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Abstract. In this paper, we define complex (p, q)−extension α−Chebyshev

differential equations on |x| ≤ 1. Our consideration is focused on deter-
mining properties of generalized α−Chebyshev polynomials of the first,

second, third and Fourth kind, sparking interest in constructing a the-

ory similar to the classic8al one and complex (p, q)−extension Chebyshev
polynomials. We solve the complex (p, q)−extension α−Chebyshev dif-

ferential equations on |x| ≤ 1.
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1. Introduction

Chebyshev polynomials appear in many areas of mathematics. In recent
years, this interest has often arisen from outside the subject of orthogonal
polynomials, after their connection with the class of analytic functions. We
define (p, q)−extension α−Chebyshev polynomials, and we obtain some results
on them. These polynomials are extension of q−Chebyshev polynomials and
complex (p, q)−extension Chebyshev.

In the following table, we have α−Chebyshev polynomials on |x| ≤ 1, where
x = cosθ (see [3, 8]).

Kinds α− Chebyshev functions
F irst−Kind Tαn (x) = cos (n+ α)θ

Second−Kind Uαn (x) = sin(n+1−α)(θ)
sin(θ)

Third−Kind V αn (x) = cos(n+α)(θ)
cos(θ)

Fourth Kind Wα
n (x) = sin (n+ α)θ

We define complex (p, q)−extension α−Chebyshev polynomials onD = {z : |z| <
1} (see [1, 7, 9]).

� hmazaheri@yazd.ac.ir, ORCID: 0009-0001-8169-5655

https://doi.org/10.22103/jmmr.2025.25313.1803 © the Author(s)

Publisher: Shahid Bahonar University of Kerman
How to cite: S. Shojaeian, H. Mazaheri, T.S. Jesmani, Some results on complex

(p, q)−extension α−Chebyshev differential equation for |x| ≤ 1, J. Mahani Math. Res.

2026; 15(2): 105-114.

105

https://orcid.org/0009-0005-6663-4917
https://orcid.org/0009-0001-8169-5655
mailto:hmazaheri@yazd.ac.ir
https://orcid.org/0009-0000-8843-9429
https://doi.org/10.22103/jmmr.2025.25313.1803


106 S. Shojaeian, H. Mazaheri, T.S. Jesmani

Definition 1.1. For x = cos θ, θ ∈ [0, 2π] n = 0, 1, 2, 3, . . . and p, q ∈ (−1, 1]

Kinds (p, q)− extension α− Chebyshev polynomials
F irst−Kind Tαn (p, q, θ) = 1

2 (p(n+α)ei(n+α)θ + q(n+α)e−i(n+α)θ)

Second−Kind Uαn (p, q, θ) = pn+α+1ei(n+α+1)θ−qn+α+1e−i(n+α+1)θ

peiθ−qe−iθ

Third−Kind V αn (p, q, θ) = pn+α+1
2 ei(n+α+1

2
)θ+qn+α+1

2 e−i(n+α+1
2
)θ

p
1
2 e

i
2
θ+q

1
2 e−

i
2
θ

Fourth−Kind Wα
n (p, q, θ) = pn+α+1

2 ei(n+α+1
2
)θ−qn+α+1

2 e−i(n+α+1
2
)θ

p
1
2 e

i
2
θ−q

1
2 e−

i
2
θ

.

Since (secθ+tgθ)(secθ−tgθ) = 1, if α = 1
2 ( It is said that pseudo Chebyshev.

We can write some statements of T
1
2
n (x), U

1
2
n (x), V

1
2
n (x),W

1
2
n (x) for |x| ≥ 1. then

T
1
2
0 (x) = (secθ+tgθ)

1
2 +(secθ−tgθ)

1
2

2 = A
1
2 ,

T
1
2
1 (x) = (secθ+tgθ)1+α+(secθ−tgθ)1+α

2 = A
1
2 (2secθ − 1) = A

1
2 (2x− 1),

T
1
2
n (x) = A

1
2 ((secθ + tgθ)n + (secθ − tgθ)n)−An− 1

2 ,

,


U

1
2
0 (x) = (secθ+tgθ)0+

1
2
+1−(secθ−tgθ)0+

1
2
+1

2tgθ = B
1
2 ,

U
1
2
1 (x) = (secθ+tgθ)1+α+1−(secθ−tgθ)1+α+1

2tgθ = B
1
2 (2secθ + 1) = B

1
2 (2x+ 1),

U
1
2
n (x) = B

1
2 ((secθ + tgθ)n + (secθ − tgθ)n) +Bn−

1
2 ,

V
1
2
0 (x) = (secθ+tgθ)0+

1
2
+ 1

2−(secθ−tgθ)0+
1
2
+ 1

2

(secθ+tgθ)
1
2 +(secθ−tgθ)

1
2

= C
1
2 ,

228V
1
2
1 (x) = (secθ+tgθ)1+α+1

2−(secθ−tgθ)1+
1
2
+ 1

2

(secθ+tgθ)
1
2 +(secθ−tgθ)

1
2

= C
1
2 (2secθ − 1) = C

1
2 (2x− 1),

V
1
2
n (x) = C

1
2 ((secθ + tgθ)n + (secθ − tgθ)n) + Cn−

1
2 ,

,
W

1
2
0 (x) = (secθ+tgθ)0+

1
2
+ 1

2−(secθ−tgθ)0+
1
2
+ 1

2

(secθ+tgθ)
1
2−(secθ−tgθ)

1
2

= D
1
2

W
1
2
1 (x) = (secθ+tgθ)1+α+1

2−(secθ−tgθ)1+
1
2
+ 1

2

(secθ+tgθ)
1
2−(secθ−tgθ)

1
2

= D
1
2 (2secθ + 1) = D

1
2 (2x+ 1)

W
1
2
n (x) = D

1
2 ((secθ + tgθ)n + (secθ − tgθ)n) +Dn− 1

2 .

.

Note that in the following results, we need condition p, q ∈ (−1, 1] and
pq = 1.

Remark 1.2. The trigonometric polynomials Tαn (p; q; θ), Uαn (p; q; θ), V αn (p; q; θ)
and Wnα(p; q; θ) satisfy the three-term recurrence relations for n ≥ 0

( i) Tαn+2(p; q; θ)) = (peiθ + qe−iθ)Tαn+1(p, q; θ)− pqTαn (p; q; θ),

Tα0 (p; q; θ) = 1
2 (pi(α)e(α)θ + q(α)e−i(α)θ)

and
Tα1 (p; q; θ) = 1

2 (pi(1+α)e(1+α)θ + q(1+α)e−i(1+α)θ),

( ii) Uαn+2(p; q; θ)) = (peiθ + qe−iθ)Uαn+1(p; q; θ)− pqUαn (p; q; eiθ),

Uα0 (p; q; θ) = pαeiαθ + qαe−iαθ

and
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Uα1 (p; q; θ) = pα+1ei(α+1)θ + qα+1e−i(α+1)θ,

( iii)

V αn+2(p; q; θ)) = (peiθ + qe−iθ)V αn+1(p; q; θ)− pqV αn (p; q; θ),

V α0 (p; q; iθ) = pαeiαθ + qαe−iαθ − pα− 1
2 ei(α−

1
2 )θ − qα− 1

2 e−i(α−
1
2 )θ

and
V α1 (p; q; θ) = pαeiαθ + qαe−iαθ − pα− 3

2 ei(α−
3
2 )θ − qα− 3

2 e−i(α−
3
2 )θ,

( iv)

Wα
n+2(p; q; θ)) = (peiθ + qe−iθ)Wα

n+1(p; q; θ)− pqWα
n (p; q; θ),

Wα
0 (p; q; θ) = pαeiαθ − qαe−iαθ − pα− 1

2 ei(α−
1
2 )θ + qα−

1
2 e−i(α−

1
2 )θ

and
Wα

1 (p; q; θ) = pαeiαθ−qαe−iαθ−pα− 3
2 ei(α−

3
2 )θ+qα−

1
2 e−i(α−

1
2 )θpαeiαθ−qαe−iαθ−

pα−
3
2 ei(α−

3
2 )θ + qα−

1
2 e−i(α−

1
2 )θ.

Proof. (i)

Tαn+2(x) =
1

2
(pn+α+2)ei(n+α+2)θ + q(n+α+2)e−i(n+α+2)θ)

=
1

2
(peiθ + qe−iθ)(pn+α+1ei(n+α+1)θ + q(n+α+1)e−i(n+α+1)θ)

− 1

2
pq(pn+αei(n+α)θ + qn+αe−i(n+α)θ)

= (peiθ + qe−iθ)Tαn+1(q; eiθ)− pqTαn (q; eiθ).

(ii)

Uαn+2(x) =
pn+α+2ei(n+α+2)θ − qn+α+2e−i(n+α+2)θ

peiθ − qe−iθ

=
1

2
(peiθ + qe−iθ)

(pn+α+1ei(n+α+1)θ − qn+α+1e−i(n+α+1)θ

peiθ − qe−iθ
)

− 1

2
pq
(pn+α+1ei(n+α+1)θ − qn+α+1e−i(n+α+1)θ

peiθ − qe−iθ
)

= (peiθ + qe−iθ)Uαn+1(q; eiθ)− pqUαn (q; eiθ).

(iii) From Remark 1.1

V αn+1(x) = Uαn+1(x)− Uαn (x)

= 2xUαn (x)− Uαn−1(x)− 2xUαn−1(x) + Uαn−2(x)

= 2x[Uαn (x)− Uαn−1(x)]− [Uαn−1(x)− Uαn−2(x)]

= 2xV αn (x)− V αn−1(x).
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(iv) From Remark 1.1

Wα
n+1(x) = Uαn+1(x) + Uαn (x)

= 2xUαn (x)− Uαn−1(x) + 2xUαn−1(x)− Uαn−2(x)

= 2x[Uαn (x) + Uαn−1(x)]− [Uαn−1(x) + Uαn−2(x)]

= 2xWα
n (x)−Wα

n−1(x).

�

Remark 1.3. For x = cosθ, θ ∈ [0, 2π], then the following statements are
satisfying:

(i) Wα
n (p; q; θ) = Uαn (p; q; θ) + Uαn−1(p; q; θ);

(ii) V αn (p; q; θ) = Uαn (p; q; θ)− Uαn−1(p; q; θ);

(iii) Uαn (p; q; θ) = 1
2 (V αn (p; q; θ) +Wα

n (p; q; θ));
(vi) V αn (p; q; θ) + V αn−1(p; q; θ) = 2Tαn (p; q; θ);
(vi) Wα

n (p; q; θ) +Wα
n−1(p; q; θ) = 2Tαn (p; q; θ).

Proof. (i) Since pq = 1

Uαn (p; q; θ)− Uαn−1(p; q; θ)

=
pn+α+1ei(n++α+1)θ − qn+α+1e−i(n+α+1)θ

peiθ − qe−iθ

+
pn+αei(n+α)θ − qn+αe−i(n+α)θ

peiθ − qe−iθ

=
pn+α+1ei(n+α+1)θ − qn+α+1e−i(n+α+1)θ + pnei(n+α)θ − qne−i(n+α)θ

peiθ − qe−iθ

=
(pn+

1
2 ei(n+

1
2 )θ − qn+ 1

2 e−i(n+α+
1
2 )θ)(p

1
2 e

i
2 θ + q

1
2 e−

i
2 θ)

(p
1
2 e

i
2 θ + q

1
2 e−

i
2 θ)(p

1
2 e

i
2 θ − q 1

2 e−
i
2 θ)

=
pn+α+

1
2 ei(n+α+

1
2 )θ − qn+α+ 1

2 e−i(n+
1
2 )θ

p
1
2 e

i
2 θ − q 1

2 e−
i
2 θ

= V αn (p; q; θ).
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(ii) Since pq = 1

Uαn (p; q; θ) + Uαn−1(p; q; θ)

=
pn+α+1ei(n++α+1)θ − qn+α+1e−i(n+α+1)θ

peiθ − qe−iθ

+
pn+αei(n+α)θ − qn+αe−i(n+α)θ

peiθ − qe−iθ

=
pn+α+1ei(n+α+1)θ − qn+α+1e−i(n+α+1)θ + pnei(n+α)θ − qne−i(n+α)θ

peiθ − qe−iθ

=
(pn+

1
2 ei(n+

1
2 )θ − qn+ 1

2 e−i(n+α+
1
2 )θ)(p

1
2 e

i
2 θ + q

1
2 e−

i
2 θ)

(p
1
2 e

i
2 θ + q

1
2 e−

i
2 θ)(p

1
2 e

i
2 θ − q 1

2 e−
i
2 θ)

=
pn+α+

1
2 ei(n+α+

1
2 )θ − qn+α+ 1

2 e−i(n+
1
2 )θ

p
1
2 e

i
2 θ − q 1

2 e−
i
2 θ

= Wα
n (p; q; θ).

(iii) Since pq = 1, from (i), (ii) is trival.
(iv) Since pq = 1,

V αn (p; q; θ) + V αn−1(p; q; θ) =
pn+α+

1
2 ei(n+α+

1
2 )θ + qn+α+

1
2 e−i(n+α+

1
2 )θ

p
1
2 e

i
2 θ + q

1
2 e−

i
2 θ

+
pn+α−

1
2 ei(n+α+

1
2 )θ + qn+α+

1
2 e−i(n+α+

1
2 )θ

p
1
2 e

i
2 θ + q

1
2 e−

i
2 θ

=
(p(n+α)ei(n+α)θ + q(n+α)e−i(n+α)θ)(p

1
2 e

i
2 θ + q

1
2 e−

i
2 θ)

p
1
2 e

i
2 θ + q

1
2 e−

i
2 θ

= pn+αei(n+α)θ + qn+αe−i(n+α)θ

= 2Tαn (p; q; θ).

(v) Since pq = 1

Wα
n (p; q; θ) +Wα

n−1(p; q; θ) =
pn+α+

1
2 ei(n+α+

1
2 )θ − qn+α+ 1

2 e−i(n+α+
1
2 )θ

p
1
2 e

i
2 θ − q 1

2 e−
i
2 θ

+
pn+α−

1
2 ei(n+α−

1
2 )θ − qn+α− 1

2 e−i(n+α+
1
2 )θ

p
1
2 e

i
2 θ + q

1
2 e−

i
2 θ

=
(p(n+α)ei(n+α)θ + q(n+α)e−i(n+α)θ)(p

1
2 e

i
2 θ − q 1

2 e−
i
2 θ)

p
1
2 e

i
2 θ − q 1

2 e−
i
2 θ

= pn+αei(n+α)θ + qn+αe−i(n+α)θ

= 2Tαn (p; q; θ).

�

Lemma 1.4. For n ≥ 1, p, q ∈ (−1, 1] and α > 0 we have:
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(i)

( pn+α+1ei(n+α+1)θ − qn+α+1e−i(n+α+1)θ)

= (peiθ − qe−iθ)(pn+αei(n+α)θ + qn+αe−i(n+α)θ)

+ pq(pn+α−1ei(n+α−1)θ − qn+α−1e−i(n+α−1)θ).

(ii)

( pn+α+
1
2 ei(n+α+

1
2 )θ + qn+α+

1
2 e−i(n+α+

1
2 )θ)

= (p
1
2 e

iθ
2 + q

1
2 e

−iθ
2 )(pn+αei(n+α)θ + qn+αe−i(n+α)θ)

− p
1
2 q

1
2 ((pn+α−

1
2 ei(n+α−

1
2 )θ + qn+α−

1
2 e−i(+α−

1
2 θ).

(iii)

( pn+α+
1
2 ei(n+α+

1
2 )θ − qn+α+ 1

2 e−i(n++α+ 1
2 )θ)

= (p
1
2 e

iθ
2 − q 1

2 e
−iθ
2 )(pn+αei(n+α)θ + qn+αe−i(n+α)θ)

+ p
1
2 q

1
2 ((pn+α−

1
2 ei(n+α−

1
2 )θ − qn+α− 1

2 e−i(n−
1
2 )θ).

Theorem 1.5. The first kind (p, q)−extension α−Chebyshev function for |x| ≤
1 is a solution for the first kind (p, q)−extension α−Chebyshev differential equa-

tion (1− x2)y′′ − xy′ − (n+ α)
2
y = 0.

Proof. i) We show that y = 1
2 (p(n+α)e(n+α)θ + q(n+α)e−i(n+α)θ) is a solution

of (p, q)−extension α− Chebyshev differential equation Chebyshev differential
equation of the first kind (1 − x2)y′′ − xy′ + n2y = 0. This equation can be
converted to a simpler form using the substitution x = cosθ. Indeed, in this
case, we have

y′ =
dy

dx

=
dy

dθ

dθ

dx

=
dy

dθ

1
dx
dθ

=
1

2
(i(n+ α)p(n+α)ei(n+α)θ − i(n+ α)q(n+α)e−i(n+α)θ)

1

− sin θ

= − i(n+ α)(p(n+α)ei(n+α) − q(n+α)e−i(n+α))
2 sin θ

,
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and

y′′ =
d2y

dx2

= − i(n+ α)

2

d

dθ
[
p(n+α)ei(n+α) − q(n+α)e−i(n+α)

sin θ
]
dθ

dx

=
i(n+ α)

2
[
(i(n+ α)p(n+α)ei(n+α)θ + q(n+α)ei(n+α)θ) sin θ

sin3 θ
]

− (p(n+α)ei(n+α) − q(n+α)e−i(n+α))(cos θ

sin3 θ
]

=
i(n+ α)

2
[
i(n+ α)(p(n+α)ei(n+α)θ + q(n+α)e−i(n+α)θ) sin θ

sin3 θ
]

− (p(n+α)ei(n+α) − q(n+α)e−i(n+α))(cos θ)

sin3 θ
]

Substituting the expressions of derivatives into the differential equation gives:

( 1− x2)y′′ − xy′ + (n+ α)
2
y

= (sin2θ)
i(n+ α)

2
[
i(n+ α)(p(n+α)ei(n+α)θ + q(n+α)e−(n+α)nθ) sin θ − (p(n+α)ei(n+α)

sin3 θ

− q(n+α)e−i(n+α))(cos θ)

sin3 θ
] + cos θ

i(n+ α)(p(n+α)ei(n+α) − qne−i(n+α))
2 sin θ

+
n2

2
(p(n+α)ei(n+α)θ + q(n+α)e−i(n+α)θ) = 0.

�

2. Complex (p, q)−Extension α−Chebyshev Wavelets differ-
ential equation on |x| ≤ 1

In the section, we consider multi resolution analysis (see [4-6]) (MRA).

Definition 2.1. Multiresolution Analysis: An MRA with scaling function
φ is a collection of closed subspaces {Vj}j∈Z of L2((R), such that

(i) Vj ⊂ Vj+1;
(ii) f(x) ∈ Vj ⇐⇒ f(2x) ∈ Vj+1

(iii) ∪Vj = L2((R),
(iv) ∩Vj = 08
(v) There exists a function φ ∈ V0 such that the collection {φ(x–k) : k ∈ Z}

is a Riesz basis of V0

The sequence of wavelet subspaces Wj of L2(R), are such that Vj⊥Wj , for
all j and Vj+1 = Vj

⊕
Wj . Closure of

⊕
Wj is dense in L2(R) for L2 norm.

Now we state Mallat’s theorem which guarantees that in the presence of an
orthogonal MRA, an orthonormal basis for L2(R) exists. These basis functions
are fundamental in the theory of wavelets which helps us to develop advanced
computational techniques.
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Lemma 2.2. [Mallat’s Theorem] Given an orthogonal MRA with scaling
function φ, there is a wavelet ψ ∈ L2(R) such that for each j ∈ Z, the family
{ψj,k}k∈Z is an orthonormal basis for Wj. Hence the family {ψj,k}k∈Z is an
orthonormal basis for L2(R).

Definition 2.3. Suppose k ∈ N (degree of multiresolution), m ≥ 0, n =
1, 2, · · · , 2k−1. We define:

i) first kind complex (p, q)−extension α−Chebyshev wavelets on [0, L]

Tαn,m(p, q, t) =

√
2k+1

n
Tαm(p; q; ei(

2k

L t−2n+1))χ
[
(n−1)L

2k−1 , nL

2k−1 )
(t).

ii) second kind complex (p, q)−extensionα− Chebyshev wavelets on [0, L]

Uαn,m(p, q, t) =

√
2k+1

n
Uαm(p; q; ei(

2k

L t−2n+1))χ
[
(n−1)L

2k−1 , nL

2k−1 )
(t).

iii) third kind complex (p, q)−extension α−Chebyshev wavelets on [0, L]

V αn,m(p, q, t) =

√
2k+1

n
V αm(p; q; ei(

2k

L t−2n+1))χ
[
(n−1)LL

2k−1 , n

2k−1 )
(t).

iv) fourth kind complex (p, q)−extension α−Chebyshev wavelets on [0, L]

Wα
n,m(p, q, t) =

√
2k+1

n
Wα
m(p; q; ei(

2k

L t−2n+1))χ
[
(n−1)L

2k−1 , nL

2k−1 )
(t).

Theorem 2.4. The first kind (p, q)− extension α−Chebyshev wavelet Tαn,m(p, q, eit)
is a solution of differential equation

(1−(
2k

L
t−2n+1)2)

d2Tαn,m(p, q, t)

dt2
−(

2k

L
t−2n+1))

dTαn,m(p, q, t)

dt
+(n+ α)

2
Tαn,m(p, q, t) = 0.

Proof. If t ∈ ( (n+α−1)L
2k−1 , (n+α)L

2k−1 ) and y = Tαm(x) =
√

n
2k+1T

α
n,m, where x =

2k

L t− 2(n+ α) + 1. Then

(1− x2)y′′ − xy′ + (n+ α)
2
y = 0,
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dTαn,m(p, q, t)

dt
=

√
2k+1

n

dTαm(p, q, t)

dx

dx

dt
.

=
2k

n

√
2k+1

n

dTαm(p, q, eit)

dx
,

dTαm(p, q, t)

dx
=

√
n3

2
3k
2 + 1

2

√
2

π

dTαn,m(p, q, t)

dt

d2Tαn,m(p, q, t)

dt2
= 2

3k
2

√
2

π

d2Tαm(p, q, t)

dx2
dx

dt
.

= 2
5k
2

√
2

π

d2Tαm
dx2

(p, q, eit)

d2Tαm(x)

dx2
=

1

2
5k
2

√
2
π

d2Tαn,m(p, q, t)

dt2

Therefore

(1− (
2k

L
t− 2(n+ α) + 1)2)

1

2
5k
2

√
2
π

d2Tαn,m(p, q, t)

dt2

− (
2k

L
t− 2(n+ α) + 1)

1

2
3k
2

√
2
π

dΨn,m(p, q, t)

dt
+

(n+ α)
2

2
k
2

√
2
π

Tαn,m(p, q, t)

= (1− x2)
d2y

dx2
− xdy

dx
+ (n+ α)

2
y

= 0.

It follows that

(1− (
2k

L
t− 2(n+ α) + 1)2)

d2Tn,m(p, q, t)

dt2
− (

2k

L
t− 2(n+ α) + 1))

dTn,m(p, q, t)

dt

+ (n+ α)
2
Tαn,m(p, q, t) = 0.

�

3. conclusion

In this paper we define complex (p, q)-extension α-Chebyshev polynomials.
If α = 0, it is complex (p, q)-extensiin Chebyshev polynomials. Therefore this
concept is a extension of complex (p, q)-extension of Chebyshev polynomials.
Also, we define (p, q)−extension α− Chebyshev differential equations, and show
all complex (p, q)-extension α-Chebyshev polynomials are solutions of them.
We can write there are these results for |x| ≥ 1.
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