrically
immersed in RN , where H is the mean curvature vector field of Mn and H0 =
supΩ |H|. Also, Wang and Xia in [15] studied eigenvalues of the clamped plate
problem

(2)

{
∆2u = Λu in Ω,

u = ∂u
∂ν = 0 on ∂Ω,

and proved

k∑
i=1

(Λk+1 − Λi)
2 ≤ 1

n

{
k∑
i=1

(Λk+1 − Λi)
2
(
n2H2

0 + (2n+ 4)Λ
1
2
i

)} 1
2

×

{
k∑
i=1

(Λk+1 − Λi)(4λ
1
2
i + n2H2

0 )

} 1
2

.

Here Λ is called the eigenvalue of the clamped plate problem and Λi, i =
1, 2, . . . is the i-th eigenvalue of the problem (2). When M is the unit n-
sphere, Chen et al. [3] obtained the above inequality. Also, when M is an
n-dimensional hypersurface in Rn+1, Harrell [6] established the last inequality.

Payn et al. showed [12] that the eigenvalues of the problem (2) for Ω ⊂ Rn
satisfy

(3) Λk+1 − Λk ≤
8(n+ 2)

kn2

k∑
i=1

Λi, k = 1, 2, · · · .
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Then, Hile and Yeh [9] obtained the following inequality as a generalization of
(3),

k∑
i=1

Λ
1
2
i

Λk+1 − Λi
≥ n2k

3
2

8(n+ 2)

(
k∑
i=1

Λi

)− 1
2

,

and Cheng and Yang [4] provided the estimate

Λk+1 −
1

k

k∑
i=1

Λi ≤
(

8(n+ 2)

n2

) 1
2 1

k

k∑
i=1

(Λi(Λk+1 − Λi))
1
2 .

Also, see [14] for the study of the spectral geometry. The goal of this article is
to further investigate the relation between the spectrum of the operator ∆2−∆
and the local differential geometry of submanifolds of arbitrary codimension.
Suppose that Ω is a connected bounded domain with smooth boundary ∂Ω in
a Riemannnian manifold Mn with n ≥ 2 and ν is the outward unit normal
vector field of ∂Ω.
Motivated by the above works and [1], in our paper we investigated the Dirchelet
eigenvalues of the operator ∆2 − ∆ on Riemannian manifolds. We will use
Yang’s method to give a general inequality for these eigenvalues. Then we de-
rive universal inequalities for them on compact domains of complete submani-
folds in Euclidean space and of complete manifolds admitting special functions
which include the Hadamard manifolds with Ricci curvature bounded below.
Also, we compute universal inequalities for them on a class of warped product
manifolds containing the hyperbolic space and manifolds admitting spherical
eigenmaps. Our main results are as follows.

Theorem 1.1. Suppose that Mn is a complete Riemannian manifold and Ω is
a bounded domain with a smooth boundary in M . Suppose that ν is the outward
unit normal of ∂Ω. Let Λi, i = 1, · · · , be the i-th eigenvalue of the problem

(4)

{
(∆2 −∆)f = Λf in Ω,

f = ∂f
∂ν = 0 on ∂Ω,

where Λ is a constant and

(5)


(∆2 −∆)fi = Λifi in Ω,

fi = ∂fi
∂ν = 0 on ∂Ω,∫

Ω
fifj = δij , ∀i, j = 1, · · · , k.

Then for every smooth function h : Ω → R, every positive integer k and any
δ > 0, we get
(6)
k∑
i=1

(Λk+1−Λi)
2

∫
Ω

f2
i |∇h|2 ≤ δ

k∑
i=1

(Λk+1−Λi)
2qi+

k∑
i=1

(Λk+1 − Λi)

δ

∫
Ω

(∇h.∇fi+
fi∆h

2
)2,
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where
(7)

qi =

∫
Ω

[
f2
i (∆h)2 + 4(|∇h.∇fi|2 + ui∆h∇h.∇fi)− 2fi|∇h|2∆fi + f2

i |∇h|2
]
.

Theorem 1.2. Suppose that Mn is a complete Riemannian manifold and Ω
is a bounded domain with a smooth boundary in M . Let Λi, i = 1, · · · , be the
i-th eigenvalue of the problem (4).
i) Let M be isometrically immersed in Rm and H be its mean curvature vector.
Then

k∑
i=1

(Λk+1 − Λi)
2 ≤ 1

n

{
k∑
i=1

(Λk+1 − Λi)
(

4Λ
1
2
i + nH2

0

)} 1
2

×

{
k∑
i=1

(Λk+1 − Λi)
2
(
nH2

0 + (4 + 2n)Λ
1
2
i + n

)} 1
2

,(8)

where H0 = supΩ |H|.
ii) Let M be a minimal submanifold in Rm, then

k∑
i=1

(Λk+1 − Λi)
2 ≤ 2

n

{
k∑
i=1

(Λk+1 − Λi)Λ
1
2
i

} 1
2

×

{
k∑
i=1

(Λk+1 − Λi)
2
(

(4 + 2n)Λ
1
2
i + n

)} 1
2

.(9)

iii) Let there exists a function φ : Ω→ R and a constant A0 such that

(10) |∇φ| = 1, |∆φ| ≤ A0, on Ω,

then

k∑
i=1

(Λk+1 − Λi)
2 ≤

{
k∑
i=1

(Λk+1 − Λi)
2
(
A2

0 + 1 + 6Λ
1
2
i + 4A0Λ

1
4
i

)} 1
2

×

{
k∑
i=1

(Λk+1 − Λi)(2Λ
1
4
i +A0)2

} 1
2

.(11)

iv) Let there exists a constant B0 and a function ψ : Ω→ R with

(12) |∇ψ| = 1, ∆ψ = B0, on Ω,
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then

k∑
i=1

(Λk+1 − Λi)
2 ≤

{
k∑
i=1

(Λk+1 − Λi)
2
(

1−B2
0 + 6Λ

1
2
i

)} 1
2

×

{
k∑
i=1

(Λk+1 − Λi)(4Λ
1
2
i −B

2
0)

} 1
2

.(13)

v) Let there exists an eigenmap u = (u1, u2, · · · , um+1) : Ω→ Sm(1) such that

(14) ∆uα = µuα, α = 1, · · · ,m+ 1,

m+1∑
α=1

u2
α = 1,

for some constant µ, then

k∑
i=1

(Λk+1 − Λi)
2 ≤

{
k∑
i=1

(Λk+1 − Λi)
2
(
µ+ 1 + 6Λ

1
2
i

)} 1
2

×

{
k∑
i=1

(Λk+1 − Λi)(4Λ
1
2
i + µ)

} 1
2

.(15)

vi) Let there exists l functions φα : Ω→ R with

(16) 〈∇φα,∇φβ〉 = δαβ , ∆φα = 0, on Ω, α, β = 1, · · · , l,

then
(17)

k∑
i=1

(Λk+1 − Λi)
2 ≤ 2

{
k∑
i=1

(Λk+1 − Λi)
2(1 + 6Λ

1
2
i )

} 1
2
{

k∑
i=1

(Λk+1 − Λi)Λ
1
2
i

} 1
2

.

Corollary 1.3. Suppose that Ω is a bounded domain with a smooth boundary
in a complete Riemannian manifold Mn.
i) Let M be isometrically immersed in Rm and H be its mean curvature vector,
then

(18) Λk+1 ≤ ak+1 +
√
a2
k+1 − bk+1,

where

ak+1 =
1

k

k∑
i=1

Λ2
i +

1

kn2

k∑
i=1

Λi

(
4Λ

1
2
i + nH2

0

)(
nH2

0 + (4 + 2n)Λ
1
2
i + n

)
,

and

bk+1 =
1

k

k∑
i=1

Λi +
1

2kn2

k∑
i=1

(
4Λ

1
2
i + nH2

0

)(
nH2

0 + (4 + 2n)Λ
1
2
i + n

)
,



142 S. Azami, M. Zohrevand, Gh. Fasihi-Ramandi

where H0 = supΩ |H|.
ii) Let M be a minimal submanifold in Rm, then

(19) Λk+1 ≤ ck+1 +
√
c2k+1 − dk+1,

where

ck+1 =
1

k

k∑
i=1

Λ2
i +

4

kn2

k∑
i=1

Λ
3
2
i

(
(4 + 2n)Λ

1
2
i + n

)
,

and

dk+1 =
1

k

k∑
i=1

Λi +
2

kn2

k∑
i=1

Λ
1
2
i

(
(4 + 2n)Λ

1
2
i + n

)
.

iii) Let there exist a constant A0 and a function φ : Ω→ R with

(20) |∇φ| = 1, |∆φ| ≤ A0, on Ω,

then

(21) Λk+1 ≤ tk+1 +
√
t2k+1 − wk+1,

where

tk+1 =
1

k

k∑
i=1

Λ2
i +

1

k

k∑
i=1

Λi(2Λ
1
4
i +A0)2

(
A2

0 + 1 + 6Λ
1
2
i + 4A0Λ

1
4
i

)
,

and

wk+1 =
1

k

k∑
i=1

Λi +
1

2k

k∑
i=1

(2Λ
1
4
i +A0)2

(
A2

0 + 1 + 6Λ
1
2
i + 4A0Λ

1
4
i

)
.

iv) Let there exists a constant B0 and a function ψ : Ω→ R with

(22) |∇ψ| = 1, ∆ψ = B0, on Ω,

then

(23) Λk+1 ≤ Ak+1 +
√
A2
k+1 −Bk+1,

where

Ak+1 =
1

k

k∑
i=1

Λ2
i +

1

k

k∑
i=1

Λi(4Λ
1
2
i −B

2
0)
(

1−B2
0 + 6Λ

1
2
i

)
,

and

Bk+1 =
1

k

k∑
i=1

Λi +
1

2k

k∑
i=1

(4Λ
1
2
i −B

2
0)
(

1−B2
0 + 6Λ

1
2
i

)
.

v) Let there exist an eigenmap u = (u1, u2, · · · , um+1) : Ω→ Sm(1) such that

(24) ∆uα = µuα, α = 1, · · · ,m+ 1,

m+1∑
α=1

u2
α = 1,
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for some constant µ, then

(25) Λk+1 ≤ Ck+1 +
√
C2
k+1 −Dk+1,

where

Ck+1 =
1

k

k∑
i=1

Λ2
i +

1

k

k∑
i=1

Λi(4Λ
1
2
i + µ)

(
µ+ 1 + 6Λ

1
2
i

)
,

and

Dk+1 =
1

k

k∑
i=1

Λi +
1

2k

k∑
i=1

(4Λ
1
2
i + µ)

(
µ+ 1 + 6Λ

1
2
i

)
.

vi) If there exists functions φα : Ω→ R such that

(26) 〈∇φα,∇φβ〉 = δαβ , ∆φα = 0, on Ω, α, β = 1, ..., l,

then

(27) Λk+1 ≤ Tk+1 +
√
T 2
k+1 −Wk+1,

where

Tk+1 =
1

k

k∑
i=1

Λ2
i +

4

k

k∑
i=1

Λ
3
2
i

(
1 + 6Λ

1
2
i

)
,

and

Wk+1 =
1

k

k∑
i=1

Λi +
2

k

k∑
i=1

Λ
1
2
i

(
1 + 6Λ

1
2
i

)
.

2. Proofs of the main results

By similar methods as in [1, 9, 15], we use Yang’s method to give a general
inequality for eigenvalues.

Proof of Theorem 1.1. For i = 1, ..., k, let φi : Ω → R be the functions

which are given by φi = hui −
∑k
j=1 rijfj where, rij =

∫
Ω
hfifj . We have

φi|∂Ω = ∂φi

∂ν |∂Ω = 0 and ∫
Ω

fiφj = 0, ∀i, j = 1, · · · , k.

The Rayleigh-Ritz inequality yields

(28) Λk+1 ≤
∫

Ω
φi(∆

2 −∆)φi∫
Ω
φ2
i

.

Letting

(29) pi = ∆h∆fi + 2∇h.∇∆fi + ∆(fi∆h) + 2∆(∇fi.∇h)− fi∆h− 2∇h.∇fi,
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we obtain∫
Ω

φi(∆
2 −∆)φi =

∫
Ω

φi

(∆2 −∆)(hfi)−
k∑
j=1

rijΛjfj


=

∫
Ω

φi(∆
2 −∆)(hfi)

=

∫
Ω

φi

[
∆h∆fi + h∆2fi + 2∇h · ∇∆fi + ∆(fi∆h)

+2∆(∇fi.∇h)− fi∆h− h∆fi − 2∇h · ∇fi
]

=

∫
Ω

hfipi −
k∑
j=1

rij

∫
Ω

fjpi +

∫
Ω

hΛifiφi

=

∫
Ω

hfipi −
k∑
j=1

rij

∫
Ω

fjpi + Λi

∫
Ω

φi

φi +

k∑
j=1

rijfj


=

∫
Ω

hfipi −
k∑
j=1

rij

∫
Ω

fjpi + Λi

∫
Ω

φ2
i .

Therefore

(30)

∫
Ω

φi(∆
2 −∆)φi = Λi||φi||2 −

k∑
j=1

rijsij + qi,

where

(31) qi =

∫
Ω

hfipi, sij =

∫
Ω

fjpi.

Multiplying both sides of (∆2 −∆)fi = Λifi by hfj , we arrive at

(32) hfj(∆
2 −∆)fi = Λihfjfi,

changing i and j, we conclude

(33) hfi(∆
2 −∆)fj = Λjhfjfi.

Using (32) and (33), we find

(34) (Λj − Λi)rij = sij .

Observe that∫
Ω

hfi

[
∆(fi∆h) + 2∆(∇fi · ∇h) + 2∇h · ∇∆fi + ∆h∆fi

]
=

∫
Ω

[
f2
i (∆h)2 + 4(|∇h · ∇fi|2 + fi∆h∇h · ∇fi)− 2fi|∇h|2∆fi

]
,
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and ∫
Ω

hfi∇h · ∇fi = −
∫

Ω

fi∇(hfi∇h)

= −
∫

Ω

f2
i |∇h|2 −

∫
Ω

fih∇fi · ∇h−
∫

Ω

f2
i h∆h,

thus

(35)

∫
Ω

hfi∇h · ∇fi = −1

2

∫
Ω

f2
i |∇h|2 −

1

2

∫
Ω

f2
i h∆h,

and
(36)

qi =

∫
Ω

[
f2
i (∆h)2 + 4

(
|∇h · ∇fi|2 + fi∆h∇h · ∇fi

)
− 2fi|∇h|2∆fi + f2

i |∇h|2
]
.

Hence, from (28) and (30) we get

(37) Λi||φi||2 −
k∑
j=1

rijsij + qi ≥ Λk+1||φi||2.

Plugging (34) into (37), we infer

(38) (Λk+1 − Λi)||φi||2 ≤ qi +

k∑
j=1

(Λi − Λj)r
2
ij .

Set tij =
∫

Ω
fj

(
∇h · ∇fi + fi∆h

2

)
. We have tij = −tji and

(39)

∫
Ω

−2φi

(
∇h · ∇fi +

fi∆h

2

)
=

∫
Ω

f2
i |∇h|2 + 2

k∑
j=1

rijtij .

Multiplying equation (39) by (Λk+1−Λi)
2 and applying the Schwarz inequality

for any δ > 0, we conclude

(Λk+1 − Λi)
2

∫
Ω

f2
i |∇h|2 + 2

k∑
j=1

rijtij

(40)

= (Λk+1 − Λi)
2

∫
Ω

−2φi

∇h · ∇fi +
fi∆h

2
−

k∑
j=1

tijfj


≤ δ(Λk+1 − Λi)

3||φi||2 +
(Λk+1 − Λi)

δ

∫
Ω

|∇h · ∇fi +
fi∆h

2
−

k∑
j=1

tijfj |2

= δ(Λk+1 − Λi)
3||φi||2 +

(Λk+1 − Λi)

δ

∫
Ω

(∇h · ∇fi +
fi∆h

2
)2 −

k∑
j=1

t2ij

 .
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Substituting (38) into (40), summing over i from 1 to k, and using rij = rji,
tij = −tji, we infer

k∑
i=1

(Λk+1 − Λi)
2

∫
Ω

f2
i |∇h|2 − 2

k∑
i,j=1

(Λk+1 − Λi)(Λi − Λj)rijtij(41)

≤ δ
k∑
i=1

(Λk+1 − Λi)
2qi + δ

k∑
i,j=1

(Λk+1 − Λi)
2(Λi − Λj)r

2
ij

+

k∑
i=1

(Λk+1 − Λi)

δ

∫
Ω

(∇h · ∇fi +
fi∆h

2
)2 −

k∑
i,j=1

(Λk+1 − Λi)

δ
t2ij .

Hence,

k∑
i=1

(Λk+1 − Λi)
2

∫
Ω

f2
i |∇h|2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2qi

+

k∑
i=1

(Λk+1 − Λi)

δ

∫
Ω

(∇h · ∇fi +
fi∆h

2
)2

−
k∑

i,j=1

(Λk+1 − Λi)
(√

δ(Λi − Λj)rij −
1√
δ
tij

)2

,(42)

which implies (6).

Proof of Theorem 1.2. Assume that {fi}∞i=1 satisfy (5).
i) We denote the standard coordinate functions of Rm by yα, α = 1, · · · ,m.
Inserting h = yα in (6) and summing over α, we obtain

k∑
i=1

(Λk+1 − Λi)
2
m∑
α=1

∫
Ω

f2
i |∇yα|2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2
m∑
α=1

qi

+

k∑
i=1

(Λk+1 − Λi)

δ

m∑
α=1

∫
Ω

(
∇yα · ∇fi +

fi∆yα
2

)2

.(43)

If the manifold M is isometrically immersed in Rm then
m∑
α=1

|∇yα|2 = n,(44)

m∑
α=1

∫
Ω

f2
i |∇yα|2 = n,(45)

∆(y1, ..., ym) = (∆y1, ...,∆ym) = nH,(46)
m∑
α=1

(∇yα · ∇fi)2 =

m∑
α=1

(∇fi(yα))2 = |∇fi|2,(47)
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and

(48)

m∑
α=1

∆yα∇yα · ∇fi =

m∑
α=1

∆yα∇fi(yα) = nH.∇fi = 0.

Hence,

m∑
α=1

qi =

m∑
α=1

∫
Ω

[
f2
i (∆yα)2 + 4(|∇yα · ∇fi|2 + fi∆yα∇yα · ∇fi)(49)

−2ui|∇yα|2∆fi + f2
i |∇yα|2

]
=

∫
Ω

(
nu2

i |H|2 + 4|∇fi|2 − 2nfi∆fi

)
+ n,

and substituting (44)-(48) into (43), we conclude

n

k∑
i=1

(Λk+1 − Λi)
2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2

∫
Ω

[
nu2

i |H|2 + 4|∇fi|2 − 2nfi∆fi

]
+nδ

k∑
i=1

(Λk+1 − Λi)
2 +

k∑
i=1

(Λk+1 − Λi)

δ

∫
Ω

(
|∇fi|2 +

nf2
i |H|2

4

)
.(50)

Also, ∫
Ω

[
4|∇fi|2 − 2nfi∆fi

]
= −

∫
Ω

[
4ui∆fi + 2nfi∆fi

]
= −(4 + 2n)

∫
Ω

fi∆fi

≤ (4 + 2n)

(∫
Ω

f2
i

) 1
2
(∫

Ω

(∆fi)
2

) 1
2

≤ (4 + 2n)

(∫
Ω

(∆fi)
2 + |∇fi|2

) 1
2

≤ (4 + 2n)Λ
1
2
i ,

which yields

n

k∑
i=1

(Λk+1 − Λi)
2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2
(
nH2

0 + (4 + 2n)Λ
1
2
i

)
+ nδ

k∑
i=1

(Λk+1 − Λi)
2

+

k∑
i=1

(Λk+1 − Λi)

δ

(
Λ

1
2
i +

nH2
0

4

)
.(51)

In the last inequality, we have applied |H| ≤ H0 and∫
Ω

|∇fi|2 = −
∫

Ω

fi∆fi ≤ Λ
1
2
i .
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Taking

δ =


∑k
i=1(Λk+1 − Λi)

(
Λ

1
2
i +

nH2
0

4

)
∑k
i=1(Λk+1 − Λi)2

(
nH2

0 + (4 + 2n)Λ
1
2
i + n

)


1
2

one gets (8).
ii) Let M be a minimal submanifold of Rm, then H0 = 0, and (8) yields (9).
iii) Applying h = φ into (6) and using Schwarz inequality and (1.3), it follows
(52)
k∑
i=1

(Λk+1−Λi)
2 ≤ δ

k∑
i=1

(Λk+1−Λi)
2qi+

k∑
i=1

(Λk+1 − Λi)

δ

∫
Ω

(
∇φ·∇fi+

fi∆φ

2

)2

,

and

qi =

∫
Ω

[
f2
i (∆φ)2 + 4(|∇φ · ∇fi|2 + fi∆φ∇φ.∇fi)(53)

−2ui|∇φ|2∆fi + f2
i |∇φ|2

]
≤ A2

0 + 1 +

∫
Ω

[
4(|∇fi|2 +A0|fi||∇fi|)− 2fi∆fi

]
.

Thus,

k∑
i=1

(Λk+1 − Λi)
2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2

(
A2

0 + 1 +

∫
Ω

[
4(|∇fi|2 +A0|fi||∇fi|)− 2fi∆fi

])

+

k∑
i=1

(Λk+1 − Λi)

δ

∫
Ω

(
|∇fi|2 +A0|fi||∇fi|+

A2
0f

2
i

4

)
.

We have ∫
Ω

|fi||∇fi| ≤
(∫

Ω

f2
i

) 1
2
(∫

Ω

|∇fi|2
) 1

2

=

(∫
Ω

|∇fi|2
) 1

2

=

(
−
∫

Ω

fi∆fi

) 1
2

≤
(∫

Ω

f2
i

) 1
4
(∫

Ω

(∆fi)
2

) 1
4

≤
(∫

Ω

(∆fi)
2 + |∇fi|2

) 1
4

≤ Λ
1
4
i ,
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then

k∑
i=1

(Λk+1 − Λi)
2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2
(
A2

0 + 1 + 6Λ
1
2
i + 4A0Λ

1
4
i

)
+

k∑
i=1

(Λk+1 − Λi)

δ
(Λ

1
4
i +

A0

2
)2.

Taking

δ =


∑k
i=1(Λk+1 − Λi)(Λ

1
4
i + A0

2 )2∑k
i=1(Λk+1 − Λi)2

(
A2

0 + 1 + 6Λ
1
2
i + 4A0Λ

1
4
i

)


1
2

we have (11).

iv) Applying h = ψ into (6) and using (22), we get
(54)
k∑
i=1

(Λk+1−Λi)
2 ≤ δ

k∑
i=1

(Λk+1−Λi)
2qi+

k∑
i=1

(Λk+1 − Λi)

δ

∫
Ω

(
∇ψ·∇fi+

fiB0

2

)2

,

and

qi =

∫
Ω

[
f2
i (∆ψ)2 + 4(|∇ψ · ∇fi|2 + fiB0∇ψ · ∇fi)(55)

−2ui|∇ψ|2∆fi + f2
i |∇ψ|2

]
≤ B2

0 + 1 +

∫
Ω

[
4(|∇fi|2 + fiB0∇ψ · ∇fi)− 2fi∆fi

]
we have

∫
Ω
fi∇ψ · ∇fi = − 1

2

∫
Ω
f2
i ∆ψ = −B0

2 , then

k∑
i=1

(Λk+1 − Λi)
2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2
(

1−B2
0 + 6Λ

1
2
i

)
+

k∑
i=1

(Λk+1 − Λi)

δ
(Λ

1
2
i −

B2
0

4
).

Taking

δ =


∑k
i=1(Λk+1 − Λi)(Λ

1
2
i −

B2
0

4 )∑k
i=1(Λk+1 − Λi)2

(
1−B2

0 + 6Λ
1
2
i

)


1
2

we obtain (13).
v) Suppose that u = (u1, u2, · · · , um+1) : Ω → Sm(1) satisfies in (24). Taking

twice Laplacian of both sides of the equation
∑m+1
α=1 u

2
α = 1 and using the
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condition ∆uα = µuα, α = 1, · · · ,m+ 1, we get
∑m+1
α=1 |∇uα|2 = µ. Applying

h = uα into (6) and summing over α from 1 to m+ 1, we get

µ

k∑
i=1

(Λk+1 − Λi)
2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2
m+1∑
α=1

qi

+

k∑
i=1

(Λk+1 − Λi)

δ

∫
Ω

(

m+1∑
α=1

|∇uα · ∇fi|2 +
f2
i µ

2

4
),(56)

and
m+1∑
α=1

qi =

m+1∑
α=1

∫
Ω

[
f2
i (∆uα)2 + 4(|∇uα · ∇fi|2 + fi∆uα∇uα · ∇fi)(57)

−2ui|∇uα|2∆fi + f2
i |∇fα|2

]
.

Taking the divergence of equation
∑m+1
α=1 u

2
α = 1 we have

∑m+1
α=1 uα∇uα = 0,

then ∆uα = µuα implies that

m+1∑
α=1

fi∆uα∇uα · ∇fi = µ
m+1∑
α=1

fiuα∇uα · ∇fi = 0,

also, we can write

m+1∑
α=1

∫
Ω

f2
i (∆uα)2 =

m+1∑
α=1

∫
Ω

f2
i µ

2u2
α = µ2

∫
Ω

f2
i = µ2,

and
m+1∑
α=1

∫
Ω

|∇uα · ∇fi|2 ≤
m+1∑
α=1

∫
Ω

|∇uα|2|∇fi|2 = µ

∫
Ω

|∇fi|2.

Since −
∫

Ω
fi∆fi ≤ Λ

1
2
i and

∫
Ω
|∇fi|2 = −

∫
Ω
fi∆fi ≤ Λ

1
2
i we deduce

qi ≤ µ2 + 6µΛ
1
2
i + µ.

Therefore
k∑
i=1

(Λk+1 − Λi)
2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2
(
µ+ 1 + 6Λ

1
2
i

)
+

k∑
i=1

(Λk+1 − Λi)

δ
(Λ

1
2
i +

µ

4
).

We get (15) by taking

δ =


∑k
i=1(Λk+1 − Λi)(Λ

1
2
i + µ

4 )∑k
i=1(Λk+1 − Λi)2

(
µ+ 1 + 6Λ

1
2
i

)


1
2

.
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vi) Applying h = yα into (6) we conclude

(58)

k∑
i=1

(Λk+1−Λi)
2 ≤ δ

k∑
i=1

(Λk+1−Λi)
2qi+

k∑
i=1

(Λk+1 − Λi)

δ

∫
Ω

(∇φα ·∇fi)2,

and

qi =

∫
Ω

[
4|∇φα · ∇fi|2 − 2ui∆fi + f2

i

]
≤ 1 + 6λ

1
2
i(59)

Hence,

k∑
i=1

(Λk+1 − Λi)
2 ≤ δ

k∑
i=1

(Λk+1 − Λi)
2(1 + 6λ

1
2
i ) +

k∑
i=1

(Λk+1 − Λi)

δ
Λ

1
2
i .

We obtain (17) by considering

δ =

{ ∑k
i=1(Λk+1 − Λi)Λ

1
2
i∑k

i=1(Λk+1 − Λi)2(1 + 6Λ
1
2
i )

} 1
2

.

From [10], we have the following lemma.

Lemma 2.1. Suppose that {ai}mi=1, {bi}mi=1, and {ci}mi=1 are decreasing, in-
creasing, and increasing sequences of nonnegative real numbers, respectively.
Then

(60)

(
m∑
i=1

a2
i bi

)(
m∑
i=1

aici

)
≤

(
m∑
i=1

a2
i

)(
m∑
i=1

aibici

)
.

Proof of Corollary 1.3. i) {(Λk+1 − Λi)}mi=1 is a decreasing sequence

and
{(

4Λ
1
2
i + nH2

0

)}m
i=1

and
{(
nH2

0 + (4 + 2n)Λ
1
2
i + n

)}m
i=1

are increasing se-

quences, then from (60), we have{
k∑
i=1

(Λk+1 − Λi)
(

4λ
1
2
i + nH2

0

)}{ k∑
i=1

(Λk+1 − Λi)
2
(
nH2

0 + (4 + 2n)Λ
1
2
i + n

)}

≤

{
k∑
i=1

(Λk+1 − Λi)
2

}{
k∑
i=1

(Λk+1 − Λi)
(

4Λ
1
2
i + nH2

0

)(
nH2

0 + (4 + 2n)Λ
1
2
i + n

)}
.

From (8), it follows

k∑
i=1

(Λk+1−Λi)
2 ≤ 1

n2

{
k∑
i=1

(Λk+1 − Λi)
(

4Λ
1
2
i + nH2

0

)(
nH2

0 + (4 + 2n)Λ
1
2
i + n

)}
.

Solving the last inequality with respect to Λk+1, we obtain (18).
ii) Let M be a minimal submanifold of Rm, we have H0 = 0. Then (18) leads
to (19).
Similarly, we can prove iii)-vi).
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Now, we recall from [5] some examples of complete Riemannian manifolds
with functions as in Theorem 1.2.

Example 2.2. Suppose that M is an n-dimensional Hadamard manifold with
bounded Ricci curvature of below by −(n − 1)K for some K ≥ 0. Let γ :
[0,+∞) → M be a unit speed geodesic with d(γ(s), γ(t)) = t − s for any t >
s > 0. For the Busemann function bγ corresponding to geodesic γ given by

bγ(x) = lim
t→+∞

(d(x, γ(t))− t)

we have |∇bγ | = 1 ( [2, 8]). Also, from [13, Theorem 3.5] we get |∆bγ | ≤
(n−1)

√
K on M . Thus, any Hadamard manifold with Ricci curvature bounded

below supports function satisfying (1.3).

Example 2.3. Suppose that (N, ds2
N ) is a complete Riemannian manifold and

(M = R × N, g = dt2 + f2(t)ds2
N ), is a Riemannian manifold where f is a

positive smooth function defined on R with f(0) = 1. Then (M, g) is called
warped product and denoted by M = R×f N and M is a complete Riemannian
manifold. Set f = e−t and consider the warped product M = R ×e−t N .
Consider ψ : M → R by ψ(t, x) = t. From [5], we have |∇ψ| = 1 and ∆ψ =
n− 1, then ψ satisfies the conditions (22).
Let Hn be the n-dimensional hyperbolic space with constant curvature −1. Using
the upper half-space model, Hn is defined by Rn+ = {(x1, · · · , xn)|xn > 0} with
metric

ds2 =
dx2

1 + · · ·+ dx2
n

x2
n

.

The map φ : R ×e−t Rn−1 → Hn given by φ(t, x) = (x, et) is an isometry.
Therefore Hn admits a warped product model, Hn = R×e−t Rn−1.

Example 2.4. Any compact homogeneous Riemannian manifold admits eigen-
maps to some unit sphere with the first positive eigenvalue of the Laplacian
( [11]).

Example 2.5. Suppose thta N is a complete Riemannian manifold and M =
Rl × N = {(x1, · · · , xl, z)|(x1, · · · , xl) ∈ Rl, z ∈ N} is the product of Rl and
N endowed with the product metric. Consider functions φα : M → R, α =
1, 2, · · · , l, defined by φα(x1, · · · , xl, z) = xα. The functions {φα}lα=1 satisfy
(26).
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