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Abstract. The rise of advanced data collection technologies has led to a
surge in the use of factor analysis (FA) for dimensionality reduction. With

more measurements comes a greater risk of outliers, potentially resulting

in biased estimates, decreased stability and robustness, and ultimately in-
accurate conclusions. To accommodate asymmetric high-dimension data

and outliers, we developed an FA model using the unrestricted contami-

nated skew normal distributions as the latent factors that automatically
detects outliers. Maximum likelihood parameter estimates are computed

using EM-type algorithms that we developed. We use an information-
based method to calculate the asymptotic standard errors of the param-

eters. The asymptotic properties of the maximum likelihood estimators

and the model’s outlier robustness were examined via numerous simu-
lation studies. Pima data serve as case studies to further showcase the

model’s practical use in social data analysis.

Keywords: Factor analysis, Unrestricted contaminated skew normal dis-

tribution, Dimension reduction, ECM algorithm, Outliers detection.
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1. Introduction

The advancement of computing capabilities has facilitated the modeling of
highly complex datasets. In recent years, there have been remarkable advance-
ments in modeling complex datasets in the field of high-dimensional data anal-
ysis. The factor analysis (FA) model proposed by Spearman [23] represents
a considerable early contribution to the field. For mathematical and compu-
tational expediency, the factor analysis model generally presupposes normally
distributed factors and error terms. The general FA model for a set of random
vectors Y1, . . . ,Yn can be theoretically described as a linear combination of
latent factors:

Yj = ξ +BXj + εj(1)
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where Yj ∈ Rp and ξ is a p-dimensional location vector. In model (1), the
p × q factor loadings matrix B describes how each element of Yj relates to
latent factors, Xj , for j = 1, . . . , n. To simplify computation and mathe-
matical operations, FA models frequently assume that latent factors and error
terms (εj) are independently distributed according to a multivariate normal
distribution. Specifically, it is assumed that εj ∼ Np(0,D) and ∼ Nq(0, Iq),
where D = Diag(d1, . . . , dp) is a p× diagonal matrix with positive diago-
nal elements representing idiosyncratic variances, and Iq is the identity ma-
trix of size q. Here, N(ξ,Σ) denotes the p-variate normal distribution with
mean vector µ and covariance matrix Σ, where Σ = D + BB>. Condi-
tioned on the latent factors Xj , it follows that the Yj ’s are independent, with
Yj |Xj = xj ∼ Np(ξ +Bxj ,D).

The inherent instability and lack of robustness of the Factor Analysis (FA)
model are well-documented when applied to datasets characterized by skewness
and heavy tails. A key limitation of the traditional FA model is its reliance
on the assumption of normality. To address the challenges posed by this con-
straint, several variations of the FA model have been proposed that incorporate
non-Gaussian distributions capable of capturing skewness and heavy-tailed be-
havior. Wang and Lin [24] and Zhang et al. [26] proposed a t-distribution
factor analyzer model, an extension in which factor loadings and unique errors
are jointly distributed as multivariate t. Punzo et al. [21] proposed a novel
FA variant, modeling latent factors and errors with a contaminated-normal
(CN) distribution, resulting in the CNFA (contaminated-normal factor ana-
lyzer) model.

The canonical fundamental skew-normal (CFUSN), introduced by [2], forms
a cornerstone for constructing powerful statistical models that handle skewed
datasets. To model data with significant skewness and heavy tails, Wang and
Lin [25] introduced CFUSN factor analysis, leveraging a special case of CFUSN
distribution for latent factors to enhance modeling flexibility with missing val-
ues. A recent study by [10] examined an FA model using the canonical funda-
mental skew-t, called CFUSTFA. As limiting cases, this model incorporates the
FA model and CFUSN factor analysis (CFUSNFA). Despite its flexibility with
skewed and heavy-tailed datasets, the CFUSNFA and CFUSTFA model may
fail to detect both ”mild” and ”gross” outliers concurrently. “Mild outliers” are
data points deviating from a cluster’s distribution; however, skewed distribu-
tions with longer tails can better accommodate them. In contrast, observations
far from any component are termed “gross outliers”. [19] demonstrated that
the normal mean-variance mixture of Birnbaum-Saunders (NMVBS) distribu-
tion offers a more adaptable framework for statistical analysis while retaining
the mathematical and computational properties of the skew distribution dis-
tribution. An extension factor analysis model, based on a class of NMVBS
distributions, was designed by [4], who also examined its theoretical and prac-
tical features as well as missing information.
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To address outlier and heavy-tail data, [2] introduced the canonical funda-
mental contaminated skew normal distribution (CFUCSN) as a special case of
CFUSS distributions. The multivariate CFUCSN distribution, briefly intro-
duced in the following section, is characterized as a mixture of two CFUSN
distributions: a dominant component models typical “good” data, and a sub-
ordinate component models outlier “bad” data points. A particularly useful
feature of the CFUCSN distribution is its ability to simultaneously identify
mild outliers (i.e., bad points) and provide accurate parameter estimates for
skewed data. Notably, the automatic outlier detection method based on the
CFUCSN distribution does not require any additional assumptions about the
underlying data distribution.

In this paper, our proposed framework uses unrestricted contaminated skew-
normal factor analysis for robust model-based dimensionality reduction. We’ve
developed a model that uses and expands on the existing research on FA and
uCSN distributions for high-dimensional incomplete data. Throughout this pa-
per, we will call this new model the uCSNFA model. The analysis proceeds
under the assumption of data missing at random (MAR) and an ignorable
missingness mechanism, rendering the missing data inconsequential to likeli-
hood inference. We develop an EM-type [5] algorithm for ML estimation using
a convenient stochastic model representation. A simple method for computing
standard errors is provided by using a unified information-based approach. The
utility of our model in data analysis is demonstrated through extensive sim-
ulation studies, highlighting its practical relevance. Furthermore, the model’s
real-world applicability is illustrated by analyzing the Pima Indians diabetes
dataset, showcasing its effectiveness in social data analysis.

2. The uCSN as a special case of the CFUCSN distribution

A p-dimensional random vector Y is classified as having a CFUSN distribu-
tion if it can be produced by the linear stochastic representation

Y = ξ + ∆|Z0|+Z1, with

[
Z0

Z1

]
∼ Ns+p

([
0
0

]
,

[
Is 0
0 Σ

])
.(2)

where Is denotes the s × s identity matrix, ξ ∈ Rp is a location vector, Σ is
a p × p positive definite matrix, and ∆ is a p × s full-rank skewness matrix
used for regulating left-right asymmetry among variables. Consequently, the
probability density function (pdf) for the CFUSN distribution can be obtained
as

(3) fCFUSN(y; ξ,Σ,∆) = 2sφp(y; ξ,Ω)Φs
(
∆>Ω−1(y − ξ),0,Γ

)
, y ∈ Rp,

where Ω = Σ + ∆∆>, Γ = Is −∆>Ω−1∆, and Φs(·; ξ,Γ) is the cumulative
distribution function (cdf) s-variate normal distribution with mean vector ξ
and variance-covariance matrix Γ. In what follows, we will refer to the random
vector Y with pdf (3) as Y ∼ CFUSNp,s(ξ,Σ,∆). The rSN distribution fab-
ricated by [3] is a restricted characterization as a special case of the CFUSN
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distribution with s = 1. Within this constrained framework, the parameter
vector ∆ is reduced to dimension p× 1, representing skewness, and the skew-
ing function is defined using a univariate standard normal cdf. Consequently,
the pdf for the restricted skew-normal (rSN) distribution can be obtained as

(4) frSN(y;µ,Σ, δ) = 2φp(y;µ,Ω)Φ1

(
δ>Ω−1(y − µ)√

1− δ>Ω−1δ

)
, y ∈ Rp,

where Ω = Σ + δδ>, δ = (δ1, . . . , δp) and Φ1(·) is the cdf of the univariate
standard normal distribution, N(0, 1). On the contrary, the unrestricted mul-
tivariate skew normal distribution (uSN) is another special case of the CFUSN
distribution with s = p and ∆ (Diag(δ1, . . . , δp)) being imposed to be a diagonal
matrix.

The CFUCSN distribution, introduced by [2], can be represented by

Y = ξ +W−1/2(∆|Z0|+Z1), with

[
Z0

Z1

]
∼ Ns+p

([
0
0

]
,

[
Is 0
0 Σ

]
,ν

)
(5)

where ν = (ν1, ν2) and W ∈ {1, 1/ν1} is an independent random variable from
Z0 and Z1, having the probability mass function

f(w;ν) = ν
w−1/ν1
1−1/ν1

2 (1− ν2)
1−w

1−1/ν1 ,

such that E(W−1/2) = ν2 +
√
ν1(1 − ν2) and E(W−1) = ν2 + ν1(1 − ν2). If

γ = W−1/2|Z0|, hierarchical representations of the CFUCSN distribution are
possible at these three levels:

Y |(γ, w) ∼ Np
(
ξ + ∆γ, w−1Σ

)
γ|w ∼ HNs(0, w

−1Is)

W ∼ f(w;ν),(6)

where f(w;ν) is the pdf of W . This leads to obtain the pdf of Y , called
CFUCSN and denoted by Y ∼ CFUCSNp,s(ξ,Σ,∆,ν), as

fCFUCSN(y; ξ,Σ,∆,ν) =ν2fCFUSN(y; ξ,Σ,∆)

+ (1− ν2)fCFUSN(y; ξ, ν1Σ,
√
ν1∆).(7)

The mean vector and covariance matrix of Y , derived using the law of iterated
expectations on (5), are E(Y ) = ξ + aν∆1s and

(8) Cov(Y ) = bν(Σ + (1− 2

π
)∆∆>) +

[
2

π
bν − a2

ν

]
∆Js∆

>,

where aν =
√

2
πE(W−1/2), bν = E(W−1) and 1s and Js are vectors of ones

with length s and s×s matrix of ones. The rCSN distribution fabricated by [3]
is a restricted characterization as a special case of the CFUCSN distribution
with s = 1. Within this constrained framework, the parameter vector ∆ is
reduced to dimension p× 1, representing skewness, and the skewing function is
defined using a univariate standard normal cdf.
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Theorem-derived higher CFUCSN moments, while obtainable via the mo-
ment generating function (mgf), demand considerable computational effort.

Theorem 2.1. If Y ∼ CFUCSNp,s(µ,Σ,∆,ν), then the mgf of Y is

MY (t) =E(exp(t>Y ))

=2s exp{t>ξ +
1

2
t>Ωt}

[
ν2Φs(t

>∆) + (1− ν2)Φs(
√
ν1t
>∆)

]
.

Proof. See Supplementary Appendix A. �

An appealing closure property of CFUCSN under affine transformations,
frequently used in our methodology, is shown in the following theorem.

Theorem 2.2. The CFUCSN distribution is closed under linear transforma-
tion, i.e. if Y ∼ CFUCSNp,s(µ,Σ,∆,ν), then for any full rank matrix L ∈
Rk×p, the random vector LY is distributed by CFUCSNk,s(Lξ, LΣL>,L∆,ν).

Proof. Theorem 2.1 and the basic random vector transformation rule directly
imply the proof. �

The rCSN distribution fabricated by [3] is a restricted characterization as a
special case of the CFUCSN distribution with s = 1. Within this constrained
framework, the parameter vector ∆ is reduced to dimension p × 1, represent-
ing skewness, and the skewing function is defined using a univariate standard
normal cdf. Alternatively, the unrestricted multivariate contaminated skew
normal (uCSN) distribution is a specialized form of the CFUCSN distribution,
characterized by s = p and a diagonal matrix ∆.

In contrast to the rCSN, which utilizes a simple univariate cdf, the uCSN’s
defining characteristic is its pdf, which incorporates a complex skewing func-
tion determined by the cdf of the p-dimensional multivariate normal distribu-
tion. Therefore, unlike the rCSN distribution, the uCSN distribution is better
equipped to represent skewness in multiple directions while maintaining the
integrity of the covariance structure [3].The computational burden associated
with the skewing function in uCSN increases significantly with larger values of
p. Significantly, the distributions of rCSN and uCSN are not contained within
one another. Notably, their equivalence is restricted to the univariate case
(p = 1).

The various scatter diagrams and marginal histograms shown in Figure 1
depict data generated from bivariate rCSN and uCSN distributions. These data
sets utilize the parameter values ξ = (0, 0)>, Σ = I2, ν = 5, η = 0.8, with ∆
varied across the distributions. Analysis demonstrates the presence of several
non-elliptical shapes, differentiated by the concentration of skewness—either
unidirectional (rCSN) or multidirectional (uCSN) attributable to the number
of latent skewing variables.
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Figure 1. Scatter diagrams superimposed on contours to-
gether with marginal histograms for data generated from the
bivariate CFUCSN distribution with µ = (0, 0), Σ = I2,
ν = 5 and η = 0.85. First row: rCSN with ∆1 = (3, 3),
∆2 = (−3, 3), ∆3 = (−3,−3) and ∆4 = (3,−3); Sec-
ond row: uCSN with ∆1 = Diag(3, 3), ∆2 = Diag(−3, 3),
∆3 = Diag(−3,−3) and ∆4 = Diag(3,−3).

3. The uCSN factor analysis model with missing information

For a set of random vectors Y1, . . . ,Yn, the generic form of an uCSN factor
analysis (uCSNFA) model is theoretically expressed as a linear combination of
latent factors:

Yj = ξ +BXj + εj(9)

where Yj ∈ Rp, ξ is a p-dimensional location vector and the p×q factor loadings
matrix B. We assume that the joint vector of latent factors and idiosyncratic
errors follows a (p+ q)-variate uCSN distribution. Specifically,

(10)

(
Xj

εj

)
∼ uCSNq+p

((
−aνΛ−1/2∆1q

0

)
,

(
Λ−1 0

0 D

)
,

(
Λ−1/2∆

0

)
,ν

)
.

where Λ = (Iq + (1− 2
π )∆∆>) +

[
2
π −

a2ν
bν

]
∆Jq∆

>. We have E(Xj) = 0 and

Cov(Xj) = bνIq. Because of its attractive outcome, this method produces fac-
tor loading and factor score estimates similar to those of traditional approaches.
The factor loadings within matrixB denote the strength of association between
unobserved factors and observed variables; nonetheless, when q > 1, rotational
indeterminacy introduces challenges related to non-identifiability. Identifiabil-
ity challenges can be addressed through the application of common techniques
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that constrain B. As an example, [9] proposed a convenient uniqueness condi-
tion, requiring that BD−1B> be a diagonal matrix during the estimation pro-
cess. Lopes et al. [14] advocate for a constrained B matrix within a Bayesian
framework for factor analysis (FA) models. This constraint involves a zero
block in the upper-right triangle and strictly positive diagonal entries. With
the inclusion of such constraints, the loading matrix B has pq− q(q− 1)/2 free
parameters.

The marginal distribution of Yj arising from (9) is

(11) Yj ∼ uCSNp (ξ − aνα1q,Σ,α,ν) ,

where Σ = BΛ−1B>+D and α = BΛ−1/2∆ is a skewness matrix of size p×q.
It is evident from (11) that the random variable Y is a member of the uCSN
family, with the skewness matrix α being a function of B and ∆. Further, it
follows immediately from (8) that E(Yj) = 0 and Cov(Yj) = bν(BB> + D).
Due to the desirable properties of the sample mean and sample covariance,
which are independent of ∆, consistent recovery is achieved through parameter
estimation of ξ, B, and D.

To carry out ML estimation of model (11), the paper is focusing on estab-
lishing a procedure when the observed data Yj are incomplete. Under this

assumption, we partition Yi into the observed component Y o
j ∈ Rp

o
j and the

missing component Y m
j ∈ Rp

m
j , where poj + pmj = p. For easy of notation and

computation, two auxiliary permutation matrices are introduced asOj (poj×pj)
and Mj ((p− poj)× pj) to identify Y o

j and Y m
j as

Y o
j = OjYj and Y m

j = MjYj , such that Yj = O′jY
o
j +M ′

jY
m
j

and O′jOj +M ′
jMj = Ip.(12)

Thus, an alternative representation of the uCSNFA model with incomplete
data is

(13) Y o
j ∼ uCSNpoj

(
ξoj − aναoj1q,Σoo

j ,α
o
j ,ν
)
,

where ξoj = Ojξ, αoj = Ojα and Σoo
j = OjΣO

>
j .

By using Wang and Lin [25], scaling transformations B̃
∆
= BΛ−1/2 and

X̃j
∆
= Λ1/2Xj are applied to the matrices of factor loadings B and common

factors Xj to simplify the mathematical and computational processes.
In the context of outlier detection, a binary random variable, which we will

denote as rj , may be incorporated to act as an indicator or label for outliers.
This variable will take on the value of 1 if the observation Yj stems from
the good component, and it will take on the value of rj if Yj originates from
the component that is contaminated or anomalous. The random variable rj
exhibits a Bernoulli distribution characterized by a success probability of ν2,
indicated by rj ∼ Ber(1, ν2). A fully hierarchical version of model (13) is shown
in the theorem that follows.
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Theorem 3.1. A five-level hierarchy forms the basis of the uCSNFA model,
as described below:

Y o
j |(X̃j , rj) ∼

 Np
(
ξoj + B̃o

j X̃j ,D
oo
j

)
if rj = 1;

Np
(
ξoj + B̃o

j X̃j , ν1D
oo
j

)
if rj = 0,

Y m
j |(Y o

j , X̃j , rj) ∼
{

Np−poj
(
ξm.oj ,Dmm.o

j

)
if rj = 1;

Np−poj
(
ξm.oj , ν1D

mm.o
j

)
if rj = 0,

X̃ij |(γj , rj) ∼
{

Nq (∆(γj − aν1q), Iq) if rj = 1;
Nq (∆(γj − aν1q), ν1Iq) if rj = 0,

γj |(rj) ∼
{

HNq (0, Iq) if rij = 1;
HNq (0, ν1Iq) if rij = 0,

rj ∼ Ber(1, ν2),

where ξm.oj = Mj

[
ξj + B̃X̃j +DCoo

j (yj − ξ − B̃X̃j)
]
, Doo

j = OjDO
>
j , Coo

j

= O>j
(
OjDO

>
j

)−1
Oj and Dmm.o

j = Mj

(
Ip −DCoo

j

)
DM>

j .

Proof. See Supplementary Appendix B. �

Utilizing Baye’s rule, we can derive and then present in the following theorem
a collection of foundational conditional distributions. These are necessary for
developing the methods explained later.

Theorem 3.2. The following conditional distributions are derived from the
specifications in (14):

X̃j |(yoj ,γj , rj) ∼
{

Nq
(
qoj ,H

oo
j

)
if rj = 1;

Nq
(
qoj , ν1H

oo
j

)
if rj = 0,

γj |(yoj , rj) ∼
{

HNs
(
aoj , (Iq −α>j Γooj αj)

)
if rj = 1;

HNs
(
aoj , ν1(Iq −α>j Γooj αj)

)
if rj = 0,

rj |yoj ∼ Ber(1, ν̃2), .

where qoj = Hoo
j

{
B̃>D−1(yj − ξ) + ∆(γj − aν1q)

}
and aoj = α>Γooj (yj −

ξ +
√

2/πα1q) with

Hoo
j = (Iq + B̃>Coo

j B̃)−1, Γooj = OjΩ
oo
j
−1O>j .

and

ν̃2 =
ν2fuSNpo

j

(
ξoj − aναoj1q,Σoo

j ,α
o
j

)
fuCSNpo

j

(
ξoj − aναoj1q,Σoo

j ,α
o
j ,ν
) .

Proof. See Supplementary Appendix C. �

As a direct and immediate consequence of the preceding arguments, Corol-
lary 3.3 offers a concise summary of certain conditional expectations that are
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essential prerequisites for the ECM algorithm to be presented and explained
later.

Corollary 3.3. The conditional expectations derived from (14) are as follows:

ζj =E(X̃j |yoj , rj) = Hoo
j

{
B̃>D−1(yj − ξ) + ∆(γ1j − aν1q)

}
,(14)

κj =E(X̃jγ
>
j |yoj , rj)

=Hoo
j

{
B̃>D−1(yj − ξ)γ1j + ∆(γ2j − aνγ1j1q)

}
,(15)

Ψj =E(X̃jX̃
>
j |yoj , rj)

=

{
Iq + ζj(B̃

>D−1(yj − ξ))> + (κj − aνζj1q)∆
}
Hoo
j ,(16)

where γ1j = E(γj |yoj , rj) and γ2j = E(γjγ
>
j |yoj , rj) correspond to the first two

moments of the multivariate normal distribution presented in Theorem 3.2,
which are easily computed using formulas (10) and (11) in [11].

Proof. See Supplementary Appendix D. �

Corollary 3.4. Given the conditional distributions in Theorem 3.2, we obtain

E(Yj | yoj , rj)

=

{
ξ +BE(X̃j |yoj , rj = 1) +DCoo

j (yj − ξ −BE(X̃j |yoj , rj = 1)) if rj = 1;

ξ +BE(X̃j |yoj , rj = 0) +DCoo
j (yj − ξ −BE(X̃j |yoj , rj = 0)) if rj = 0,

and

cov(Yj − ξ − B̃X̃j |yoj , rj)

=
(
Ip −DCoo

j

)
D + (Aoo

j − B̃)(Ψj − ζjζ>j )(Aoo
j − B̃)>,

where Aooj =
(
Ip −DCoo

j

)
B̃.

Proof. See Supplementary Appendix E. �

4. Parameter estimation via the ECM algorithm and stan-
dard errors

4.1. The ECM algorithm. A popular technique for calculating ML parame-
ter estimates from incomplete data is the expectation maximization (EM) algo-
rithm [5]. In the algorithm’s iterative procedure, an expectation step (E-step)
is followed by a maximization step (M-step); during the E-step, the algorithm
computes the expected value of the complete-data log-likelihood by estimating
the missing or latent data through their conditional expectations; following
this, the M-step refines the parameter estimates by maximizing the aforemen-
tioned conditional expectation of the complete-data log-likelihood, leading to
a more accurate model. Iteration of the E- and M-steps continues until the
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convergence criterion is reached. By adding CM steps for multiple complete
data sets, the ECM algorithm [17] offers a more efficient optimization method
than the classical EM algorithm, especially when applied to complex models
such as uCSNFA.

To implement our feasible EM procedure for learning the uCSNFA model, let

Yc = (yo,ym, X̃,γ, r) represent the complete data, where ym = (ym1 , . . . ,y
m
n )

denotes the missing portion of the data, and yo = (yo1, . . . ,y
o
n) denotes the

observed portion. Additionally, X̃ =
{
X̃1, . . . , X̃n

}
represents the set of latent

factors. Moreover, γ = (γ1, . . . ,γn), r = (r1, . . . , rn) denotes the unobserved
outlier indicator, such that rj = 1 if jth observation be a typical point and
rj = 0 if it is an outlier. From (14), the log-likelihood function of Θ for yc,
without considering constant terms is

`c(Θ;yc) =

n∑
j=1

[rj log ν2 + (1− rj) log(1− ν2)]−
n∑
j=1

rj
2

[
log |D|+ tr(D−1Υj

+ ∆(γj − aν1q)(γj − aν1q)
>∆> −∆(γj − aν1q)X̃

>
j

− X̃j(γj − aν1q)
>∆> + γjγ

>
j + X̃jX̃

>
j )

]
−

n∑
j=1

(1− rj)
2

[
(p+ 2q) log ν1 + 1 + log |D|+ ν1tr(D

−1Υj

+ ∆(γj − aν1q)(γj − aν1q)
>∆> −∆(γj − aν1q)X̃

>
j

− X̃j(γj − aν1q)
>∆> + γjγ

>
j + X̃jX̃

>
j )

]
(17)

where Υj = (yj − ξ − B̃X̃j)(yj − ξ − B̃X̃j)
>. The Q-function calculation

necessitates the evaluation of the following conditional expectations:

r̂
(k)
j =E

(
rj | yoj , Θ̂(k)

)
, ŷ

(k)
j = E

(
Yj | yoj , Θ̂(k)

)
,

γ̂
(k)
1j =E

(
γj | rj = 1,yoj , Θ̂

(k)
)
, γ̃

(k)
1j = E

(
γj | rj = 0,yoj , Θ̂

(k)
)
,

γ̂
(k)
2j =E

(
γjγ

>
j | rj = 1,yoj , Θ̂

(k)
)
, γ̃

(k)
2j = E

(
γjγ

>
j | rj = 0,yoj , Θ̂

(k)
)
,

ζ̂
(k)
j =E

(
X̃j | rj = 1,yoj , Θ̂

(k)
)
, ζ̃

(k)
j = E

(
X̃j | rj = 0,yoj , Θ̂

(k)
)
,

κ̂
(k)
j =E

(
X̃jγ

>
j | rj = 1,yoj , Θ̂

(k)
)
, κ̃

(k)
j = E

(
X̃jγ

>
j | rj = 0,yoj , Θ̂

(k)
)
,

Ψ̂
(k)
j =E

(
X̃jX̃

>
j | rj = 1,yoj , Θ̂

(k)
)
, Ψ̃

(k)
j = E

(
X̃jX̃

>
j | rj = 0,yoj , Θ̂

(k)
)
.

(18)

The following steps show how the ECM algorithm estimates the ML parameters
of the uCSNFA model:
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• E-step: Given the observed data yoj and the current estimate Θ̂(k),
the E-step calculates the conditional expectation of complete-data log-
likelihood function (17). This leads to the so-called Q-function:

Q(Θ | Θ̂(k)) =

n∑
j=1

[
r̂

(k)
j log η + (1− r̂(k)

j ) log(1− η)
]

+Qgood(Θ | Θ̂(k))

+Qbad(Θ | Θ̂(k)),(19)

where

Qgood(Θ | Θ̂(k)) =− 1

2

n∑
j=1

r̂
(k)
j

[
log |D|+ tr

{
D−1Υ̂

(k)
j (ξ, B̃) + ∆F̂

(k)
j ∆>

−∆δ̂
(k)>

j − δ̂(k)
j ∆> + Ψ̂

(k)
j

}]
with F̂

(k)
j = γ̂

(k)
2j − aν γ̂

(k)
1j 1>q − aν1qγ̂

(k)>

1j + a2
ν1q1

>
q , δ̂

(k)
j = κ̂

(k)
j −

aν ζ̂
(k)
j 1>q ,

Υ̂
(k)
j =E

(
(yj − ξ − B̃X̃j)(yj − ξ − B̃X̃j)

> | rj = 1,yoj , Θ̂
(k)
)

=
(
Ip − D̂(k)Ĉoo(k)

j

)
D̂(k) + (ŷ

(k)
j − ξ − B̃ζ̂

(k)
j )(ŷ

(k)
j − ξ − B̃ζ̂

(k)
j )>

− (Âoo(k)

j − B̃)(Ψ̂
(k)
j − ζ̂

(k)
j ζ̂

(k)>

j )(Âoo(k)

j − B̃)>

, Âoo(k)

j =
(
Ip − D̂(k)Coo

j
(k)
)
B̃(k) and

Qbad(Θ | Θ̂(k)) =− 1

2

n∑
j=1

(1− r̂(k)
j )

[
(p+ 2q) log ν1 + log |D|+ ν1tr

{
D−1

Υ̃
(k)
j (ξ, B̃) + ∆iF̃

(k)
j ∆> −∆δ̃

(k)>

ij − δ̃(k)
j ∆> + Ψ̃

(k)
j

}]
with F̃

(k)
j = γ̃

(k)
2j − aν γ̃

(k)
1j 1>q − aν1qγ̃

(k)>

1j + a2(ν̂(k), η̂(k))1q1
>
q , δ̃

(k)
j =

κ̃
(k)
j − aν ζ̃

(k)
j 1>q ,

Υ̃
(k)
ij =E

(
(yj − ξ − B̃X̃j)(yj − ξ − B̃X̃j)

> | rj = 0,yoj , Θ̂
(k)
)

=
(
Ip − D̂(k)Ĉoo(k)

j

)
D̂(k) + (ỹ

(k)
j − ξ − B̃ζ̃

(k)
j )(ỹ

(k)
j − ξ − B̃ζ̃

(k)
j )>

− (Âoo(k)

j − B̃)(Ψ̃
(k)
j − ζ̃

(k)
j ζ̃

(k)>

j )(Âoo(k)

j − B̃)>

• CM-step 1: Let S(a, b) = a+ b(1− a) and S(a, b, c, d) = ba+ dc(1− a).

The CM-steps obtained by maximizing (19) concerning ξ,∆, B̃ and



332 F. Hashemi

D proceed as follows:

ξ̂(k+1) =

∑n
j=1 S(r̂

(k)
j , ŷ

(k)
j , ỹ

(k)
j , ν̂

(k)
1 )− ̂̃B(k)∑n

j=1 S(r̂
(k)
j , ζ̂

(k)
j , ζ̃

(k)
j , ν̂

(k)
1 )∑n

j=1 S(r̂
(k)
j , ν̂

(k)
1 )

,

∆̂(k+1) = Diag

{( n∑
j=1

S(r̂
(k)
j , δ̂

(k)
j , δ̃

(k)
j , ν̂

(k)
1 )
)( n∑

j=1

S(r̂
(k)
j , F̂

(k)
j , F̃

(k)
j , ν̂

(k)
1 )
)−1
}

̂̃
B

(k+1)

=

 n∑
j=1

S(r̂
(k)
j , (ŷ

(k)
j − ξ̂

(k+1))ζ̂
(k)>

j , (ỹ
(k)
j − ξ̂

(k+1))ζ̃
(k)>

j , ν̂
(k)
1 )


×

 n∑
j=1

S(r̂
(k)
j , Âoo(k)

j (Ψ̂
(k)
j − ζ̂

(k)
j ζ̂

(k)>

j ), Âoo(k)

j (Ψ̃
(k)
j − ζ̃

(k)
j ζ̃

(k)>

j ), ν̂
(k)
1 )

−1

D̂(k+1) =
1

n
Diag

( n∑
j=1

S(r̂
(k)
j , Υ̂

(k)
j (ξ̂(k+1),

̂̃
B

(k+1)

), Υ̃
(k)
j (ξ̂(k+1),

̂̃
B

(k+1)

), ν̂
(k)
1 )
)

• CM-step 2: For the fix ξ = ξ̂(k+1), B̃ =
̂̃
B

(k+1)

, ∆ = ∆̂(k+1) and
D = D̂(k+1) , ν̂(k+1) is calculated by maximizing either the Q-function
over ν, or the constrained actual observed log-likelihood function

ν̂(k+1) = arg max
ν

{ n∑
j=1

log fCFUCSN(yj ; ξ̂
(k+1)
i − aνΛ̂

(k+1)−1/2

i ∆̂
(k+1)
i 1s,

Σ̂
(k+1)
i , α̂

(k+1)
i ,ν)

}
where α̂

(k+1)
i =

̂̃
B

(k+1)

i ∆̂
(k+1)
i , Σ̂

(k+1)
i =

̂̃
B

(k+1)

i
̂̃
B

(k+1)>

i +D̂
(k+1)
i and

Λ̂(k+1) =(Iq + (1− 2

π
)∆̂(k+1)∆̂(k+1)>)

+

[
2

π
−
a2
ν̂(k)

bν̂(k)

)

]
∆̂(k+1)Jq∆̂

(k+1)> .

The prediction of factor scores, alongside the estimation of model parameters,
allows for their application in subsequent analyses. Specifically, researchers
may apply factor information to the reconstruction of data situated within
lower-dimensional subspaces [4]. A conditional prediction of the unobserved
factor scores given yoj is:

(20) x̂j = E(Xj | yoj , Θ̂) = Λ̂−1/2E(X̃j | yoj , Θ̂),

where E(X̃j | yoj , Θ̂) is given by (14) evaluated at Θ = Θ̂.
To facilitate the application of conventional statistical techniques, it is im-

perative to complete the dataset by imputing missing values with plausible
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alternatives. A straightforward approach to single imputation, employing max-
imum likelihood estimation, involves imputing a single value for each missing
observation. A conditional prediction for ymj is obtained as a consequence of
applying the ECM algorithm:

(21) ŷmj = E(Y m
j | yoj , θ̂) = Mj

(
ξ̂ + B̂x̂j + D̂Ĉoo

j (yj − ξ̂ − B̂x̂j)
)
.

4.2. Estimation of standard errors. Let δ = vec(∆) denote the columns
stacked vector of matrix ∆, d = Diag(D) be the p × 1 vector of the main
diagonal of D, and `cj(Θ | ycj) be the log-likelihood formed from a single
complete observation, ycj = (yoj ,y

m
j , rj), expressed as

`c(Θ;yc) = [rj log ν2 + (1− rj) log(1− ν2)]− rj
2

[
log |D|+ tr(D−1Υj

+ ∆(γj − aν1q)(γj − aν1q)
>∆> −∆(γj − aν1q)X̃

>
j

− X̃j(γj − aν1q)
>∆> + γjγ

>
j + X̃jX̃

>
j )

]
− (1− rj)

2

[
(p+ 2q) log ν1 + 1 + log |D|+ ν1tr(D

−1Υj

+ ∆(γj − aν1q)(γj − aν1q)
>∆> −∆(γj − aν1q)X̃

>
j

− X̃j(γj − aν1q)
>∆> + γjγ

>
j + X̃jX̃

>
j )

]
As shown by Meilijson [16], the asymptotic covariance matrix for Θ can be
estimated via the inverse of the empirical information matrix, defined as

(22) Io(Θ̂ | yo) =

n∑
j=1

s(yoj | Θ̂)ŝ>(yoj | Θ̂),

where s(yoj | Θ) = ∂ log fuCSN(yoj |Θ)/∂Θ is the individual score. Given the
infeasibility of obtaining a closed-form solution for s(yoj | Θ) through direct
partial differentiation of the observed log-likelihood, we employ the approach
outlined by Louis [13]. Specifically, individual scores are determined by cal-
culating the expectation of the partial derivative of the complete-data log-
likelihood function:

(23) s(yoj | Θ̂) = E

(
`cj(Θ | ycj)

∂Θ

∣∣∣yoj , Θ̂) .
Using the fundamental differentiation for (23), the individual score vector con-
taining elements of

s(yoj | Θ̂) =
(
ŝ>j,ξ, ŝ

>
j,δ, ŝ

>
j,d, ŝj,ν1 , ŝj,ν2

)
,
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where

ŝj,ν1 =− (1− r̂j)(p+ 2q)

2ν̂1
− a′ν̂∆̂1qS(r̂j , (γ̂1j − aν̂1q), (γ̃1j − aν̂1q), ν̂1)∆>

+ a′ν̂∆̂1qS(r̂j , ζ̂j , ζ̃j , ν̂1) +
(
a′ν̂∆̂1qS(r̂j , ζ̂j , ζ̃j , ν̂1)

)>
+

(1− r̂j)
2

tr(D−1Υ̃j + ∆(γ̃1j − aν̂1q)(γ̃j − aν̂1q)
>∆̂>

− ∆̂(γ̃j − aν̂1q)ζ̃
>
j − ζ̃j(γ̃j − aν̂1q)

>∆̂> + γ̃j γ̃
>
j + ζ̃j ζ̃

>
j )

ŝj,ν2 =
r̂j
ν̂2
− r̂j

1− ν̂2
− a′ν̂∆̂1qS(r̂j , (γ̂1j − aν̂1q), (γ̃1j − aν̂1q), ν̂1)∆>

+ a′ν̂∆̂1qS(r̂j , ζ̂j , ζ̃j , ν̂1) +
(
a′ν̂∆̂1qS(r̂j , ζ̂j , ζ̃j , ν̂1)

)>
,

ŝj,ξ =
1

2
D̂−1

{
S(r̂j , ŷj , ỹj , ν̂1)− ξ̂jS(r̂j , ν̂1)− ̂̃BS(r̂j , ζ̂j , ζ̃j , ν̂1)

}
,

ŝj,B =vec

(
S(r̂j , (ŷj − ξ̂)ζ̂>j , (ỹj − ξ̂)ζ̃>j , ν̂1)

− ̂̃BS(r̂j , Â
oo
j (Ψ̂j − ζ̂j ζ̂>j ), Âoo

j (Ψ̃j − ζ̃j ζ̃>j ), ν̂1)

)
,

ŝj,d =Diag

(
− 1

2

{
D̂−1

− D̂−1S(r̂j , Υ̂j(ξ̂
(k+1),

̂̃
B), Υ̃j(ξ̂,

̂̃
B

(k+1)

), ν̂1)D̂−1

})
,

ŝj,δ =− 1

2
Diag

{
S(r̂j , δ̂j , δ̃j , ν̂1)− ∆̂S(r̂j , F̂j , F̃j , ν̂1)

}
,

for i = 1, . . . , g, where ŷj = Ojy
o
j +Mjy

m
j . By calculating the square root of

each element along the diagonal of the inverse of the matrix shown in (22), we
can now obtain approximate values for the standard errors.

4.3. Identifiability issue. Before developing an EM-type algorithm for the
ML parameter estimation of (9), it is important to examine the model iden-
tifiability. A uCSNFA model is identifiable if two sets of parameters cannot
yield the same mixture distribution, that is, f(y; Θ1) = f(y; Θ2) for all y ∈ Rp
implying that Θ1 = Θ2. Hashemi et al. [7] proved the identifiability of normal
mean-variance mixture of the Birnbaum-Saunders factor analysis model. By
using Hashemi et al. [7], we provide a sufficient condition for the identifiability
of the uCSNFA (9) in Theorem 4.1. Based on Bekker et al. [4], we add the
restriction that B>D−1B is a diagonal matrix with its elements arranged in
descending order of magnitude. A sufficient condition for the identifiability of
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class C is established where

C =
{
f(y; Θ) : f(y; Θ) = fuCSN (y, ξ − aνα1q,Σ,α,ν)

with B>D−1Bis a diagonal matrix
}
.

Theorem 4.1. Suppose that pdf of the uCSNFA is parameterized in a different
way as

f(y; Θ) = fuCSN (y, ξ − aνα1q,Σ,α,ν), and

f(y; Θ̃) = fuCSN (y, ξ̃ − aν̃α̃1q, Σ̃, α̃, ν̃).

For the considered uCSNFA model in (9), if condition C is hold, then the equal-

ity f(y; Θ) = f(y; Θ̃) implies such that ξ = ξ̃r,∆ = ∆̃,B = B̃,D = D̃, and
ν = ν̃.

Proof. See Hashemi et al. [7]. �

5. Aspects of computation and operation

5.1. Automatic outliers detection. Lin et al. [12] illustrated the procedure
of outliers detection with the of restricted skew-t distributions. The Maha-
lanobis distances were calculated after model fitting and the assignment of
each observation yj . Outlier identification is performed by assessing if the
Mahalanobis distance associated with an observation yj exceeds a specified
percentile (commonly the 95th) of the chi-squared distribution possessing p
degrees of freedom (χ2

(p)). In contrast, uCSN-based models forgo the need for

supplementary distributional assumptions and subjective thresholds in their
outlier detection mechanisms. The uCSNFA model autonomously detects and
mitigates the impact of outliers on parameter estimation without additional
stipulations.

By using [20], for each observation yj , the subsequent calculation is per-
formed after the ECM algorithms have converged

r̂j =
ν̂2fuSNpo

j

(
yoj ; ξ̂oj − aν̂α̂oj1q, Σ̂oo

j , α̂
o
j

)
fuCSNpo

j

(
yoj ; ξ̂oj − aν̂α̂oj1q, Σ̂oo

j , α̂
o
j , ν̂
) .,

where ξ̂oj = Oj ξ̂ and Σ̂oo
j = OjΣ̂O

>
j . Following this, the observation yj

receives a classification of ”good” when r̂j > 0.5; otherwise, it is classified as
”bad”.

5.2. Initial values. The convergence of the ECM algorithm may be acceler-
ated or enabled through appropriate selection of initial parameter estimates.
An inappropriate initial value, Θ̂(0), can lead to convergence at the parameter
space boundary, particularly when the number of latent factors is overestimated
or the missing data rate is high. Missing values in the raw data are initially
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imputed using the sample mean of observed values for each variable. Specifi-
cally, for the kth variable (k = 1, . . . , p), missing values ymjk are replaced with

ȳk =
∑nok
j=1 y

o
jk/n

o
k, where nok represents the count of observed values. Recall

that the normal distribution is a particular case of the uCSN distributions.

With respect to this, the initial parameter can be set ∆̂(0) = 0, ν̂
(0)
1 = 0.999

and ν̂
(0)
2 = 1.001, and obtain the estimate of parameters ξ, B and D using the

data to calibrate the factor analysis model, as implemented by the factanal(.)
function of the R package stat. The uCSNFA model fitting via the ECM al-
gorithm begins with the returned parameter estimates as initial values in the
first E-step. In the paper’s numerical sections, we use the described method to
initialize parameters.

5.3. Stopping rule. The ECM algorithms continue the E- and CM-steps until
a satisfactory stopping condition is reached. The rising likelihood in both algo-
rithms is used to monitor the estimation process’s convergence. The estimation
procedure is terminated when the criterion |`(Θ̂(k+1))− `(Θ̂(k))| < 10−6 is less

than ε where `(Θ̂(k)) is the log-likelihood function for Θ̂(k) associated with the
matrix of observations Y1, . . . ,Yn when the process has reached the maximum
number of iterations, which is set at 5000.

5.4. Model comparison and classification performance. The Bayesian
Information Criterion (BIC) ( [22]) is used to determine optimal model com-
plexity via class and factor selection. It is calculated as

BIC = −2`max +m log n,

where m is the number of free parameters, and `max is the maximized log-
likelihood value.

6. Applications to artificial and real data

In this section, comprehensive simulation studies are conducted to assess
the performance of the proposed method. The first one in Section 6.1 shows
a simulation experiment to determine whether the ECM algorithm and the
information-based method (Section 4.2) can accurately estimate the true pa-
rameter values and their standard errors for the uCSNFA model. The second
simulation study is carried out in Section 6.2 to investigate and compare the
performance of uCSNFA, uSNFA and rSNFA models when data are contam-
inated with noise points and missing information. In final, we evaluate the
effectiveness and further aspects of our model through real data.

6.1. Asymptotic estimation accuracy. Our first simulation assesses the
performance of our proposed standard error estimation approach (4.2) and
investigates the finite sample properties of the ML parameter estimates. To
proceed with this experiment, we generate data of sizes n = 100, 250, 500,
1000, 2000 and 4000 from a uCSNFA model (9) with presumed parameters:
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ν1 = 5, ν2 = 0.8, ξ = (8, 6, 2, 2, 4, 1)>, ∆ = Diag(6, 3), D = Diag(8, 9, 1, 2, 6, 5)
and

B =

[
0.13 0.13 0.97 0.94 0.54 0.07
0.84 0.84 0.27 0.71 0.77 1.72

]>
.

Data generation includes the random deletion of data points at missing rates of
0%, 25%, and 50%, ensuring that each individual retains at least one observed
value. Each of the 100 Monte Carlo replications involved fitting the uCSNFA
model with the ECM algorithm and calculating the resulting mean absolute
bias (MAB) and root mean squared error (RMSE):

MAB =
1

100

100∑
k=1

|θ̂k − θtrue| and RMSE =

√√√√ 1

100

100∑
k=1

(θ̂k − θtrue)2,

where θ̂k denotes the ML estimate of a specific parameter at the kth replication
and θtrue is its corresponding true value. We also calculate the empirical stan-
dard deviations (McSd) of the ML estimates determined via 100 Monte Carlo
replications alongside the average asymptotic standard errors (ASE), derived
from the asymptotic information matrix:

McSd =

√√√√ 1

99

100∑
k=1

(θ̂k − ¯̂
θ)2 and ASE =

1

100

100∑
k=1

se(θ̂k),

where se(θ̂k) denotes the standard error of a specific parameter at the kth

replication and
¯̂
θ is the mean of parameter estimates over 100 trials.

Figures 2 and 3 present MAB and RMSE for the uCSNFA parameters. The
numerical data presented in the figures indicate that increases in sample size
correspond to decreases in both MAB and RMSE, thereby empirically support-
ing the consistency of the employed machine learning estimators. The average
values of McSd and ASE, which are included in Table 1, are also part of our
report. A close examination of the numerical data presented in Table 1 clearly
indicates that both the McSd and ASE values exhibit a consistent decline as
the sample size increases, thus demonstrating an inverse relationship between
these metrics and sample size. Furthermore, an increase in sample size leads to
a demonstrable convergence between the values obtained from the ASE mea-
sure and those from the McSd. In Section 5, a methodology for calculating
the standard errors of the machine learning estimates is proposed, and this
property is a key element signifying its validity.

6.2. Assessing the impact of noise and outlier data on models per-
formance. The goal of the second simulation is to evaluate the uCSNFA sub-
models ability to fit noisy data. A factor model with t-slice distributed [18]
factor loadings and errors generates our base data.

Specifically, data is simulated by a Student-t factor model (with parameters
ξ, B, D and ν), and points are labeled “good” if their values surpass µ. This
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algorithm continues iterating until the target sample size is achieved. With
a dataset of n optimally selected data points, we simulate background noise
with a sample size of 50, drawing from a uniform distribution across a planar
region defined by the interval (−5, 10). Each replication yielded a total of 550
observations. The latent factor structure B, is

B =

[
−0.1 −0.1 −0.2 −0.1 0.5
−0.2 −0.2 0.9 0.1 0.2

]>
.

We also generate the diagonal elements of the error variance matrices D and
location parameter ξ, from respectively

D = Diag(0.2, 0.3, 0.2, 0.2, 0.2), ξ =
[
−2 2 2

]>
.

We consider two scenario for true parameter value of degree-of-freedom with
ν = 6, 15. The uCSNFA, rSTFA, rSNFA, uSNFA, and FA models were fit to
100 simulated samples with 10%, 20% and 30% missing rate. The proposed
models were fit using the ECM algorithm with varying numbers of factors (q
from 1 to 3) to explore the outperformance.

Figure 4 presents the mean BIC values obtained from 100 trials for ν = 6
and ν = 15. Based on our analysis and the BIC minimization, a two-factor
model is determined to be the most appropriate representation of the data.
Table 3 presents the mean BIC, derived from 100 replications, facilitating a
comparative analysis of the model-fitting methods. Outliers in datasets with
ν = 6 and ν = 15 negatively influence the efficacy of model fitting. The
uCSNFA and rSTFA models demonstrated considerably better model fit than
the t-slice factor model, a consequence of the latter’s sensitivity to outlying
observations. Furthermore, empirical evidence suggests superior model fit for
the uCSNFA model compared to its competitors, based on the data generation
processes examined.

Table 3 presents a summary of mean true positive rates (TPR) and false
positive rates (FPR) across all simulations, facilitating comparative analysis
of outlier detection methods (see Punzo and McNicholas [20]). Unlike the
distributionally-unconstrained and threshold-free uCSNFA model, outlier de-
tection in the rSTFA model relies on a predefined statistical threshold, namely
the 95th percentile of the chi-squared distribution. The frequencies of the cho-
sen model (with q = 2, denoted Freq. 1) and alternative models (Freq. 2) are
given in Table 3, using BIC for model selection. As shown in Table 3, the uC-
SNFA model demonstrates optimal outlier detection capabilities, characterized
by maximal TPR and minimal FPR across both well-separated and poorly sep-
arated data distributions. Furthermore, Table 3 displays the Freq 1 findings,
demonstrating the accurate identification of the true value in the q = 2 fitted
models, as confirmed by the BIC. Analysis of average BIC values for the factor
models reveals the uCSNFA model’s superior performance.
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Figure 2. Mean absolute bias (RBias) of estimated param-
eters obtained from fitting uCSNFA model as a function of
sample size across various missing rates.
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Figure 3. Root mean squared error (RMSE) of estimated
parameters obtained from fitting uCSNFA model as a function
of sample size across various missing rates.
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Table 1. Simulation results for assessing the asymptotic
standard errors (ASE) and empirical standard deviations
(McSd) of parameter estimates for the uCSNFA model across
various sample sizes and missing rates.

ξ1 ξ1 ξ3 ξ4 ξ5 ξ6 δ11

Missing n McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE

0% 100 1.302 1.234 1.130 1.069 0.480 0.417 0.504 0.434 0.847 0.780 0.406 0.345 0.999 0.934

250 0.914 0.859 0.866 0.808 0.344 0.293 0.347 0.290 0.477 0.420 0.259 0.206 0.596 0.538

500 0.572 0.522 0.551 0.504 0.298 0.256 0.309 0.266 0.344 0.296 0.236 0.193 0.394 0.345

1000 0.424 0.387 0.423 0.389 0.248 0.218 0.223 0.189 0.238 0.205 0.181 0.147 0.231 0.198

2000 0.216 0.187 0.191 0.163 0.162 0.141 0.177 0.150 0.192 0.171 0.119 0.094 0.190 0.170

4000 0.129 0.114 0.120 0.105 0.133 0.118 0.128 0.110 0.123 0.106 0.089 0.070 0.114 0.097

25% 100 1.468 1.423 1.290 1.246 0.675 0.608 0.664 0.623 1.042 0.934 0.557 0.496 1.162 1.133

250 1.062 0.979 0.978 0.911 0.481 0.427 0.490 0.431 0.623 0.534 0.361 0.330 0.722 0.670

500 0.664 0.613 0.635 0.600 0.378 0.349 0.391 0.354 0.439 0.388 0.319 0.287 0.481 0.442

1000 0.492 0.463 0.499 0.463 0.309 0.284 0.295 0.260 0.307 0.281 0.244 0.208 0.305 0.269

2000 0.263 0.232 0.231 0.217 0.218 0.192 0.219 0.190 0.244 0.217 0.160 0.142 0.238 0.223

4000 0.159 0.153 0.144 0.145 0.169 0.149 0.166 0.144 0.159 0.140 0.120 0.101 0.143 0.135

50% 100 1.647 1.597 1.482 1.405 0.848 0.781 0.831 0.778 1.223 1.132 0.751 0.680 1.361 1.331

250 1.206 1.113 1.092 1.040 0.584 0.564 0.633 0.541 0.743 0.664 0.469 0.464 0.828 0.800

500 0.745 0.699 0.731 0.696 0.474 0.449 0.472 0.450 0.528 0.471 0.415 0.374 0.568 0.524

1000 0.567 0.526 0.577 0.524 0.389 0.354 0.366 0.334 0.370 0.343 0.311 0.274 0.365 0.330

2000 0.316 0.285 0.289 0.264 0.277 0.234 0.275 0.237 0.285 0.258 0.205 0.189 0.284 0.268

4000 0.187 0.191 0.183 0.177 0.207 0.169 0.194 0.165 0.184 0.172 0.151 0.128 0.178 0.174

b12 b22 b32 b42 b52 b62 d11

McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE

0% 100 0.186 0.117 0.206 0.144 0.736 0.672 0.696 0.629 0.582 0.520 0.210 0.147 0.885 0.817

250 0.162 0.109 0.164 0.113 0.404 0.346 0.372 0.322 0.357 0.299 0.180 0.123 0.648 0.597

500 0.123 0.074 0.141 0.097 0.259 0.219 0.223 0.174 0.253 0.209 0.148 0.100 0.379 0.332

1000 0.132 0.098 0.106 0.069 0.215 0.178 0.214 0.178 0.206 0.172 0.123 0.089 0.252 0.216

2000 0.113 0.084 0.093 0.072 0.149 0.126 0.164 0.143 0.153 0.128 0.088 0.061 0.160 0.134

4000 0.074 0.056 0.066 0.050 0.121 0.102 0.124 0.107 0.138 0.122 0.073 0.055 0.144 0.126

25% 100 0.372 0.296 0.357 0.328 0.916 0.854 0.890 0.804 0.736 0.719 0.377 0.335 1.049 0.988

250 0.298 0.216 0.280 0.251 0.519 0.493 0.482 0.441 0.479 0.432 0.303 0.256 0.773 0.740

500 0.218 0.159 0.234 0.194 0.341 0.317 0.307 0.267 0.352 0.291 0.244 0.183 0.460 0.417

1000 0.209 0.161 0.167 0.136 0.295 0.248 0.282 0.241 0.267 0.251 0.192 0.161 0.319 0.277

2000 0.160 0.134 0.142 0.131 0.201 0.173 0.210 0.192 0.209 0.173 0.136 0.114 0.206 0.175

4000 0.100 0.087 0.093 0.077 0.146 0.128 0.159 0.135 0.171 0.156 0.094 0.084 0.178 0.162

50% 100 0.553 0.490 0.544 0.513 1.068 1.040 1.083 0.993 0.926 0.871 0.543 0.533 1.203 1.185

250 0.442 0.346 0.400 0.379 0.620 0.609 0.590 0.550 0.580 0.559 0.413 0.359 0.919 0.858

500 0.303 0.256 0.329 0.278 0.422 0.413 0.398 0.358 0.440 0.376 0.326 0.282 0.553 0.505

1000 0.277 0.223 0.237 0.216 0.372 0.316 0.345 0.306 0.342 0.326 0.253 0.221 0.385 0.338

2000 0.204 0.186 0.187 0.191 0.247 0.229 0.267 0.241 0.268 0.221 0.195 0.174 0.247 0.220

4000 0.121 0.115 0.126 0.112 0.185 0.149 0.184 0.167 0.191 0.179 0.119 0.116 0.217 0.187

6.3. Pima Indians diabetes data. Diabetes mellitus constitutes a chronic
metabolic condition, diagnosable via sustained hyperglycemia exceeding 120
mg/dL. This disease is categorized into three primary subtypes: type 1, type
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Table 2. Continue Table 1.

δ22 b11 b21 b31 b41 b51 b61

Missing n McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE

0% 100 0.586 0.525 1.523 1.459 1.688 1.619 0.624 0.556 0.889 0.823 1.336 1.269 0.977 0.916

250 0.422 0.370 0.963 0.911 1.178 1.126 0.355 0.301 0.459 0.403 0.939 0.881 0.646 0.594

500 0.303 0.261 0.703 0.655 0.821 0.777 0.221 0.180 0.345 0.299 0.603 0.553 0.479 0.436

1000 0.237 0.201 0.372 0.334 0.525 0.486 0.156 0.118 0.190 0.160 0.360 0.323 0.255 0.224

2000 0.192 0.170 0.338 0.318 0.380 0.359 0.127 0.103 0.134 0.106 0.259 0.238 0.215 0.193

4000 0.136 0.118 0.234 0.217 0.259 0.242 0.105 0.086 0.103 0.086 0.189 0.174 0.142 0.126

25% 100 0.759 0.711 1.699 1.622 1.882 1.791 0.803 0.749 1.065 1.005 1.491 1.465 1.164 1.102

250 0.561 0.478 1.080 1.033 1.292 1.235 0.469 0.419 0.578 0.540 1.063 0.984 0.755 0.717

500 0.388 0.360 0.798 0.746 0.910 0.873 0.320 0.266 0.427 0.385 0.698 0.650 0.578 0.529

1000 0.307 0.274 0.450 0.394 0.591 0.563 0.232 0.198 0.262 0.235 0.427 0.386 0.321 0.299

2000 0.242 0.215 0.382 0.368 0.426 0.403 0.183 0.156 0.179 0.165 0.299 0.279 0.258 0.247

4000 0.172 0.155 0.254 0.246 0.283 0.278 0.129 0.108 0.133 0.108 0.209 0.196 0.168 0.159

50% 100 0.915 0.905 1.881 1.810 2.049 1.947 0.979 0.930 1.255 1.191 1.656 1.635 1.332 1.295

250 0.664 0.600 1.224 1.176 1.441 1.371 0.598 0.562 0.696 0.650 1.170 1.107 0.879 0.829

500 0.469 0.449 0.895 0.835 1.003 0.958 0.409 0.346 0.510 0.468 0.792 0.742 0.677 0.629

1000 0.379 0.354 0.518 0.472 0.654 0.637 0.308 0.267 0.329 0.298 0.488 0.447 0.399 0.362

2000 0.294 0.269 0.428 0.414 0.468 0.446 0.232 0.201 0.223 0.207 0.359 0.325 0.309 0.299

4000 0.206 0.192 0.286 0.283 0.317 0.313 0.156 0.128 0.154 0.144 0.235 0.221 0.196 0.193

d22 d33 d44 d55 d66 ν1 ν2

McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE McSd ASE

0% 100 0.186 0.117 0.206 0.144 0.736 0.672 0.696 0.629 0.582 0.520 0.210 0.147 0.885 0.817

250 0.162 0.109 0.164 0.113 0.404 0.346 0.372 0.322 0.357 0.299 0.180 0.123 0.648 0.597

500 0.123 0.074 0.141 0.097 0.259 0.219 0.223 0.174 0.253 0.209 0.148 0.100 0.379 0.332

1000 0.132 0.098 0.106 0.069 0.215 0.178 0.214 0.178 0.206 0.172 0.123 0.089 0.252 0.216

2000 0.113 0.084 0.093 0.072 0.149 0.126 0.164 0.143 0.153 0.128 0.088 0.061 0.160 0.134

4000 0.074 0.056 0.066 0.050 0.121 0.102 0.124 0.107 0.138 0.122 0.073 0.055 0.144 0.126

25% 100 0.372 0.296 0.357 0.328 0.916 0.854 0.890 0.804 0.736 0.719 0.377 0.335 1.049 0.988

250 0.298 0.216 0.280 0.251 0.519 0.493 0.482 0.441 0.479 0.432 0.303 0.256 0.773 0.740

500 0.218 0.159 0.234 0.194 0.341 0.317 0.307 0.267 0.352 0.291 0.244 0.183 0.460 0.417

1000 0.209 0.161 0.167 0.136 0.295 0.248 0.282 0.241 0.267 0.251 0.192 0.161 0.319 0.277

2000 0.160 0.134 0.142 0.131 0.201 0.173 0.210 0.192 0.209 0.173 0.136 0.114 0.206 0.175

4000 0.100 0.087 0.093 0.077 0.146 0.128 0.159 0.135 0.171 0.156 0.094 0.084 0.178 0.162

50% 100 0.553 0.490 0.544 0.513 1.068 1.040 1.083 0.993 0.926 0.871 0.543 0.533 1.203 1.185

250 0.442 0.346 0.400 0.379 0.620 0.609 0.590 0.550 0.580 0.559 0.413 0.359 0.919 0.858

500 0.303 0.256 0.329 0.278 0.422 0.413 0.398 0.358 0.440 0.376 0.326 0.282 0.553 0.505

1000 0.277 0.223 0.237 0.216 0.372 0.316 0.345 0.306 0.342 0.326 0.253 0.221 0.385 0.338

2000 0.204 0.186 0.187 0.191 0.247 0.229 0.267 0.241 0.268 0.221 0.195 0.174 0.247 0.220

4000 0.121 0.115 0.126 0.112 0.185 0.149 0.184 0.167 0.191 0.179 0.119 0.116 0.217 0.187

2, and gestational diabetes. In type 1 diabetes, pancreatic beta cell destruction
eliminates the body’s capacity to produce insulin. An autoimmune disease may
underlie this type of diabetes, mandating insulin injections to compensate for
the patient’s insufficient insulin production. With type 2 diabetes, inadequate
cellular response to insulin prevents the effective reduction of blood glucose by
the secreted insulin. Type 2 diabetes development is substantially influenced
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Figure 4. The BIC values of the fitted uCSNFA, rSTFA,
rSNFA, uSNFA, and FA models to simulated two scenario t-
slice distribution for various values of p and q with ν = 6, 15.

by a combination of genetic inheritance, obesity, and lack of physical activity.
Gestational diabetes constitutes the third type, affecting women specifically.
Gestational diabetes is characterized by hyperglycemia in pregnant individuals
without a pre-existing diabetic condition.
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Table 3. Comparison of factor analysers based on 100 sam-
ples generated from the t-slice factor model, contaminated
with noises and missing observations.

FA rSNFA uSNFA rSTFA uCSNFA

Isolation 10% 20% 10% 20% 10% 20% 10% 20% 10% 20%

BIC 6026.75 5118.01 5827.01 4891.08 5816.68 4880.39 5801.09 4855.78 5788.73 4840.22

ν = 6 TPR 0.728 0.670 0.715 0.683 0.748 0.697 0.751 0.710 0.767 0.717
FPR 0.280 0.301 0.285 0.301 0.281 0.295 0.268 0.295 0.262 0.293

Freq.1 83 81 86 87 91 92 96 96 98 97

Freq.2 0 0 0 0 3 1 8 11 89 88

BIC 5782.59 5017.51 5732.03 4954.29 5721.45 4943.21 5711.06 4928.02 5697.59 4912.6

ν = 15 TPR 0.655 0.623 0.673 0.640 0.695 0.655 0.717 0.675 0.726 0.675

FPR 0.344 0.371 0.336 0.361 0.330 0.360 0.315 0.348 0.310 0.343

Freq.1 80 79 82 84 88 87 90 91 97 98

Freq.2 0 0 0 0 0 0 6 8 94 92

We analyse the Pima Indian women data to illustrate the proposed method.
The dataset comprises p = 8 ( X1 : Number of times pregnant, X2 : Plasma
glucose concentration, X3 : Diastolic blood pressure (mmHg), X4 : Triceps
skin fold thickness (mm), X5 : 2-hour serum insulin, X6 : Body mass in-
dex, X7 : Diabetes pedigree function, X8 : Age (years)) measurements re-
lated to female patients who were at least 21 years old of Pima Indian her-
itage and living near Phoenix, Arizona, USA. The data is freely available at
“http : //archive.ics.uci.edu/ml”. Our subsequent analysis is confined to a sub-
set comprising 500 non-diabetic test participants.

Prior to parameter estimation, data standardization is performed to ensure
each attribute exhibits a zero mean and unit variance. Figure 5 presents a
visual representation of the pairwise relationships between these attributes.
The observed data distribution across the plots deviates significantly from an
elliptical form, demonstrating skewness in various directions. Examination
of the density curves along the main diagonal reveals marked asymmetry in
the marginal distribution of each attribute. Positive correlations among all
attributes are indicated by the Pearson correlation coefficients presented in the
upper-triangular matrix except one. A significant positive linear association is
observed between X4 and X6.

The eight attributes are detailed in Table 4, along with their sample skewness
and kurtosis coefficients. Normality is assessed using Jarque and Bera [8] test
statistic, also shown in the table. Analysis of the table shows considerable
asymmetry and kurtosis present in all attributes. Given the reported p-values,
it is concluded that none of the attributes are normally distributed.
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Figure 5. The Pima data are visualized via pairwise scatter
plots; these plots include fitted regression lines (black) and
marginal kernel density estimates.

Table 4. An overview of the Pima data.

Attributes Number of Sample Sample Jarque-Bera
missing values skewness kurtosis (p-value)

X1 0 1.111 3.668 68.236(<0.01)
X2 3 0.653 3.643 56.428(0)
X3 19 0.161 3.973 110.256(0)
X4 139 0.357 2.660 364.789(0)
X5 236 2.499 11.843 279.459(0)
X6 9 0.468 2.983 1102.360(0)
X7 0 2.025 9.048 28.263(0)
X8 0 1.567 4.932 24.361(0)

To facilitate diagnosis, we employed the Wang et al. [25] method to calculate
factor scores derived from an ordinary factor analysis with q = 4 and ∆ = 0.
The bivariate multivariate normal and uCSN distributions fitted contours are
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overlaid on pairwise scatter plots of the estimated factor scores in Figure 6. The
margins also present summary histograms alongside corresponding fitted uni-
variate density functions. Examination of these diagrams reveals considerable
asymmetry and leptokurtosis in the underlying distributions of the estimated
factor scores. We are thus motivated to utilize the uCSN distribution to model
the latent factors. This signifies that heavy-tailed models may perform better
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Figure 6. Scatter plots of factor scores with overlaid contour
lines (multivariate normal (blue lines) and uCSN (red lines)
fits), and marginal distribution histograms/density curves for
Pima data.

than the FA in analysing Pima data. To investigate this outperformance, we
then fit the proposed uCSNFA model to the standardized data by implement-
ing ECM algorithms, exploring different numbers of factors (q, ranging from
1 to 4). To ensure identifiability, the number of factors should adhere to the
inequality (p + q)2 ≥ p + q, as proposed by Lawley and Maxwell (1971). For
comparison purposes, we also fit the rSTFA, rSNFA, uSNFA, and FA models
to the same dataset. All fitting procedures are initialized with the same set
of starting values and terminate either when the relative increase in the log-
likelihood function falls below 10−5 or when the maximum number of iterations
kmax = 5000 is reached.

To identify the optimal values of q we monitor the Bayesian Information
Criterion (BIC) and Akaike information criterion (AIC) scores, defined as
AIC = 2m − 2`max and AIC = m log n − 2`max , where `max is the maxi-
mized log-likelihood value, and m is the number of free parameters. The model
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Table 5. Comparison of maximum likelihood estimation re-
sults on the Pima data.

Model q m `max AIC BIC

FA 1 24 -4865.885 9779.770 9880.921
2 31 -4733.202 9528.404 9659.056
3 37 -4672.183 9418.366 9574.306
4 42 -4664.781 9413.561 9590.575

rSNFA 1 25 -4735.014 9520.028 9625.394
2 33 -4721.152 9508.303 9647.385
3 40 -4531.454 9142.908 9311.492
4 46 -4563.573 9219.146 9413.018

uSNFA 1 25 -4722.034 9494.028 9599.393
2 33 -4689.257 9444.514 9583.596
3 40 -4507.961 9095.922 9264.506
4 46 -4510.746 9113.492 9307.364

rSTFA 1 26 -4674.928 9401.856 9511.435
2 34 -4548.880 9165.760 9309.057
3 41 -4484.036 9050.073 9222.871
4 47 -4463.357 9020.714 9218.801

uCSNFA 1 27 -4659.374 9372.748 9486.542
2 35 -4527.185 9124.370 9271.881
3 42 -4455.867 8995.734 9172.748
4 48 -4431.582 8959.164 9161.465

Table 6. ML estimates obtained from the fitting the uC-
SNFA model with q = 4 to the standard Pima data.

Variable ξ B D

X1 0.0411 -0.5455 0.4021 0.0402 -0.0319 0.4787
(0.0278) (0.0330) (0.0551) (0.0266) (0.0196) (0.0256)

X2 -0.0019 0.4466 0.1358 0.3761 0.4640 0.4725
(0.0009) (0.0608) (0.0383) (0.0419) (0.0462) (0.0348)

X3 -0.0090 0.4927 0.0240 0.0352 0.0808 0.8326
(0.0018) (0.0598) (0.0917) (0.0528) (0.0526) (0.0812)

X4 -0.0201 0.6434 0.4485 0.3093 -0.0794 0.5487
(0.0151) (0.0759) (0.0756) (0.0514) (0.0286) (0.0968)

X5 -0.0354 0.4402 0.2874 0.4667 0.4946 0.1208
(0.0179) (0.0417) (0.0554) (0.0256) (0.0623) (0.0298)

X6 -0.0016 0.7161 0.7828 0.3970 -0.0320 0.0384
(0.0013) (0.0509) (0.0819) (0.0409) (0.0742) (0.0772)

X7 -0.1332 -0.0206 -0.0303 0.7103 0.0409 0.0005
(0.0729) (0.0190) (0.0440) (0.0517) (0.0269) (0.0041)

X8 0.0012 0.7922 0.4674 -0.0676 -0.0556 0.0112
(0.0006) (0.0223) (0.0237) (0.0105) (0.0095) (0.0000)

∆ ν
-4.256 -3.8320 4.5639 4.1258 2.2605 0.3642

(0.4256) (0.8541) (0.5562) (0.6636) (0.1589) (0.0023)

exhibiting a lower AIC or BIC score is superior according to the data. Table
5 presents a comparison of the machine learning estimation results. Analy-
sis of AIC and BIC values indicates that the uCSNFA model (q = 4) is the
most favorable among the models considered. The FA model’s performance
was negatively impacted by its inadequate resilience to asymmetric data and
outliers. Table 6 details the estimated values and standard errors derived from
the selected machine learning model. Analysis of the table reveals that the esti-
mated skewness parameters are significantly high for the three random factors,
thereby indicating non-normality in the latent factors. Upon establishing op-
timal q values through information criteria, the subsequent analysis will focus
on differentiating the uCSNFA model from its competitors. Figure 7 displays
scatter plots of the missing value imputations, and our analysis reveals that the
heavy-tailed models FA and rSTFA produce imputations that are somewhat
alike, while the imputations from the uCSNFA model are markedly dissimilar.
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Figure 7. Comparison of missing value imputations via the
FA model versus rSTFA and uCSNFA models.

The final portion of our analysis of the Pima data involved a focused study of
the outliers, specifically those outliers that the uCSNFA model automatically
detected during its analysis of the data. After prediction of ymj by using (21),
the results of our analysis show that the data points x23, x242, and x334 con-
sistently emerge as outliers based on uCSNFA model, a finding that requires
further investigation. It is also important to note that while both the rSTFA
and uCSNFA models successfully detected outliers, a careful examination re-
vealed some minor inconsistencies in the specific outliers identified by each
model. Consider, as a case in point, data point x242; the uCSNFA model clas-
sifies it as an outlier, but the rSTFA model classifies it as a normal, ordinary
data point. While the rSTFA model designates x334 as an ordinary data point,
the uCSNFA model detects x334 as an anomalous observation, indicating a
difference in the way these two models assess data points.

7. Concluding remarks

We suggest extending the FA model using a uCSN distributions for latent
factors and errors. We introduce uCSNFA, a new family model clustering
approach that’s robust to heavy-tailed data and outliers. Computationally
feasible EM-type algorithms, employing a stochastic representation, are devel-
oped for parameter estimation. Additionally, an information-based approach
is proposed to obtain asymptotic standard errors for the parameter estimates.
Experimental results demonstrate that the proposed uCSNFA model is a robust
candidate for heavy-tailed and outliers data analysis. The results show that
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uCSNFA offers improved outlier detection performance and may outperform
traditional FA, uSNFA and rSTFA models in terms of data calibration.

The methodology discussed in this paper provides a foundation for several
promising future advancements. In addition to the automatic outlier detec-
tion capability of the mixture factor model based on uCSN distribution, a key
remaining challenge is obtaining missing observations. [25] recent work on FA
frameworks, using unrestricted skew normal distributions, offers a solution to
this challenge by addressing asymmetrical, high-dimensional data with missing
values.

Appendix A. Proof of Theorem 2.1

By using pdf of 7 and Theorem 1 in [2], we have

MY (t) =E(exp(t>Y ))

=

∫
Rp
ν2fCFUSN(y; ξ,Σ,∆) + (1− ν2)fCFUSN(y; ξ, ν1Σ,

√
ν1∆)

=ν22s exp{t>ξ +
1

2
t>Ωt}Φs(t

>∆)

+ 2s(1− ν2) exp{t>ξ +
1

2
t>Ωt}Φs(

√
ν1t
>∆).

Appendix B. Proof of Theorem 3.1

Let Yj (j = 1, . . . , n), ξ, Σ and α be a partitioned as

Yj =

[
Y o
j

Y m
j

]
=

[
OjYj
MjYj

]
, ξ =

[
ξoj
ξmj

]
=

[
Ojξ
Mjξ

]
, α =

[
αoj
αmj

]
=

[
Ojα
Mjα

]
,

Σ =

[
Σoo
j Σom

j

Σmo
j Σmm

j

]
=

[
OjΣO

>
j OjΣM

>
j

MjΣO
>
j MjΣM

>
j

]
.

Based on [2], the marginal distribution of the observed component Y o
j is

Y o
j ∼ uCSNpoj

(
ξoj − aναoj1q,Σoo

j ,α
o
j , ν, η

)
, .

Using above and (6), proof of distribution Y o
j |(X̃j , rj) is omitted.

We have

Yj |(X̃j , rj) ∼

 Np
(
ξ + B̃X̃j ,Dj

)
if rj = 1;

Np
(
ξ + B̃X̃j , νDj

)
if rj = 0,

By Theorem 2.5.1 of [1], we can show that

ξm.oj =E(Y m
j | Y o

j , X̃j , rj)

=Mjξ +MjB̃X̃j +MjDO
>
j (OjDO

>
j )−1(OjYj −Ojξ −OjB̃X̃j)

=Mj

[
ξ + B̃X̃j +DO>j (OjDO

>
j )−1Oj(Yj − ξ − B̃X̃j)

]
,
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and

Dmm.o
j =cov(Y m

j | Y o
j , X̃j , rj = 1)

=MjDM
>
j −MjDO

>
j (OjDO

>
j )−1OjDM

>
j

=Mj

(
Ip −DO>j (OjDO

>
j )−1Oj

)
DM>

j .

Thus, Y m
j | (Y o

j , X̃j , rj = 1) ∼ Np−poj (ξ
m.o
j ,Dmm.o

j ). Similar to, we have

Y m
j | (Y o

j , X̃j , rj = 0) ∼ Np−poj (ξ
m.o
j , νDmm.o

j ).

The proofs of distribution X̃ij |(γj , rj) and γj |(rj) are straightforward omitted
based above and [2].

Appendix C. Proof of Theorem 3.2

The stochastic uCSNFA distribution representation allows for a three-level
hierarchical formulation of Equation (14) as follow

Y o
j |(γj , rj) ∼

{
Np
(
ξoj − aναoj1q +αojγj ,Σ

oo
j

)
if rj = 1;

Np
(
ξoj − aναoj1q +αojγj , νΣ

oo
j

)
if rj = 0,

γj |(rj) ∼
{

HNq (0, Iq) if rij = 1;
HNq (0, νIq) if rij = 0,

rj ∼ Ber(1, η).(24)

Combining Theorem 3.2 and (24), the joint distribution for the variables Y o
j

and X̃j is expressed as:[
Y o
j

X̃j

] ∣∣(γj , rj = 1) ∼ Np

([
ξoj − aναoj1q +αojγj

∆(γj − aν1q)

]
,

[
Σoo
j B̃o

j

B̃o>

j Iq

])
.

It is then easy to confirm that

E(X̃j | yoj ,γj , rj = 1) =

= ∆(γj − aν1q) + B̃o>

j Σoo−1

j

(
yoj − ξoj + aνα

o
j1q −αojγj

)
= ∆(γj − aν1q) + B̃o>

j Σoo−1

j

(
yoj − ξoj + aνB̃

o
j∆1q − B̃o

j∆γj

)
= ∆(γj − aν1q) + B̃o>

j Σoo−1

j (yoj − ξoj )− B̃o>

j Σoo−1

j B̃o
j∆(γj − aν1q)

= B̃o>

j Σoo−1

j (yoj − ξoj ) + ∆(γj − aν1q)− B̃o>

j Σoo−1

j B̃o
j∆(γj − aν1q)

= B̃o>

j Σoo−1

j (yoj − ξoj ) + (Iq − B̃o>

j Σoo−1

j B̃o
j ) [∆(γj − aν1q)]

= (Iq − B̃o>

j Σoo−1

j B̃o
j )
{
B̃o>

j Doo−1

j (yoj − ξoj ) + ∆(γj − aν1q)
}

= (Iq + B̃>Coo−1

j B̃)−1
{
B̃o>

j Doo−1

j (yoj − ξoj ) + ∆(γj − aν1q)
}
.(25)
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Moreover, we have the following result:

cov(X̃j | yoj ,γj , rj = 1) =Iq − B̃o>

j Σoo−1

j B̃o
j

=Iq − B̃>O>j Σoo−1

j OjB̃

=(Iq + B̃>O>j D
oo−1

j OjB̃)−1

=(Iq + B̃>Coo
j B̃)−1 = Hoo

j .(26)

Combining (25) and (26) implies X̃ij |(yoj ,γj , rj = 1) ∼ Nq
(
qoj ,H

oo
j

)
. Similar

to, we have X̃ij |(yoj ,γj , rj = 0) ∼ Nq
(
qoj , νH

oo
j

)
.

From (24), it is straightforward to show that

f(yoj ,γj | rj = 1) = f(yoj | γj , rj = 1)f(γj | rj = 1)

= (2π)−p
o
j/2|Σoo

j |−1/2

(
2

π

)q/2
exp
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−1

2
γ>j γj

}
× exp
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−1

2
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o
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o
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}
= (2π)−p

o
j/2|Σoo

j |−1/2

(
2

π

)q/2
exp

{
− 1

2

[
(yoj − ξoj + aνα

o
j1q −αojγj)>

Σoo−1
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o
j1q −αojγj) + γ>j γj

]}
= |Iq −αo

>

j Ωoo
j α

o
j |−1/2

(
2

π

)q/2
exp

{
− 1

2
(γj −αo

>

j Ωoo−1

j (yoj − ξoj ))>(Iq −αo
>

j Ωoo−1

j αoj)
−1

× (γj −αo
>

j Ωoo−1

j (yoj − ξoj ))
}

(2π)−p
o
j/2|Ωoo

j |−1/2|

× exp

{
−1

2
(yoj − ξoj + aνα

o
j1q)

>Ωoo−1
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o
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}
=

(
2

π

)− q2
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1
2 exp
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× φpjo
(
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j

)
.

Therefore, the following expression represents the conditional pdf:

f(γj | yoj , rj = 1) =
f(yoj ,γj | rj = 1)

f(yoj | rj = 1)
= φpjo

(
yoj ; ξoj − aναoj1q,Ωoo−1

j

)
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(
2
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>
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=
(2π)−

q
2 |Γooj |−

1
2 exp

{
− 1

2 (γj − aoj)>Γoo
−1

j (γj − aoj))
}

Φq(0;aoj ,Γ
oo
j )

,
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implying that γj |(yoj , rj = 1) ∼ HNs
(
aoj , (Iq −α>j Γooj αj)

)
. Similar to, we have

γj |(yoj , rj = 0) ∼ HNs
(
aoj , ν(Iq −α>j Γooj αj)

)
.

An expression for the conditional probability mass function of rj |yoj is

f(rj = 1 | yoj ) =
f(yoj | rj = 1)f(rj = 1)

f(yoj )

=
ηfuSNpo

j

(
ξoj − aναoj1q,Σoo

j ,α
o
j

)
fuCSNpo

j

(
ξoj − aναoj1q,Σoo

j ,α
o
j , ν, η

) = η̃.

Appendix D. Proof of Corollary 3.3

By using Theorem 3.2, application of the law of iterated expectations pro-
vides

ζj =E(X̃j |yoj , rj) = E(E(X̃j |yoj ,γj , rj) | yoj , rj)

=Hoo
j

{
B̃>D−1(yj − ξ) + ∆(E(γj |yoj , rj)− aν1q)

}
.

Similarly

κj =E(X̃j |yoj , rj) = E(E(X̃j |yoj ,γj , rj)γ>j | yoj , rj) = E(X̃j |yoj , rj)

=E(Hoo
j

{
B̃>D−1(yj − ξ) + ∆(γj − aν1q)

}
γ>j | yoj , rj) = Hoo

j

{
B̃>D−1(yj − ξ)E(γj |yoj , rj) + ∆(E(γjγ

>
j |yoj , rj)− aνE(γj |yoj , rj)1q)

}
,

where γ1j = E(γj |yoj , rj) and γ2j = E(γjγ
>
j |yoj , rj).

Through another application of the law of total expectation, the following is
obtained:

Ψj =E(X̃jX̃
>
j |yoj , rj)

=E
{
cov(X̃j | yoj ,γj , rj) + E(X̃j |yoj ,γj , rj)E(X̃>j |yoj ,γj , rj) | yoj , rj

}
=E

{
Hoo
j +Hoo

j

[
B̃>D−1(yj − ξ) + ∆(E(γj |yoj , rj)− aν1q)

]
[
B̃>D−1(yj − ξ) + ∆(E(γj |yoj , rj)− aν1q)

]>
Hoo
j | yoj , rj

}
=Hoo

j +Hoo
j E

{[
B̃>D−1(yj − ξ) + ∆(E(γj |yoj , rj)− aν1q)

]
[
B̃>D−1(yj − ξ) + ∆(E(γj |yoj , rj)− aν1q)

]>
| yoj , rj

}
Hoo
j{

Iq + ζj(B̃
>D−1(yj − ξ))> + (κj − aνζj1q)∆

}
Hoo
j .
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Appendix E. Proof of Corollary 3.3

Utilizing the properties Yj = O>j Y
o
j +M>

j Y
m
j , O>j Oj(Ip−ΣiS

oo
ij ) = 0 and

O>j Oj +M>
j Mj = Ip, we obtain

E
(
Yj | yoj , rj

)
=E
(
O>j Y

o
j +M>

j Y
m
j | yoj , rj

)
= O>j y

o
j +M>

j E
(
Y m
j | yoj , rj

)
=O>j y

o
j +M>

j E
(
E(Y m

j | yoj , X̃j , rj) | yoj , rj
)

=O>j y
o
j +M>

j E
(
Mj

[
ξj + B̃X̃j +DCoo

j (yj − ξ − B̃X̃j)
]
| yoj , rj

)
=O>j Ojyj +M>

j Mj

[
ξ + B̃ζj +DCoo

j (yj − ξ − B̃ζj)
]

=O>j Ojyj + (Ip −O>j Oj)
[
ξ + B̃ζj +DCoo

j (yj − ξ − B̃ζj)
]

=ξ + B̃ζj +DCoo
j (yj − ξ − B̃ζj) +O>j Oj(Ip −DCoo

j )(yj − ξ − B̃ζj)

=ξ + B̃ζj +DCoo
j (yj − ξ − B̃ζj)

By covariance decomposition formula, we can also derive

E
(
M>

j cov
(
Y m
j | yoj , X̃j , rj

)
Mj

∣∣∣yoj , rj)
= E

(
M>

j Mj

(
Ip −DiC

oo
ij

)
DiM

>
j Mj

∣∣∣yoj , rj)
= (Ip −O>j Oj)

(
Ip −DiC

oo
ij

)
Di(Ip −O>j Oj)

=
{(
Ip −DiC

oo
ij

)
Di(Ip −O>j Oj)−O>j Oj

(
Ip −DiC

oo
ij

)
Di(Ip −O>j Oj)

}
=
(
Ip −DiC

oo
ij

)
Di(Ip −O>j Oj)

=
{(
Ip −DiC

oo
ij

)
Di −

(
Ip −DiC

oo
ij

)
DiO

>
j Oj

}
=
(
Ip −DiC

oo
ij

)
Di

and

cov
(
M>

j E
(
Y m
j | yoj , X̃j , rj

)
Mj

∣∣∣yoj , rj)
= cov

(
M>

j Mj

[
ξj + B̃X̃j +DiC

oo
ij (yj − ξj − B̃X̃j)

]
− B̃X̃j | yoj , rj

)
= cov

(
(Ip −O>j Oj)

[
B̃X̃j −DCoo

j B̃X̃j

]
− B̃X̃j | yoj , rj

)
= cov

(
B̃X̃j −DCoo

j B̃X̃j −O>j Oj(Ip −DCoo
j )B̃X̃j − B̃X̃j | yoj , rj

)
= cov

(
B̃X̃j −DCoo

j B̃X̃j − B̃X̃j | yoj , rj
)

= cov
( [

(Ip −DiC
oo
j )B̃ − B̃

]
X̃j | yoj , rj

)
= (Aoo

j − B̃)(Ψj − ζjζ>j )(Aoo
j − B̃)>
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Therefore, we have

cov(Yj − ξ − B̃X̃j |yoj , rj)

=
(
Ip −DCoo

j

)
D + (Aoo

j − B̃)(Ψj − ζjζ>j )(Aoo
j − B̃)>,
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