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ABSTRACT. The Frobenius finite group was defined by Frobenius more
than 100 years ago to be a group with a non-trivial proper subgroup H
whose intersection with all of its conjugates is the trivial group. In 1901,
Frobenius proved that H has a normal complement K in the group, but
in his proof, the character theory was used. Since then providing a char-
acter free proof was a challenging problem. Although the existence of K
is proved by imposing extra conditions on H, but up to present time no
general proof is known. In this note, we prove this theorem using elemen-
tary group theory by setting a certain condition on H.
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1. Introduction

Frobenius groups belong to an important class of groups that occur in many
group theoretical investigations. The definition of this group is as follows:

Definition 1. Let G be a group and H a non-trivial proper subgroup of G. If
H and each of its conjugates has only the identity element in common, then G
is called a Frobenius group with Frobenius complement H. This means that
HNHY=1,Vg9e G\H.

As an example of a Frobenius group, we may present the dihedral group
of order 2n, n odd, where a subgroup of order 2 or any of its conjugates is
the Frobenius complement. Although infinite Frobenius exist, but here we are
concerned with finite groups.

The mysterious fact about a Frobenius group is that H has a normal com-
plement. In fact in 1901, Frobenius using the theory of characters of finite
groups proved the following [2].

Theorem 2 (Frobenius). Let G be a finite Frobenius group. Then
K= (G\U H7)u{l}
geG

is a normal subgroup of G.
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K is called the Frobenius kernel of G.

So far no character free proof of this theorem is known, although several
attempts have been done to prove it under special cases, such as if the com-
plement is solvable or the complement has even order, or other conditions [1].
But a general proof that uses only elementary group theory is out of reach yet.

My propose to write this note is to present a different elementary proof of the
Frobenius’s theorem so that it stimulates interest among young mathematicians
towards this problem.

2. Preliminaries and Proofs

Throughout, we assume G is a finite Frobenius group with complement H.
The set K defined in Theorem 2 is only a subset of G and under a special
case we will prove it is a subgroup, of course not using character theory. The
terms normalizer and centralizer and conjugate of a subset S in a group G are
standard and are denoted by N(S), C(S) and S9 respectively.

Lemma 3. N(H) = H.
Proof. Tt is clear that H < N(H). Suppose g € N(H), then H9 = H. There-

fore HY N H = H, and if g € G\H, then H = 1, contradiction, proving g € H,
hence N(H) < H. We conclude N(H) = H. O

Lemma 4. |K| =[G : H].

Proof. The number of distinct conjugates of H in G is [G : N(H)] = [G : H].
Therefore | |J HY| = (|[H|—1) x [G : H] + 1. Hence
geG

K|—|G|—<<|H|—1>|'fl'|+1>+1—|'f[|—[G;H].

Lemma 5. Let NG, G=NH, NNH=1. Then N C K.

Proof. Let 1 #n € N. Assume n ¢ K. Then by the definition of K, we have
n € HY, for some g € G. Therefore, n9 € HNN = 1 implying n9 = = 1,
hence n = 1, contradiction. O
Lemma 6. If 1 # x € H, then C((z)) < H.

Proof. Let y € C({x)). Then yx = xy, which implies x = 2¥ € H N HY. Since
x # 1, we obtain y € H. O

Lemma 7. (|H|,[G: H]) = 1.

Proof. Let p be a prime number and P be a Sylow p-subgroup of H. By
elementary theorems of Sylow [5] or [1], P is contained a Sylow p-subgroup @
of G. By Lemma 6, we have Z(Q) < C¢(P) < H. Since Z(Q) is non-trivial,
take 1 # z € Z(Q), and then use Lemma 6 to obtain @ < C((z)) < H.
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Therefore @ is a Sylow p-subgroup of H which implies P = Q. Hence |H| and
[G : HJ are relatively prime. O

Next, we will use a theorem of Burnside whose proof can be found in [4].

Theorem 8 (Burnside). If G is a finite group and P is a Sylow p-subgroup of
G such that N(P) = C(P), then P has a normal complement in G, i. e. there
is N <G such that G= NP, NNP=1.

Next, we present our result.

Theorem 9. Let G be a finite Frobenius group with complement H. Assume
that H is an abelian group. Then K is a normal subgroup of G.

Proof. By assumption H < Cg(P), where P is a Sylow p-subgroup of H,
and hence G (by proof of Lemma 7). But by Lemma 6, Cq(P) < H, hence
Ca(P) = H = Ng(H) = Ng(P). Now, by Burnside’s Theorem, there exists a
normal subgroup N, of G such that G = PNN,. Set

N = N,.
pen(H)
Then N is a normal complement of H. By Lemma 5, N C K. Since
IN| =[G : H] = |K],
we conclude that |[N| = |K|. This implies that K = N < G.

3. Acknowledgment

I would like to express my sincere gratitude to the referee for his careful read-
ing of the manuscript and for providing insightful and constructive comments
that improved Theorem 9.

References

[1] K. Corradi & E. Horvath, (1996). Steps towards on elementary proof of the Frobeniuse
theorem, Comm. Alg. 24(7), 2285-2292.

[2] F. G. Frobenius, (1901). Uber auflosbare Groppen IV, S’ber. Akad. Wiss. Berlin, 1216-
1230; Ges, Abh. III, 189-203.

[3] D. Gorenstein, (1968). Finite groups, Harper & Row, Publications, New York, Evanston,
and New York.

[4] W. R. Scott, (1964). Group theory, Dover publishing Inc., New York.

[5] M. Suzuki, (1982). Group theory I, Springer-Verlay, Berlin, Heidelberg, New York.

MOHAMMAD REZA DARAFSHEH
ORCID NUMBER: 0000-0002-5539-4989
SCHOOL OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE
COLLEGE OF SCIENCE
UNIVERSITY OF TEHRAN
TEHRAN, IRAN
Email address: darafsheh@ut.ac.ir



	1. Introduction
	2. Preliminaries and Proofs
	3. Acknowledgment
	References

