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Abstract. In this article, we introduce and study the condition pseu-

dospectrum of bounded linear operator pencils on non-Archimedean Ba-

nach spaces. We obtain a characterization of the condition pseudospec-
trum of bounded linear operator pencils on non-Archimedean Banach

spaces, the relation between the condition pseudospectrum of a bounded

linear operator pencil and the pseudospectrum of this operator pencil
in a non-Archimedean valued field is investigated. Finally, we charac-

terize the essential spectrum of bounded linear operator pencils by non-
Archimedean completely continuous linear operators, and we illustrate

our work with some examples.

Keywords: Non-Archimedean Banach spaces, pseudospectrum, condition

pseudospectrum, operator pencils.

2020 MSC : 47A10, 47S10, 46S10.

1. Introduction

In complex operator theory, L. N. Trefethen and M. Embree [14] developed
the study of pseudospectra of bounded linear operators on complex Banach
spaces. Recently, A. Ammar, A. Jeribi and K. Mahfoudhi [2] demonstrated
several properties on the condition pseudospectrum of bounded linear operator
pencils A−λB when B is not necessarily invertible. Also, they gave some results
concerning the condition pseudospectra of bounded linear operator pencils on
complex Banach spaces.

In non-Archimedean operator theory, A. Ammar et al. [1] initiated the study
of the pseudospectra and the essential pseudospectra of linear operators in non-
Archimedean Banach spaces and in non-Archimedean Hilbert spaces, respec-
tively. In particular, they characterized these pseudospectra. Furthermore, in-
spired by T. Diagana and F. Ramaroson [4], they established a relationship be-
tween the essential pseudospectrum of a closed linear operator and the essential
pseudospectrum of this closed linear operator perturbed by completely contin-
uous linear operators in non-Archimedean Hilbert spaces. Recently, A. Ammar
et al. [3] extended and studied the condition pseudospectra and the essential
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condition pseudospectra of bounded linear operators on non-Archimedean Ba-
nach spaces. On the other hand, J. Ettayb [8] introduced and studied the
structured pseudospectrum and the structured essential pseudospectrum of
closed linear operator pencils on non-Archimedean Banach spaces. The pseu-
dospectra of matrix pencils with entries in a non-Archimedean field were in-
troduced by J. Ettayb [10]. Moreover, J. Ettayb [9] introduced and studied
the structured pseudospectrum and the structured Fredholm pseudospectrum
of bounded linear operator pencils on non-Archimedean Banach spaces. In
particular, he proved several results on the structured pseudospectrum and the
structured Fredholm pseudospectrum of bounded linear operator pencils on
non-Archimedean Banach spaces. Recently, J. Ettayb [7] established that the
essential pseudospectrum of operator pencils is invariant under perturbation
of completely continuous linear operators on a non-Archimedean Banach space
over a spherically complete field K, and he proved a characterization of the
essential pseudospectrum of operator pencils. Furthermore, he introduced and
studied the (n, ε)-pseudospectrum of bounded linear operators and operator
pencils on non-Archimedean Banach spaces.

In [11], J. Ettayb introduced and studied the bounded linear operator pen-
cils, the pseudospectrum and the essential pseudospectrum of bounded linear
operator pencils on non-Archimedean Banach spaces. He proved that the es-
sential pseudospectrum of a bounded linear operator pencil is invariant under
perturbation of compact operators on non-Archimedean Banach spaces over the
field of p-adic numbers Qp. Finally, he gave a characterization of the essential
pseudospectrum of bounded linear operator pencils by means of the spectra of
all perturbed compact operators in non-Archimedean Banach spaces.

The pseudospectra of operators played an important role in non-Archimedean
functional analysis based on the theory of non-Archimedean Banach spaces
which has received a lot of attention due to substantial differences between the
latter and classical cases, see [1, 3–5].

The generalized eigenvalue problem is one of the interesting problems in non-
Archimedean operator theory which played a central role in many parts of non-
Archimedean applied mathematics and physics. For more details, see [9–11].
This work is motivated by many studies on non-Archimedean spectral theory
and perturbation theory of bounded linear operators. For further details, see
[1, 3, 7–11]. Indeed, suppose that X is a non-Archimedean Banach space over
a non-Archimedean field K, A,B : X −→ X are two bounded linear operators,
ε > 0, λ ∈ K and y ∈ X. Consider the operator equation

(1) (A− λB)x = y.

Setting σ(A,B) = {λ ∈ K : A−λB is not invertible in L(X)} and Λε(A,B) =
σ(A,B) ∪ {λ ∈ K : ‖A− λB‖‖(A− λB)−1‖ > ε−1}, we have the following:

(i) If λ 6∈ σ(A,B), then the equation (1) is solvable;
(ii) If λ 6∈ Λε(A,B), then the equation (1) has a stable solution.
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In view of this, the condition spectrum is expected to be a useful tool in the
numerical solution of operator equations.

Throughout this paper, K is a complete non-Archimedean non-trivially val-
ued field with valuation | · |, Qp is the field of p-adic numbers, R+ is the set of
nonnegative real numbers, X is a non-Archimedean Banach space over K and
L(X) denotes the collection of all bounded linear operators on X. Recall that K
is said to be spherically complete if the intersection of every decreasing sequence
of balls is nonempty [4,13]. If A ∈ L(X), then N(A) and R(A) denote the ker-
nel and the range of A, respectively. The set σ(A,B) = {λ ∈ K : A−λB is not
invertible in L(X)} is called the spectrum of the pencil (A,B) of the form
A− λB. The resolvent set ρ(A,B) is given ρ(A,B) = K\σ(A,B).

In this paper, we introduce and study the condition pseudospectrum and the
essential condition pseudospectrum of operator pencils on non-Archimedean
Banach spaces. We characterize the condition pseudospectrum of operator
pencils on non-Archimedean Banach spaces. The relation between the con-
dition pseudospectrum and the pseudospectrum of operator pencils in non-
Archimedean valued fields is given. Finally, we characterize the essential spec-
trum of operator pencils by completely continuous linear operators on non-
Archimedean Banach spaces.

2. Preliminaries

We continue by recalling some preliminaries.

Definition 2.1. [4] A field K is said to be non-Archimedean if it is endowed
with an absolute value | · | : K→ R+ which satisfies the following conditions:

(i) |λ| = 0 if and only if λ = 0;
(ii) For all λ, µ ∈ K, |λµ| = |λ||µ|;

(iii) For each λ, µ ∈ K, |λ+ µ| ≤ max{|λ|, |µ|}.

Definition 2.2. [4] Let X be a vector space over a complete non-Archimedean
field K. A mapping ‖ · ‖ : X → R+ is called a non-Archimedean norm if the
following hold:

(i) For all u ∈ X, ‖u‖ = 0 if and only if u = 0;
(ii) For any u ∈ X and µ ∈ K, ‖µu‖ = |µ|‖u‖;

(iii) For all u, v ∈ X, ‖u+ v‖ ≤ max(‖u‖, ‖v‖).

Definition 2.3. [4] A non-Archimedean normed space in which every Cauchy
sequence is a convergent sequence is called a non-Archimedean Banach space.

Definition 2.4. [7] Let X be a non-Archimedean Banach space over a com-
plete non-Archimedean field K. For a pair (A,B) of operators in L(X), the
spectrum σ(A,B) of a bounded linear operator pencil (A,B) of the form A−λB
is defined by

σ(A,B) = {λ ∈ K : A− λB is not invertible in L(X)}
= {λ ∈ K : 0 ∈ σ(A− λB)}.
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The resolvent set ρ(A,B) of a bounded linear operator pencil (A,B) of the
form A− λB is the complement of σ(A,B) in K given by

ρ(A,B) = {λ ∈ K : Rλ(A,B) = (A− λB)−1 exists in L(X)}.

Rλ(A,B) is called the resolvent of a bounded linear operator pencil (A,B) of
the form A− λB.

Definition 2.5. [7] Let A,B ∈ L(X) and ε > 0. The pseudospectrum
σε(A,B) of a bounded linear operator pencil (A,B) of the form A − λB on
X is given by

σε(A,B) = σ(A,B) ∪ {λ ∈ K : ‖(A− λB)−1‖ > ε−1}.

The pseudoresolvent ρε(A,B) of a bounded linear operator pencil (A,B) of the
form A− λB is defined by

ρε(A,B) = ρ(A,B) ∩ {λ ∈ K : ‖(A− λB)−1‖ ≤ ε−1},

by convention ‖(A− λB)−1‖ =∞ if and only if λ ∈ σ(A,B).

Definition 2.6. [13] Let A ∈ L(X). Then A is said to have finite rank if
dimR(A) is finite.

Definition 2.7. [7] Let A,B ∈ L(X) such that A 6= B and B be a non-null
operator. The essential spectrum σe(A,B) of (A,B) is given by

σe(A,B) = {λ ∈ K : A− λB is not a Fredholm operator of index 0}.

Definition 2.8. [4] Let X be a non-Archimedean Banach space and let A ∈
L(X). Then A is said to be completely continuous if there is a sequence of finite
rank linear operators (An)n∈N such that ‖An −A‖ → 0 as n→∞.

Cc(X) is the collection of all completely continuous operators on X.

Definition 2.9. [12] Let A ∈ L(X). Then A is called a Fredholm operator if
R(A) is closed, α(A) = dimN(A) and β(A) = dim(X/R(A)) are finite. The
collection of all Fredholm operators on X is denoted by Φ(X). Let A ∈ Φ(X),
the index ind(A) of A is defined by ind(A) = α(A)− β(A).

For more details on non-Archimedean Fredholm operators and completely
continuous operators, we refer to [4], [12] and [13]. LetX be a non-Archimedean
Banach space over a spherically complete field K, the following lemmas hold.

Lemma 2.10. [6] If A ∈ L(X), then R(A)⊥ = N(A∗).

Lemma 2.11. [5] If A ∈ Φ(X) and K ∈ Cc(X), then A+K ∈ Φ(X).

Lemma 2.12. [3] If A ∈ Φ(X), then for all K ∈ Cc(X), we have ind(A+K) =
ind(A).

From Lemma 4.11 and Lemma 4.13 of [12], we have the following lemma.
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Lemma 2.13. If x∗1, · · · , x∗n are linearly independent vectors in X∗, then there
are vectors x1, · · · , xn in X such that

(2) x∗j (xk) = δj,k =

{
1 if j = k

0 if j 6= k
1 ≤ j, k ≤ n.

Moreover, if x1, · · · , xn are linearly independent vectors in X, then there are
vectors x∗1, · · · , x∗n in X∗ such that (2) holds.

Theorem 2.14. [13] Let X be a non-Archimedean Banach space over a spher-
ically complete field K. Then for all z ∈ X\{0}, there exists a linear functional
ξ ∈ X∗ such that ξ(z) = 1 and ‖ξ‖ = ‖z‖−1.

3. Condition pseudospectrum of operator pencils on non-
Archimedean spaces

In this section, we define the condition pseudospectra of bounded operator
pencils on non-Archimedean Banach spaces. We have the following definition.

Definition 3.1. Let X be a non-Archimedean Banach space over K, let A,B ∈
L(X) and ε > 0. The condition pseudospectrum of a bounded linear operator
(A,B) of the form A− λB on X is defined by

Λε(A,B) = σ(A,B) ∪ {λ ∈ K : ‖A− λB‖‖(A− λB)−1‖ > ε−1}

by convention ‖A− λB‖‖(A− λB)−1‖ =∞ if and only if λ ∈ σ(A,B).
The pseudoresolvent of a bounded linear operator (A,B) of the form A − λB
is given by

ρ(A,B) ∩ {λ ∈ K : ‖A− λB‖‖(A− λB)−1‖ ≤ ε−1}.

Proposition 3.2. Let X be a non-Archimedean Banach space over K, let
A,B ∈ L(X) and ε > 0. Then

(i) σ(A,B) =
⋂
ε>0

Λε(A,B);

(ii) If 0 < ε1 ≤ ε2, then σ(A,B) ⊂ Λε1(A,B) ⊂ Λε2(A,B).

Proof. (i) By Definition 3.1, we have for all ε > 0, σ(A,B) ⊂ Λε(A,B).

Then σ(A,B) ⊆
⋂
ε>0

Λε(A,B). Conversely, let λ ∈
⋂
ε>0

Λε(A,B). Then

for all ε > 0, λ ∈ Λε(A,B). If λ 6∈ σ(A,B), then λ ∈ {λ ∈ K : ‖A −
λB‖‖(A − λB)−1‖ > ε−1}. Taking the limit as ε → 0+, we get ‖A −
λB‖‖(A− λB)−1‖ =∞. Thus λ ∈ σ(A,B).

(ii) Let 0 < ε1 ≤ ε2 and let λ ∈ Λε1(A,B). Consequently, ‖A− λB‖‖(A−
λB)−1‖ > ε−11 ≥ ε−12 . Hence λ ∈ Λε2(A,B).

�
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Lemma 3.3. Let X be a non-Archimedean Banach space over K, let A,B ∈
L(X) and ε > 0. Then λ ∈ Λε(A,B)\σ(A,B) if and only if there is an element
x ∈ X\{0} such that

‖(A− λB)x‖ < ε‖A− λB‖‖x‖.

Proof. If λ ∈ Λε(A,B) \ σ(A,B), then

‖A− λB‖‖(A− λB)−1‖ > ε−1.

Hence

‖(A− λB)−1‖ > 1

ε‖A− λB‖
.

Moreover

sup
y∈X\{0}

‖(A− λB)−1y‖
‖y‖

>
1

ε‖A− λB‖
.

Then there exists an element y ∈ X\{0} such that ‖(A−λB)−1y‖ > ‖y‖
ε‖A−λB‖ .

Setting x = (A− λB)−1y, we obtain

‖(A− λB)−1(A− λB)x‖ > ‖(A− λB)x‖
ε‖A− λB‖

.

Hence

‖(A− λB)x‖ < ε‖A− λB‖‖x‖.

Conversely, suppose that there is x ∈ X\{0} such that

‖(A− λB)x‖ < ε‖A− λB‖‖x‖.

If λ 6∈ σ(A,B) and x = (A − λB)−1y, then ‖x‖ ≤ ‖(A − λB)−1‖‖y‖. Hence
‖x‖ < ε‖(A− λB)−1‖‖A− λB‖‖x‖. Thus

‖(A− λB)−1‖‖A− λB‖ > 1

ε
.

Consequently, λ ∈ Λε(A,B)\σ(A,B). �

Theorem 3.4. Let X be a non-Archimedean Banach space over K. Let A,B ∈
L(X) be invertible operators and ε > 0. Set k = ‖A−1‖‖A‖‖B−1‖|‖B‖. If
λ ∈ Λε(A

−1, B)\{0}, then 1
λ ∈ Λεk(A,B−1)\{0}.
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Proof. For λ ∈ Λε(A
−1, B)\{0}, we have

1

ε
< ‖A−1 − λB‖‖(A−1 − λB)−1‖

= ‖Bλ
(B−1

λ
−A

)
A−1‖‖λ−1A

(B−1
λ
−A

)−1
B−1‖

≤ |λ|‖A−1‖‖B−1‖‖B‖‖
(B−1

λ
−A

)
‖

×‖
(B−1

λ
−A

)−1
‖|λ|−1‖A‖

= ‖A−1‖‖A‖‖B−1‖|‖B‖‖
(B−1

λ
−A

)
‖

×‖
(B−1

λ
−A

)−1
‖.

Hence, 1
λ ∈ Λεk(A, B−1)\{0}. �

Theorem 3.5. Let X be a non-Archimedean Banach space over K, A,B ∈
L(X), λ ∈ K and ε > 0. If there exists C ∈ L(X) such that ‖C‖ < ε‖A− λB‖
and λ ∈ σ(A+ C,B), then λ ∈ Λε(A,B).

Proof. Suppose that there is an operator C ∈ L(X) such that ‖C‖ < ε‖A−λB‖
and λ ∈ σ(A + C,B). If λ 6∈ Λε(A,B), then λ ∈ ρ(A,B) and ‖A − λB‖‖(A −
λB)−1‖ ≤ ε−1.
Consider D defined on X by

D =

∞∑
n=0

(A− λB)−1
(
− C(A− λB)−1

)n
.

Consequently, D = (A − λB)−1(I + C(A − λB)−1)−1. Hence, for all y ∈ X,
D(I + C(A− λB)−1)y = (A− λB)−1y. Putting x = (A− λB)−1y, we obtain

for all x ∈ X,D(A− λB + C)x = x

and

for each x ∈ X, (A− λB + C)Dx = x.

Then A−λB+C is invertible which is a contradiction. Thus λ ∈ Λε(A,B). �

Now, we characterize the condition pseudospectra Λε(A,B) of the pencil
(A,B) as follows.

Theorem 3.6. Let X be a non-Archimedean Banach space over a spherically
complete field K with ‖X‖ ⊆ |K|, A,B ∈ L(X) and ε > 0. Then

Λε(A,B) =
⋃

C∈Cε(X)

σ(A+ C,B)

where Cε(X) = {C ∈ L(X) : ‖C‖ < ε‖A− λB‖}.
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Proof. Let λ ∈
⋃

C∈Cε(X)

σ(A+C,B). We argue by contradiction. Suppose that

λ ∈ ρ(A,B) and ‖A− λB‖‖(A− λB)−1‖ ≤ ε−1. Consider D defined on X by

D =

∞∑
n=0

(A− λB)−1
(
− C(A− λB)−1

)n
.

Consequently, D = (A − λB)−1(I + C(A − λB)−1)−1. Hence, for all y ∈ X,
D(I + C(A− λB)−1)y = (A− λB)−1y. Putting x = (A− λB)−1y, we deduce
that D(A− λB + C)x = x for all x ∈ X. Moreover

for each x ∈ X, (A− λB + C)Dx = x.

Hence, we conclude that A − λB + C is invertible and D = (A − λB + C)−1.
Conversely, assume that λ ∈ Λε(A,B). If λ ∈ σ(A,B), we may put C = 0. If
λ ∈ Λε(A,B) and λ 6∈ σ(A,B), then by applying Lemma 3.3 and ‖X‖ ⊆ |K|,
there exists x ∈ X\{0} such that ‖x‖ = 1 and ‖(A− λB)x‖ < ε‖A− λB‖.
By Theorem 2.14, there exists ϕ ∈ X∗ such that ϕ(x) = 1 and ‖ϕ‖ = ‖x‖−1 =
1. Consider C defined on X by for all y ∈ X, Cy = −ϕ(y)(A − λB)x. Hence,
‖C‖ < ε‖A − λB‖ and D(C) = X. Thus C is bounded. Moreover for x ∈
X\{0}, (A − λB + C)x = 0. So, A − λB + C is not invertible. Consequently,

λ ∈
⋃

C∈Cε(X)

σ(A+ C,B). �

Example 3.7. Let K = Qp, a, b, c, d ∈ Qp with a 6= b and c 6= d and c, d 6= 0.
If

A =

(
a 0
0 b

)
and

B =

(
c 0
0 d

)
,

we have σ(A,B) = {ac ,
b
d}. Then

‖A− λB‖ = max{|a− λc|, |b− λd|}.
Hence

‖(A− λB)−1‖ = max
{ 1

|a− λc|
,

1

|b− λd|

}
.

Thus

Λε(A,B) = {a
c
,
b

d
} ∪ {λ ∈ Qp :

|a− λc|
|b− λd|

>
1

ε

}
∪ {λ ∈ Qp :

|b− λd|
|a− λc|

>
1

ε

}
.

Example 3.8. If

A =

(
1 1
1 1

)
∈M2(K)

and

B =

(
1 1
0 1

)
∈M2(K),
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we have σ(A,B) = {0, 1}. One can see that

‖A− λB‖ = max{|1− λ|, 1}

and

‖(A− λB)−1‖ = max
{ 1

|λ|
,

1

|λ(1− λ)|

}
.

Then

Λε(A,B) = {0, 1} ∪ {λ ∈ K : max{|1− λ|, 1}max
{ 1

|λ|
,

1

|λ(1− λ)|

}
>

1

ε
}.

Set l∞ = {x = (xi)i∈N ∈ KN : supi∈N |xi| < ∞} and it is equipped with
the norm x = (xi)i∈N ∈ l∞, ‖x‖ = supi∈N |xi|, see [4]. We have the following
examples.

Example 3.9. Suppose that K = Qp. Consider A,B : l∞ −→ l∞ defined by

A(x1, x2, · · · ) = (x1, p
2x2, p

3x3, · · · , pnxn, 0, · · · )

and

B(x1, x2, · · · ) = (x1, x2, · · · , xn, 0, · · · ).
Then Λε(A,B) = σ(A,B) = Qp.

Example 3.10. Suppose that K = Qp and p 6= 2. Consider A,B : l∞ −→ l∞

defined by A(x1, x2, · · · ) = (x2, 0, 0, · · · ) and B(x1, x2, · · · ) = (2x1, x2, x3, · · · ).
Then σ(A,B) = {0} and for λ 6= 0,

(λB −A)−1 = (
x1
2λ

+
x2
2λ2

,
x2
λ
,
x3
λ
, · · · ), ‖(λB −A)−1‖ = max{ 1

|λ|
,

1

|λ|2
}

and

‖λB −A‖ = max{1, |λ|}.
Then

Λε(A,B) = {0} ∪ {λ ∈ Qp : |λ| <
√
ε}.

Example 3.11. Suppose that K = Qp where p 6= 3. If

A =

0 1 0
0 0 0
0 0 0

 ∈M2(Qp)

and

B =

3 0 0
0 1 0
0 0 1

 ∈M2(Qp),

we have σ(A,B) = {0}. One can see that for λ 6= 0,

(λB −A)−1 =

 1
3λ

1
3λ2 0

0 1
λ 0

0 0 1
λ

 .
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Then
‖A− λB‖ = max{1, |λ|}

and

‖(A− λB)−1‖ = max
{ 1

|λ|
,

1

|λ|2
}
.

Consequently
Λε(A,B) = {0} ∪ {λ ∈ Qp : |λ| <

√
ε}.

Proposition 3.12. Let X be a non-Archimedean Banach space over K, A,B ∈
L(X), λ ∈ K such that ‖A− λB‖ 6= 0 and ε > 0. Then

(i) λ ∈ Λε(A,B) if and only if λ ∈ σε‖A−λB‖(A,B).
(ii) λ ∈ σε(A,B) if and only if λ ∈ Λ ε

‖A−λB‖
(A,B).

Proof.
(i) Let λ ∈ Λε(A,B). Then λ ∈ σ(A,B) and ‖A − λB‖‖(A − λB)−1‖ >
ε−1. Hence λ ∈ σ(A,B) and ‖(A − λB)−1‖ > 1

ε‖A−λB‖ . Consequently λ ∈
σε‖A−λB‖(A,B). The converse is similar.

(ii) Let λ ∈ σε(A,B). Then λ ∈ σ(A,B) and ‖(A− λB)−1‖ > ε−1. Thus

λ ∈ σ(A,B) and ‖A− λB‖‖(A− λB)−1‖ > ‖A− λB‖
ε

.

Then λ ∈ σ ε
‖A−λB‖

(A,B). The converse is similar. �

Proposition 3.13. Let X be a non-Archimedean Banach space over K, A,B ∈
L(X) and ε > 0. If α, β ∈ K with β 6= 0, then Λε(βA+αB,B) = α+βΛε(A,B).

Proof. Let λ ∈ Λε(βA+ αB,B) and β 6= 0. Then λ ∈ σ(βA+ αB,B) and

1

ε
< ‖βA+ αB − λB‖‖(βA+ αB − λB)−1‖

= ‖
(
A− λ− α

β
B
)
‖‖
(
A− λ− α

β
B
)−1
‖.

Hence λ−α
β ∈ Λε(A,B). Then λ ∈ α+βΛε(A,B). However, the opposite inclu-

sion follows by symmetry. �

Proposition 3.14. Let X be a non-Archimedean Banach space over K, A,B ∈
L(X) such that AB = BA and B−1 ∈ L(X) and ε > 0. Then

Λ ε

‖B‖‖B−1‖
(B−1A, I) ⊂ Λε(A,B).

Proof. If λ ∈ Λ ε

‖B‖‖B−1‖
(B−1A, I), then

‖B‖‖B−1‖
ε

< ‖B−1A− λI‖‖(B−1A− λI)−1‖

= ‖B−1
(
A− λB

)
‖‖
(
A− λB

)−1
B‖

≤
(
‖B‖‖B−1‖

)
‖
(
A− λB

)
‖‖
(
A− λB

)−1
‖.
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Thus λ ∈ Λε(A,B). Consequently Λ ε

‖B‖‖B−1‖
(B−1A, I) ⊂ Λε(A,B). �

Theorem 3.15. Let X be a non-Archimedean Banach space over K, A,B,C, U ∈
L(X) such that UB = BU and there is U−1. If C = U−1AU, then for all ε > 0,
k = ‖U−1‖‖U‖, we have

Λ ε
k2

(C,B) ⊆ Λε(A,B) ⊆ Λk2ε(C,B).

Proof. Let λ ∈ Λ ε
k2

(C,B), then λ ∈ σ(C,B)
(

= σ(A,B)
)

and

k2

ε
< ‖C − λB‖‖(C − λB)−1‖ = ‖U−1

(
A− λB

)
U‖‖U−1

(
A− λB

)−1
U‖

≤
(
‖U‖‖U−1‖

)2
‖
(
A− λB

)
‖‖
(
A− λB

)−1
‖

≤ k2‖
(
A− λB

)
‖‖
(
A− λB

)−1
‖.

Since k2 > 0, we have λ ∈ Λε(A,B). Hence Λ ε
k2

(C,B) ⊆ Λε(A,B).

Let λ ∈ Λε(A,B). Then λ ∈ σ(C,B)
(

= σ(A,B)
)

and

1

ε
< ‖A− λB‖‖(A− λB)−1‖ = ‖U

(
C − λB

)
U−1‖‖U

(
C − λB

)−1
U−1‖

≤
(
‖U‖‖U−1‖

)2
‖
(
C − λB

)
‖‖
(
C − λB

)−1
‖

≤ k2‖
(
C − λB

)
‖‖
(
C − λB

)−1
‖.

Hence λ ∈ Λk2ε(C,B). Consequently Λε(A,B) ⊆ Λk2ε(C,B). �

Set Eω = {x = (xi)i∈N : ∀i ∈ N, xi ∈ K and limi→∞ |ωi|
1
2 |xi| = 0} and it is

equipped with the norm x = (xi)i∈N ∈ Eω, ‖x‖ = supi∈N(|ωi|
1
2 |xi|), see [4]. We

have the following example.

Example 3.16. Let A,B ∈ L(Eω) be two diagonal operators such that for each
i ∈ N, Aei = aiei, Bei = biei where (ai)i∈N, (bi)i∈N ⊂ K with sup

i∈N
|ai|, sup

i∈N
|bi| <

∞ and for all i ∈ K, b−1i 6= 0, sup
i∈N
|bi|−1 is finite and lim

i→∞
|bi|−1 6= 0. One can

see that

σ(A,B) = {ai
bi

: i ∈ N}.

For all λ ∈ ρ(A,B), we have

‖(A− λB)−1‖ = sup
i∈N

‖(A− λB)−1ei‖
‖ei‖

= sup
i∈N

∣∣∣∣ 1

ai − λbi

∣∣∣∣ =
1

inf
i∈N
|ai − λbi|
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and ‖A− λB‖ = sup
i∈N
|ai − λbi|. Hence

{
λ ∈ K : ‖A−λB‖‖(A−λB)−1‖ > 1

ε

}
=

{
λ ∈ ρ(A,B) :

sup
i∈N
|ai − λbi|

inf
i∈N
|ai − λbi|

>
1

ε

}
.

Consequently

σε(A,B) = {ai
bi

: i ∈ N} ∪ {λ ∈ ρ(A,B) : inf
i∈N
|ai − λbi| < ε}

and

Λε(A,B) = {ai
bi

: i ∈ N} ∪
{
λ ∈ ρ(A,B) :

sup
i∈N
|ai − λbi|

inf
i∈N
|ai − λbi|

>
1

ε

}
.

Now, we characterize the essential spectrum σe(A,B) of (A,B) in K.

Theorem 3.17. Let X be a non-Archimedean Banach space over a spherically
complete field K. Let A,B ∈ L(X) such that A∗, B∗ exist. Then

σe(A,B) =
⋂

K∈Cc(X)

σ(A+K,B).

Proof. If λ 6∈
⋂

K∈Cc(X)

σ(A + K,B), then there is K ∈ Cc(X) such that λ ∈

ρ(A+K,B). Hence

A+K − λB ∈ Φ(X)

and

ind(A+K − λB) = 0.

Moreover

A− λB = A+K − λB −K.
Since K ∈ Cc(X), applying Lemmas 2.11 and 2.12, we obtain

A− λB ∈ Φ(X)

and

ind(A− λB) = 0.

Thus λ 6∈ σe(A,B). Consequently

σe(A,B) ⊆
⋂

K∈Cc(X)

σ(A+K,B).

Conversely, let λ ∈ K such that A − λB ∈ Φ(X) and ind(A − λB) = 0. Put
α(A− λB) = β(A− λB) = n. Let {x1, · · · , xn} be a basis for N(A− λB) and
{y∗1 , · · · , y∗n} be a basis for R(A−λB)⊥. By Lemma 2.13, there are functionals
x∗1, · · · , x∗n in X∗

(
X∗ is the dual space of X

)
and elements y1, · · · , yn in X

such that

x∗j (xk) = δj,k and y
∗
j (yk) = δj,k, 1 ≤ j, k ≤ n,
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where δj,k = 0 if j 6= k and δj,k = 1 if j = k. Consider K defined on X by

K : X → X

x 7→
n∑
i=1

x∗i (x)yi.

One can see that K is linear and D(K) = X. In fact for all x ∈ X,

‖Kx‖ = ‖
n∑
i=1

x∗i (x)yi‖

≤ max
1≤i≤n

‖x∗i (x)yi‖

≤ max
1≤i≤n

(‖x∗i ‖‖yi‖)‖x‖.

Hence K is a finite rank operator. Thus K is completely continuous. We
demonstrate that

(3) N(A− λB) ∩N(K) = {0}

and

(4) R(A− λB) ∩R(K) = {0}.

Let x ∈ N(A− λB) ∩N(K). Hence

x =

n∑
i=1

αixi with α1, · · · , αn ∈ K.

Then for all 1 ≤ j ≤ n, x∗j (x) =

n∑
i=1

αiδi,j = αj . If x ∈ N(K), then Kx = 0.

Hence
n∑
j=1

x∗j (x)yj = 0.

Therefore for all 1 ≤ j ≤ n, x∗j (x) = 0. Hence x = 0. Consequently

N(A− λB) ∩N(K) = {0}.

Let y ∈ R(A−λB)∩R(K). Then y ∈ R(A−λB) and y ∈ R(K). Let y ∈ R(K).
We have

y =

n∑
i=1

αiyi with α1 · · ·αn ∈ K.

Then for each 1 ≤ j ≤ n, y∗j (y) =

n∑
i=1

αiδi,j = αj . Now, if y ∈ R(A−λB), then

for all 1 ≤ j ≤ n, y∗j (y) = 0. Thus y = 0. Therefore

R(A− λB) ∩R(K) = 0.
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On the other hand, K ∈ Cc(X). Hence we deduce from Lemma 2.11 that
A− λB +K ∈ Φ(X) and ind(A+K − λB) = 0. Thus

(5) α(A+K − λB) = β(A+K − λB).

If x ∈ N(A + K − λB), then (A − λB)x = −Kx in R(A − λB) ∩ R(K). It
follows from (4) that (A − λB)x = −Kx = 0. Hence x ∈ N(A − λB) ∩N(K)
and from (3), we have x = 0. Thus α(A+K−λB) = 0. It follows from (5) that
R(A+K − λB) = X. Consequently A− λB +K is invertible and we conclude

that λ 6∈
⋂

K∈Cc(X)

σ(A+K,B). �

We finish with the following example.

Example 3.18. Suppose that K = Qp. Consider A,B : l∞ −→ l∞ defined by
A(x1, x2, · · · ) = (x1, x2, · · · ) and B(x1, x2, · · · ) = (x2, x3, · · · , xn, 0, · · · ). Then

σe(A,B) = σ(A,B) = ∅.

Consequently, for any K ∈ Cc(l∞), we have⋂
K∈Cc(X)

σ(A+K,B) = ∅.

4. Conclusion

In this article, we introduced and studied the condition pseudospectrum of
continuous linear operator pencils on non-Archimedean Banach spaces. We
established several results on the condition pseudospectra of operator pencils.
In addition, we provided several illustrative examples.

In the future, we will study the condition pseudospectrum and the essential
condition pseudospectrum of closed, densely defined linear operator pencils on
non-Archimedean Banach spaces.

References

[1] Ammar, A., Bouchekoua, A., & Jeribi, A. (2019). Pseudospectra in a non-Archimedean
Banach space and essential pseudospectra in Eω . Filomat, 33(12), 3961-3975.
https://doi.org/10.2298/FIL1912961A.

[2] Ammar, A., Jeribi, A., & Mahfoudhi, K. (2021). The condition pseudospectrum
of a operator pencil. Asian-European Journal of Mathematics, 14(04), 2150057.

https://doi.org/10.1142/S1793557120501004.
[3] Ammar, A., Bouchekoua, A., & Lazrag, N. (2022). The condition ε-pseudospectra on

non-Archimedean Banach space. Boletin de la Sociedad Matemática Mexicana, 28(2),
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