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Abstract. In this paper, we study the class of two-dimensional Douglas-
recurrent Finsler metrics, which we refer to as D-recurrent Finsler surfaces

for simplicity. First, we derive the necessary and sufficient condition un-

der which a Finsler surface is D-recurrent. Then, we show that a Kropina
surface is D-recurrent if and only if it is a Douglas surface.
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1. Introduction

Let (M,F ) be a Finsler manifold. A curve ρ = ρ(t) is called a geodesic of
Finsler metric F if and only if its coordinates (ρi = ρi(t)) satisfy the equa-
tion ρ̈i + 2Gi(ρ, ρ̇) = 0, where Gi = Gi(x, y) are the spray coefficients of F .
Among the Finsler metrics, Berwald metrics bear the closest resemblance to
Riemannian ones and are characterized by the fact that their spray coefficients
are quadratic in the direction. Then, the spray coefficients of a Berwald metric
are given by

Gi =
1

2
Γijk(x)yjyk.

There is an interesting generalization of Berwald metrics, namely, Douglas
metrics. A Finsler metric F is said to be a Douglas metric if its geodesics
coincide with the geodesics of an affine connection up to orientation preserving
reparametrization. The notion of Douglas curvature was proposed by Bácsó
and Matsumoto as a natural extension of Berwald curvature [3]. Indeed, F is
called a Douglas metric if

Gi =
1

2
Γijk(x)yjyk + P (x, y)yi,

where P = P (x, y) is a scalar function on TM . For more progress about the
Douglas metrics, see [7], [17] and [18].

The concept of recurrent Riemannian manifolds was first introduced by Ruse
in 1949 [12,13], who denoted an n-dimensional recurrent Riemannian manifold
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by Kn. He constructed an example of a manifold to show that harmonic man-
ifolds need not be symmetric. Since then, manifolds with recurrent curvature
have garnered attention as an important area of study. A Riemannian mani-
fold (M,g) is said to be recurrent if its Riemannian curvature tensor satisfies
∇R = ΦR, where ∇ indicates the Levi-Civita connection of g, R denotes the
Riemannian curvature of g, and Φ is a 1-form.

In [10], Faraji-Tayebi-Najafi studied recurrent Finsler metrics. They showed
that a recurrent Finsler metric of non-zero isotropic flag curvature is a Lands-
berg metric. In [2], Atashafrouz-Najafi introduced the concept of D-recurrent
Finsler metrics. A Finsler space (M,F ) is said to be D-recurrent if the Douglas
tensor of F satisfies

(1) Di
jkl|my

m = Φ(x, y)Di
jkl,

where “|” denotes the horizontal covariant derivative with respect to the Berwald
connection of F , and Φ = Φ(x, y) is a smooth scalar function on TM0 satisfying
Φ(x, λy) = λΦ(x, y). They proved that a generalized Douglas-Weyl Randers
metric is a Douglas metric provided that it is D-recurrent.

Recurrent Finsler spaces represent a natural extension of Riemannian ge-
ometry, enriched by direction-dependent characteristics that make them par-
ticularly relevant in physical contexts where anisotropy is essential. Defined
through recurrence conditions on their curvature tensors involving non-zero
covariant vector fields, these spaces exhibit complex geometric behavior. Their
structure provides a powerful mathematical tool for modeling direction-sensitive
phenomena in physics, such as anisotropic gravitational fields, early-universe
cosmology, and the geometry underlying gauge field interactions [1].

Finsler surfaces play a unique role in Finsler geometry. Their curvature
behavior differs markedly from that of higher-dimensional cases. Specifically,
they are C-reducible, meaning that their Cartan torsion can be expressed in
terms of the mean Cartan torsion. In dimensions n ≥ 3, only Randers and
Kropina metrics are C-reducible. Furthermore, Finsler surfaces exhibit scalar
flag curvature, meaning the flag curvature is independent of the choice of flag
[16]. Due to these unique properties, L. Berwald introduced what is now known
as the Berwald frame to facilitate their study. In this paper, by using the
Berwald frame, we study the Douglas curvature of Finsler surfaces. Then,
we find the necessary and sufficient condition under which a Finsler surface is
D-recurrent. More precisely, we prove the following.

Theorem 1.1. Let (M,F ) be a two-dimensional Finsler space. Then F is a
D-recurrent metric if and only if the following holds[

F−1(2µ′ − µ2F )− 4λ′ + 2λµF + 2Φ(2λ− µF−1)
]
Il

+
[
2(λ|l − λ′ylF−2 − λ′,l) + 2Φ(λylF

−2 + λ,l)
]

= 0,(2)
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where µ := −2I,1/I, µ′ := µ|iy
i, λ := I2/(3F ), λ′ := λ|iy

i and I = I(x, y)
denotes the main scalar of F .

To find explicit examples of D-recurrent metrics, one may consider the
class of (α, β)-metrics. An (α, β)-metric is a Finsler metric on M defined by
F := αφ(s), where s = β/α, φ = φ(s) is a C∞ function on the (−b0, b0) with

certain regularity, α =
√
aij(x)yiyj is a positive-definite Riemannian metric

and β = bi(x)yi is a 1-form on M . If φ = 1 + s, the resulting metric is known
as a Randers metric defined as F (x, y) = α(x, y) + β(x, y), where the norm
of β is controlled by the Riemannian metric α, namely, ||β||α < 1. Randers’s
metrics were first introduced by G. Randers in his work on general relativity
in four-dimensional manifolds [11]. He regarded these metrics not as Finsler
metrics, but as affinely connected Riemannian metrics [11]. In [2], Atashafrouz-
Najafi showed that a Randers metric F = α + β is D-recurrent if and only if
dβ is nearly recurrent. Indeed, they proved the following.

Theorem A. ( [2]) Let F = α + β be a Randers metric on n-dimensional
manifold M . Then F is a D-recurrent metric if and only if β satisfies the
following

(3) sij;k + sik;j = Φksij + Φjsik,

where “;” denotes the covariant derivation with respect to the Levi-Civita con-
nection of α, and Φi := ∂Φ/∂yi.

The history of the Kropina metric goes back to Hilbert’s fourth problem.
Indeed, Kropina metrics were introduced by L. Berwald in his study of Finsler
surfaces with rectilinear extremals and further explored by V. K. Kropina in the
context of projective Finsler surfaces [8]. In [5], Hashiguchi-Hōjō-Matsumoto
studied two-dimensional Landsberg metrics, and the metric obtained by Kropina
was named the Kropina metric by them. These metrics are among the simplest
nontrivial Finsler metrics and find applications in various physical theories in-
cluding electron optics, dissipative systems, and irreversible thermodynamics
(see [6] and [19]). While both Randers and Kropina metrics are C-reducible [9],
only Randers metrics are regular; Kropina metrics are singular.

In [10], Faraji-Tayebi-Najafi found the necessary and sufficient condition
under which a Kropina metric is Ricci-recurrent, provided that its one-form is
closed and conformal. They concluded that for every Ricci-recurrent Kropina
metric F = α2/β of Berwald-type, the Riemannian metric α is Ricci-recurrent.
In this paper, we study the Douglas curvature of Kropina surfaces. Then, we
prove the following result.

Theorem 1.2. Let (M,F = α2/β) be a two-dimensional Kropina space. Then
F is a D-recurrent metric if and only if it is a Douglas metric.
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2. Preliminaries

Let M be an n-dimensional manifold, TM =
⋃
x∈M TxM its tangent bundle

and TM0 := TM − {0} the slit tangent bundle. A Finsler structure on M is
a function F : TM → [0,∞) satisfying the following properties: (i) F is C∞

on TM0; (ii) F is positively 1-homogeneous on the fibers of tangent bundle,
i.e., F (x, λy) = λF (x, y), ∀λ > 0; (iii) The following quadratic form gy :
TxM × TxM → R is positively defined on TM0

gy(u, v) :=
1

2

∂2

∂s∂t

[
F 2(y + su+ tv)

]
s=t=0

, u, v ∈ TxM.

Then the pair (M,F ) is called a Finsler manifold.

To quantify the non-Euclidean characteristics of Fx := F |TxM , x ∈ M , one
can define Cy : TxM × TxM × TxM → R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]
t=0

, u, v, w ∈ TxM.

The family C := {Cy}y∈TM0
is called the Cartan torsion. Also, the mean

Cartan torsion Iy : TxM → R defined by

Iy(u) :=

n∑
i=1

gij(y)Cy(u, ∂i, ∂j),

where {∂i} is a basis for TxM at x ∈M .

Let c = c(t) be a C∞ curve and U(t) = U i(t)∂/∂xi|c(t) be a vector field
along c. Define the covariant derivative of U(t) along c by

DċU(t) :=
{dU i
dt

(t) + U j(t)
∂Gi

∂yj
(
c(t), ċ(t)

)}
ξ
∣∣∣
c(t)

.

U(t) is said to be linearly parallel if DċU(t) = 0.

For a vector y ∈ TxM , define

Ly(u, v, w) :=
d

dt

[
Cσ̇(t)

(
U(t), V (t),W (t)

)]
|t=0,

where σ = σ(t) is the geodesic with σ(0) = x, σ̇(0) = y, and U = U(t),
V = V (t), W = W (t) are linearly parallel vector fields along σ with U(0) =
u, V (0) = v,W (0) = w. We call L the Landsberg curvature. The Landsberg
curvature measures the rate of change of the Cartan torsion along geodesics.

For a Finsler manifold (M,F ), a global vector field G is induced by F on
TM0, which in a standard coordinate (xi, yi) for TM0 is given by

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,
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where

Gi :=
1

4
gil
[ ∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

]
.

Here, Gi = Gi(x, y) are called spray coefficients. For y ∈ TxM0, let us define
By : TxM×TxM×TxM → TxM by By(u, v, w) := Bijklu

ivjwk∂/∂xi|x, where

Bijkl :=
∂3Gi

∂yj∂yk∂yl
.

-B is called the Berwald curvature. F is called a Berwald metric if B = 0.

Taking a trace of Berwald curvature B gives us the mean of Berwald curva-
ture Ey : TxM × TxM → R defined by

Ey(u, v) :=
1

2

n∑
i=1

gij(y)gy
(
By(u, v, ∂i), ∂j

)
.

F is called a weakly Berwald metric if E = 0.

For y ∈ TxM0, define Dy : TxM × TxM × TxM → TxM by Dy(u, v, w) :=
Di
jkl(y)uivjwk∂/∂xi|x, where

Di
jkl :=

∂3

∂yj∂yk∂yl

[
Gi − 2

n+ 1

∂Gm

∂ym
yi
]
.

D is called the Douglas curvature. F is called a Douglas metric if D = 0.
Also, F is said a D-recurrent metric its Douglas tensor satisfies Di

jkl|my
m =

Φ(x, y)Di
jkl, where Φ = Φ(x, y) is a 1-homogeneous smooth scalar function on

TM0.

Example 2.1. A Finsler metric F satisfying Fxk = FFyk is called a Funk

metric. The standard Funk metric on the Euclidean unit ball B2(1) is denoted
by Θ and defined by

(4) Θ(x, y) :=

√
|y|2 − (|x|2|y|2− < x, y >2)

1− |x|2
+
< x, y >

1− |x|2
, y ∈ TxB2(1) ' R2,

where <,> and |.| denote the Euclidean inner product and norm on R2, re-
spectively. The spray coefficients of F are given by Gi = 1

2Fy
i. Note that F is

not Riemannian in general. Thus, Funk metric is a D-recurrent metric which
is not Berwaldian, namely, B 6= 0.

Example 2.2. Let

F := |y|+ < x, y >√
1 + |x|2

, y ∈ TxRn ' R2
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where |.| and <,> denote the Euclidian norm and inner product on R2, respec-
tively. F is indeed a Randers metric on the whole of R2. The spray coefficients
are in the form Gi = Pyi, where

P = c

(
|y| − < x, y >√

1 + |x|2

)
,

where

c =
1

2
(
√

1 + |x|2).

Then F is a D-recurrent Finsler metric.

For a vector y ∈ TxM0, the Riemann curvature is a family of linear trans-
formation Ry : TxM → TxM which is defined by Ry(u) := Rik(y)uk∂/∂xi,
where

Rik = 2
∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj

∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
.

The family R := {Ry}y∈TM0
is called the Riemann curvature [14].

For a flag Π := span{y, u} ⊂ TxM with flagpole y, the flag curvature K =
K(Π, y) is defined by

K(x, y,Π) :=
gy
(
u,Ry(u)

)
gy(y, y)gy(u, u)− gy(y, u)2

.

The flag curvature K(x, y,Π) is a function of tangent planes Π = span{y, v} ⊂
TxM . A Finsler manifold (M,F ) is said to have scalar flag curvature if K(Πx, y) =
K(x, y) is only a function of (x, y) ∈ TM0.

3. Two-Dimensional Finsler Metrics

The special and useful Berwald frame was introduced and developed by
Berwald [4]. Let (M,F ) be a two-dimensional Finsler manifold. We study
two dimensional Finsler space and define a local field of an orthonormal frame
(`i,mi) called the Berwald frame, where `i = yi/F (y), mi is the unit vector
with `im

i = 0, `i = gij`
i and gij is defined by gij = `i`j +mimj . The Berwald

curvature of Finsler surfaces is given by

(5) Bijkl = F−1(−2I,1`
i + I2m

i)mjmkml,

where I = I(x, y) is 0-homogeneous function called the main scalar of Finsler
metric and I2 = I,2 + I,1|2 (see page 689 in [1]). On the other hand, the Cartan
tensor of F is in the following form

(6) Cijk = F−1Imimjmk.

By (5) and (6), we have

(7) Bijkl = −2I,1
I
Cjkl`

i +
I2
3F

{
hjkh

i
l + hklh

i
j + hljh

i
k

}
.
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Let us define

µ := −2I,1
I
, λ :=

I2
3F

.

One can see that µ and λ are homogeneous functions on TM of degrees 0 and
-1 with respect to y, respectively. Then for a Finsler surface, the Berwald
curvature (7) can be written as follows

(8) Bijkl = µCjkl`
i + λ(hijhkl + hikhjl + hilhjk),

Taking a trace of (8) and using Cjkm`
m = 0 yields

(9) Ejk =
3

2
λhjk.

Also, contracting (8) with yi implies that

(10) Ljkl +
µ

2
FCjkl = 0.

Putting (9) and (10) in (8) gives us

(11) Bijkl = − 2

F
Ljkl`

i +
2

3
λ
{
hijEkl + hikEjl + hilEjk

}
.

By (11), we conclude the following.

Corollary 3.1. Let (M,F ) be a Finsler surface. Then B = 0 if an only if
E = 0 and L = 0.

Proof of Theorem 1.1: The following holds

(12) hij,k = 2Cijk − F−2(yjhik + yihjk).

Taking a vertical derivation of (9), and using (12) yields

(13) 2Ejk,l = 3λ,lhjk + 3λ
{

2Cjkl − F−2(ykhjl + yjhkl)
}
.

The Douglas tensor is given by

(14) Di
jkl = Bijkl −

2

3

{
Ejkδ

i
l + Eklδ

i
j + Eljδ

i
k + Ejk,ly

i
}
.

Putting (11) and (13) in (14) yields

Di
jkl = −2{F−2Ljkl + λCjkl}yi − (λylF

−2 + λ,l)hjky
i

=
[
− 2(F−2Ljkl + λCjkl)− (λylF

−2 + λ,l)hjk

]
yi.(15)

We can rewrite (15) as follows

Di
jkl =

[
Vjkl +Wjkl

]
yi,(16)

where

Vjkl := −2(F−2Ljkl + λCjkl), Wjkl := −(λylF
−2 + λ,l)hjk.(17)

Taking a horizontal derivation of (16) along Finslerian geodesics implies that

Di
jkl|sy

s =
[
Vjkl|s +Wjkl|s

]
ysyi,(18)
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Since F is a D-recurrent Finsler metric, then by (1), (16) and (18), we get[
Vjkl|s +Wjkl|s

]
ysyi = Φ(x, y)Di

jkl = Φ
[
Vjkl +Wjkl

]
yi(19)

equivalently [
Vjkl|s +Wjkl|s

]
ys = Φ

[
Vjkl +Wjkl

]
.(20)

By (10), we get

Ljkl|sy
s = −1

2
F (µ′Cjkl + µLjkl) = −1

4
F (2µ′ − µ2F )Cjkl.(21)

Using (21), one can get

Vjkl|sy
s = −2(F−2Ljkl|s + λ|sCjkl + λCjkl|s)y

s

= −2F−2Ljkl|sy
s − 2λ′Cjkl − 2λLjkl

=
1

2

[
F−1(2µ′ − µ2F )− 4λ′ + 2λµF

]
Cjkl,(22)

where λ′ := λ|sy
s and µ′ := µ|sy

s. The following holds

hjk|s = gjk|s = −2Ljks, λ,l|s = λ|s,l.

Taking a horizontal derivation of (17) and using the above relation, give us the
following

Wjkl|sy
s = −(λ′ylF

−2 + λ,l|sy
s)hjk − (λylF

−2 + λ,l)hjk|sy
s

= −(λ′ylF
−2 + λ,l|sy

s)hjk

= −(λ′ylF
−2 + λ|s,ly

s)hjk,(23)

The following holds

λ|s,ly
s = λ′,l − λ|l.(24)

By (23) and (24), we get

Wjkl|sy
s = (λ|l − λ′ylF−2 − λ′,l)hjk,(25)

Putting (22) and (25) in (20) yields[
F−1(2µ′ − µ2F )− 4λ′ + 2λµF + 2Φ(2λ− µF−1)

]
Cjkl

+
[
2(λ|l − λ′ylF−2 − λ′,l) + 2Φ(λylF

−2 + λ,l)
]
hjk = 0.(26)

Contracting (26) with gjk implies (2). �

For weakly Berwald metrics, we conclude the following.

Corollary 3.2. Let (M,F ) be a two-dimensional weakly Berwald space. Then
F is a D-recurrent metric if and only if the following ODE holds

2µ′ − (µF + 2Φ)µ = 0.(27)
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In particular if Φ = c (c ∈ R), then µ is given by

µ(t) =
2ce2t

1− ect
.(28)

Proof. By (9), E = 0 if and only if λ = 0. Putting it in (2) yields[
F−1(2µ′ − µ2F )− 2ΦµF−1)

]
Il = 0.(29)

According to assumption, F is not Riemannian. Then (29) gives us (27). More-
over, if Φ = c, on a Finslerian geodesic σ = σ(t), we get

2µ′ = µ2 + 2cµ.(30)

Solving (30) gives us (28). �

Also, for two-dimensional Landsberg metrics, we have the following.

Corollary 3.3. Let (M,F ) be a two-dimensional Landsberg space. Then F is
a D-recurrent metric if and only if the following holds

2
(
λΦ− λ′

)
Il +

[
(λ|l − λ′ylF−2 − λ′,l) + (λylF

−2 + λ,l)Φ
]

= 0.(31)

Proof. By (10), L = 0 if and only if µ = 0. Putting it in (2) yields (31). �

4. D-Recurrent Finsler Surfaces

In this section, we are going to prove Theorem 1.2. First, we remark that
in [15], Tayebi and Eslami studied the Douglas curvature of Finsler surfaces
and established the following result.

Lemma 4.1. ( [15]) The Douglas curvature of any Finsler surface (M,F )
satisfies

Di
jkl|sy

s = Djkly
i,(32)

where

Djkl =
1

3

{
6KCjkl + 2

(
gklK·j + gkjK·l + gjlK·k

)
+ yjK·k·l + ykK·j·l + ylK·k·j

−2Ejk·l|my
m
}
.

Here, K = K(x, y) denotes the flag curvature of F , K·j := Kyj and K·j·k :=
Kyjyk .

Lemma 4.2. The Douglas curvature of any D-recurrent Finsler surface satis-
fies following

(33) Dp
jkl = Djklyp,

where Djkl = F−2yiD
i
jkl.
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Proof. Contracting (32) with hpi implies that

(34) hpiD
i
jkl|my

m = 0,

where hpi = δpi −F−2yiyp. According to the assumption, F is D-recurrent. By
(1) and (34) we have

ΦhpiD
i
jkl = 0,

Thus we get hpiD
i
jkl = 0 which is equal to (33). �

Remark 4.3. There is another version of (32) in Lemma 4.1. Indeed, according
to (15) we have

Di
jkl = −

[
2(F−2Ljkl + λCjkl) + (λylF

−2 + λ,l)hjk

]
yi.(35)

Taking horizontal derivation of (35) yields

Di
jkl|sy

s = −
[
2(F−2Ljkl|sy

s + λ′Cjkl + λLjkl) + (λ′ylF
−2 + λ,l|sy

s)hjk

−2(λylF
−2 + λ,l)Ljks

]
yi.(36)

Let F = α2/β be a Kropina metric on an n-dimensional manifold M , where

α(x, y) :=
√
aij(x)yiyj is a Riemannian metric and β(x, y) := bi(x)yi a 1-

form on M . Let us define bi;j by bi;jθ
j := dbi − bjθ

j
i , where θi := dxi and

θji := Γjikdx
k denote the Levi-Civita connection forms of α. Put

rij :=
1

2
(bi;j + bj;i), sij :=

1

2
(bi;j − bj;i), ri0 := rijy

j , r00 := rijy
iyj ,

rj := birij , si0 := sijy
j , sj := bisij , sij = aimsmj ,

si0 = sijy
j , r0 := rjy

j , s0 := sjy
j .

Proof of Theorem 1.2: The spray coefficients Gi of the Kropina metric
F = α2/β are given by the following

(37) Gi = Ḡi − 1

2β
α2si0 +

1

2βb2
(βr00 + α2s0)bi − 1

α2b2
(βr00 + α2s0)yi.

where Ḡi are the spray coefficients α. Let us define

(38) Πi := Gi − 1

3

(∂Gm
∂ym

)
yi, Π̄i := Ḡi − 1

3

(∂Ḡm
∂ym

)
yi.

By (37) and (38) we get

Πi = Π̄i − 1

2β
α2si0 +

1

2b2β
(α2s0 + βr00)bi − 1

3b2
(s0 + r0)yi.(39)
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Let us put

Aij :=
1

βb2
aij +

α2

b2β3
bibj −

1

b2β2

(
bjyi + biyj

)
,

Blkj :=
2

b2β3
bjbkyl −

1

b2β2
alkbj −

α2

b2β4
bjbkbl.

Then, the of Douglas curvature of F = α2/β is given by

Di
jkl = (s0b

i − si0b2)(Blkj +Bjlk +Bkjl) + (sjb
i − b2sij)Alk

+(skb
i − b2sik)Alj + (slb

i − b2sil)Akj .(40)

By using (33) and (40) we have

Djklyi = (Bjlk +Bkjl +Blkj)(s0b
i − si0b2) +Alk(sjb

i − sijb2)

+Alj(skb
i − sikb2) +Akj(slb

i − silb2).(41)

Multiplying (41) with yi yields

Djkl = α−2 (Blkj +Bjlk +Bkjl) s0 + α−2Alk(sjβ − s0jb2)

+α−2Alj(skβ − s0kb2) + α−2Akj(slβ − s0lb2).(42)

By substituting (42) in to (41) we have

1

b2β4

[
2β(bjbkyl + bkblyj + blbjyk)− β2(alkbj + ajlbk + akjbl)

−3bjbkblα
2
][

(βα−2yi − bi)s0 − b2si0
]

+
1

b2β3

[
alkβ

2 − (blyk + bkyl)β + blbkα
2
][

(βα−2sj − b2α−2s0j)yi

−bisj + b2sij

]
+

1

b2β3

[
aljβ

2 − (blyj + bjyl)β

+blbjα
2
][
α−2(βsk − b2s0k)yi − bisk + b2sik

]
+

1

b2β3

[
akjβ

2 − (bkyj + bjyk)β + bkbjα
2
][
α−2(βsl − b2s0l)yi

−bisl + b2sil

]
= 0.(43)

Contracting (43) with alk, we obtain

1

b2α2β4

[
2(1− b2)β2yiyj − (2β2 + 3b2α2)βyibj + 2α2β2bibj

−2α2βbiyj + 3b2α4bibj

]
s0 +

1

β4

[
2βyj − (2β2 + 3b2α2)bj

]
si0

+
1

b2α2β2

[
(2β2 + b2α2)yi − 2βα2bi

]
sj −

1

β3α2

[
2β2 + b2α2

]
yis0j

+
1

β3

[
2β2 + b2α2

]
sij −

2

β2
siyj = 0.(44)
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Multiplying (44) with b2α2β2bibj implies that

(45)
{

(1− 3b2)β2 − 2b2α2
}
s0 = 0.

By (45), we get

(46) si = 0.

Putting (46) in (44) and contracting the result with α2β4 yields

(47) α2(2yjβ − 2bjβ
2 − 3bjα

2b2)si0 + β(2β2 + b2α2)(α2sij − yis0j) = 0.

Contracting (47) with bi gives us the following

(48) (2β2 + b2α2)s0j = 0.

By (48), one can obtain sij = 0. Putting sij = 0 in (40) implies that F is a
Douglas metric. �

5. Conclusion

Recurrent Finsler spaces extend the classical idea of recurrence from Rie-
mannian geometry to Finsler geometry by linking the curvature tensor to a
non-vanishing covariant vector field. In these spaces, the curvature exhibits a
directional pattern of repetition, reflecting consistent geometric behavior along
certain vector fields. Unlike Riemannian spaces, where the length of a curve de-
pends solely on its path, Finsler geometry defines length as a function of both
position and direction, making the recurrence conditions more intricate and
physically meaningful. Therefore the study of the class of D-recurrent Finsler
spaces will enhance our understanding of the geometric meaning of Douglas
metrics.
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