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ABSTRACT. In this paper, we define complex (p, ¢) —extension a—Chebyshev
differential equations on |z| < 1. Our consideration is focused on deter-
mining properties of generalized a—Chebyshev polynomials of the first,
second, third and Fourth kind, sparking interest in constructing a the-
ory similar to the classic8al one and complex (p, ¢) —extension Chebyshev
polynomials. We solve the complex (p, ¢)—extension a—Chebyshev dif-
ferential equations on |z| < 1.
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1. Introduction

Chebyshev polynomials appear in many areas of mathematics. In recent
years, this interest has often arisen from outside the subject of orthogonal
polynomials, after their connection with the class of analytic functions. We
define (p, ¢)—extension a—Chebyshev polynomials, and we obtain some results
on them. These polynomials are extension of g—Chebyshev polynomials and
complex (p, ¢)—extension Chebyshev.

In the following table, we have a—Chebyshev polynomials on |z| < 1, where

= cosf (see [3, 8]).

Kinds a — Chebyshev functions
First — Kind T%(z) = cos (n+ a)b

Second — Kind U%(z) = W
Third — Kind Vo(z) = %

Fourth Kind W(z) = sin (n + «)f

We define complex (p, ¢)—extension a—Chebyshev polynomialson D = {2z : |z| <
1} (see [1, 7, 9]).
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Definition 1.1. For z = cosf, 6 € [0,27] n =0,1,2,3,... and p,q € (—1,1]

Kinds (p, q) — extension o — Chebyshev polynomials
First — Kind | T%(p,q,0) = %(p(”'f‘a)ei(n-&-aw + q(n+a)e—i(n+a)9)

. n+a+lei(n+a+1)9_ n+o¢+16771(n+04+1)0
Second — Kind | U%(p,q,0) =L

Third — Kind | V(p,q,0) =2

pe“’—qe
+a+2€z(n+a+ >9+qn+a+2€—z<n+a+ )6
L 1g

p282 +q2e 2
n+a+%ei(n+a+ )e qn+(x+§ —i(n+a+%)9

1 7 1 7
p2ez?—qze 2°

Fourth — Kind | W%(p,q,0) =

Since (secf+tgh)(secd—tgh) = 1,if a = %( It i 1s said that pseudo Chebyshev.
We can write some statements of Tn% (x), Ué( ), Vi ( )s Wn (z) for |z| > 1. then

S o= ’—"ﬂmp Oﬂm.ﬂ
—
5
=

=
S~—

(.I) _ (secGthge)%JQr(secOftgG)% _ A%,
— (secGthgO)HaJQr(secéftge)Ha _ A%(Qsecﬁ B 1) _ A%(Ql' B 1), 7

= A3 ((secl + tgh)™ + (sechd — tgh)™) — A"—%,

1 1
UO% (x) = (Sec9+t90)0+2+;;,(98659*t99)0+2+1 = B3,
1 1+a+1 1+a+1
UZ (z) = (secf+tg0)'* +2;](Gsec9—tgé) fett B%(28600+ 1) = B%(2x+ 1),
1 1
U2 (x) = B2 ((sech + tgh)™ + (sech — tgh)") + B"" 2,

Nl=

1
V()% (.’[) _ (sec@+tg9)0+2+27(5669 tg0)0+2+2 —-C ’
1
2

(secO+tgh) 3 +(fec€ tgh) 3
1tat5 1+ +3
g ($> (secO+tgh) 2 —(3609 tg6) 3 o C% (28609 _ 1) _ C% (2.’L‘ B 1)7
(secH+tgh) 5 +(secH—tgh) 3

Vi2 (x) = C2 ((sech + tgh)™ + (sectd — tgh)") + C"~z

W (z) = (seco+g0)*" 372 —(seco—tg0)"" 22 _ 13
(sech+tgh) 3 —(secO—tgh) 3

3 sech+tgl +a+1—sec€ tg6)' T2 5+3 1
W o) = e T~ D s +1) = Do+ )

Wn% () = D3 ((sech +tgh)™ + (sech — tgh)™) + Dn—3%
Note that in the following results, we need condition p,q € (—1,1] and
pqg = 1.

Remark 1.2. The trigonometric polynomials T.¥(p; q; 0), U%(p; ¢;0), V.*(p; ¢;0)
and W,a(p; q; 0) satisty the three-term recurrence relations forn >0
(1) Tya(ps ;0)) = (pe’® + qe™ )T (p, 45 0) — paTy3 (pi 4: 0),
T8 (p;¢:0) = 5 (Ve + (e )0)
and
TP (p5 q:0) = 5(p'(1 T eliT0)? 4 gUre)emilite)t),
(i) Ugha (4 0)) = (e + qe= YU 1 (93 65 0) — paUyy (s 4; €”),
U (piq;:0) = p*e®? + q%e~"?
and
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Qe ye _ at+l_i(a+1)0 o+l —i(a+1)8
Ul(paq70)*p 6( ) +q € ( )a

( iii)
Vo (psq;0)) = (pe” + qe ) )V2 1 (pi¢;0) — paVi (ps ¢ 0),

Voa (p; ¢ ’LH) — paeiae + qae—iaQ _ pa—%ei(a—%)é _ qa—%e—i(a—%)a
and
Vla (p7 q; 0) _ paeia9 + qozefioﬁ _ pozf%ei(afi)e _ qafgefi(afg)O

(iv)
W o (i¢;0)) = (pe + qe™ YW1 (05 4;0) — paW (p; ¢;0),

Wooc(p; e 9) — paeia9 _ qae—ia0 _ pa—%ei(a—%w + qa—%e—i(a—%)e

and

V[/l(y(p7 ¢ 9) — paeiae_qae—ioﬂ_pa—%61'(04—%)0_1_(]04—%e—i(a—%)epaeiae_qae—iaé_
pa—%ei(a—%)é T qa—%e i(a—%)a_

Proof. (i)
Thia(x) = 1(119n+0‘+2)ei(”’L"JFQ)e+q(”J”J“rQ)e—i(mrrwrz)9)
1 7 —1 n+ao i(n4o n+o ilnta
= 5(peM—qe 9)(p +atlgi(ntat)o | o (n+at) —i(n+ +1)9)
1 . .
— 5pq(anrozez(n+oz)0_|_anrocefz(n+o£)g)

= (pe” +qe )T 1 (g5 €") — paT5 (q; €”).

n+o¢+26i(n+a+2)9 _ n+a+267i(n+a+2)9

a p q
nt2(®) = pei® — ge—i
_ l(peie N qe_w) (pn+a+1€i(n+a+l)9 _ qn+a+1€—i(n+a+l)9)
2 pel® — ge—1#
1 pn+a+1ei(n+a+1)0 _ qn+a+1e—i(n+a+1)9
a ipq( peif — ge—if )

= (pe" +qe"")UR1(g:€”) — paUy (g ).
(iii) From Remark 1.1
Viri(e) = Upia(e) = Ug(z)
= 22U;(x) = Up_y(2) = 22U, (2) + Up_p()

22[U () = Up_y ()] = (U (2) = Upls(@)]
= 22V¥(z) =V (x).
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(iv) From Remark 1.1

Wii(z) = Upiq(e) +Ug(2)
1(2) + 22U (2) = Up()

= 22U (z) - U
= 2z[Ux () + Uy (2)] = [Up_i (2) + Upls(2)]
= 22Wi(z) - Wiy ().

Remark 1.3. For x = cosf, 6 € [0,27], then the following statements are
satisfying:

(1) Wi(p;a;0) = Ug(p; 4;6) + Ug_1(p; 4 0);

(i) Vi (piq;0) = U (p3¢:0) — U1 (p; ; 0);

(i) Ug(p;4;0) = 5(Vir (03 ¢;0) + W (03 4;0));

(vi) V2 (p;4;0) + Vi1 (9 ¢;0) = 2T (p; 4 0);

(vi) Wi (p; ¢;0) + We_y(p; q:0) = 213 (p; ; 0).

Proof. (i) Since pg =1

Uy (pig;0) — Ug_1 (i ¢;0)
pn+a+lei(n++a+1)9 o qn+a+167i(n+a+1)0

peiQ _ qe—ie
anraei(nJra)@ o qn+a67i(n+a)9

peie _ qe—ié
pn+a+lei(n+a+1)0 o qn+a+167i(n+o¢+1)0 +pn6i(n+a)9 o qnefi(nJra)O

pel? — qe="
i 1

(pn+%ei(n+%)9_qn+%€—i(n+a+%)0)( % %0 +qze %6)
1

1 i 1 i 1
(pieée —+ qiefée)(pieée — Qg2 7%9)
pn+a+%ei(n+a+%)0 _ qn+a+%67i(n+§)9

1 4 1 i
56%9 — qie_%e

p
= V3(pg0).
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(ii) Since pg =1
Up(pia;0) + U1 (p3 q; 0)
pn+a+lei(n++a+1)0 _ qn+a+lefi(n+a+l)0

peil — ge—i0
pn+aei(n+a)6' o qn+a67i(n+a)9

peiQ _ qe—ie
pn+a+lei(n+a+1)9 o qn+a+lefi(n+a+1)9 +pnei(n+a)0 o qnefi(n+a)0

pei® — ge—i0
(pn+%ei<n+%>é _ qn+%e—_i<n+a+%‘>9)(p%e%9v+ qre2?)
(pze2? +qze3%)(pies? — gze2?)
pn+a+%ei(n+a+%)9 _ anraJr%efi(nJr%)@
p%e%e — q%e‘%e
= Wipig:0).

(iii) Since pq = 1, from (i), (ii) is trival.
iv)

(iv) Since pg =1,
1. 1 1 ) 1
pn+a+§ez(n+a+§)9 =+ qn+a+§e—z(n+a+§)9
V,?(p;q;@)—‘r‘/,;{l(p;q;e) = I ig I _ig
pzez + qze 2
pn+a7%€i(n+a+%)0 4 qn+a+%efi(n+a+%)9

P 1 —i6

p2e2 —|—q2e 2

(p(n+a)ei(n+a)9 4 q(n-ﬁ-a)e—i(n—i-a)e)(p%e%Q +q%e—%9)
6

I ig T _ i
pzez —|—q2e 2
— pn+o¢6i(n+a)9+ nJraefi(nJra)O

= 217 (p;q;0).

q

(v) Since pg =1

pn+a+%ei(n+a+%)0 n+a+%e—i(n+a+%)0

We(piq;0) + W (piq;0) = 4

0 —q%e‘Q

i
ez

N|=

p
pn+a7%ei(n+a7%)0 _ qn+a7%67i(n+a+%)6

1 4 1 i
p§e§9 =+ qie‘ie

(prte)gitnta)d | g(nta)o—itnta)d)(pl et _ g

N
o
|
ol
B}
~—

(2 6

1l i 1 i
p2e2’ —q2 e 2
_ pn+a61(n+a)0 +qn+aefz(n+o¢)9

= 2T (p; q;0).

Lemma 1.4. Forn >1, p,q € (—1,1] and a > 0 we have:
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(i)

(iii)

(

+

Theorem 1.5. The first kind (p, ¢)— extension a— Chebyshev function for |x| <
1 is a solution for the first kind (p, ¢)— extension a— Chebyshev differential equa-

—~

+

S. Shojaeian, H. Mazaheri, T.S. Jesmani

n+a+lei(n+a+1)0 _ n+a+le—i(n+o¢+l)0)

p q
(peie _ qe—iQ)(pn-i-aei(n—f—a)H + qn+ae—i(n+a)9>

n+a—1ei(n+a—1)0 _ n+a—le—i(n+a—1)9)_

pq(p q

pn+a+%ei(n+a+%)9 + qn+a+%67i(n+a+%)9)
(p%e% + qée%m)(pn+aei(n+a)0 + qn+ae—i(n+a)9)

1

p? q% ((anraf%ei(nJraf%)e + qn+a7%67i(+a7%9)'

pn+a+%ei(n+a+%)9 - qn+a+%e—i(n++a+%)e)
(p%e% o q%e%ie)(pn+aei(n+a)9 + qn+o¢e—i(n+a)9)

phab ((prrombeftmran o _ graiomitn-bo)

tion (1 —22)y" — zy — (n+ a)’y = 0.

Proof. i) We show that y = 1(p(nt@)e(n+a)f 4 gnta)e=iln+a)f) g 4 solution
of (p, q)—extension a— Chebyshev differential equation Chebyshev differential
equation of the first kind (1 — 22)y” — xy’ + n?y = 0. This equation can be
converted to a simpler form using the substitution z = cosfl. Indeed, in this

case, we have

/ %
dzx

dy db

df dx

dy 1

1

= 7(7,(7?, + Oé)p(n+oz)ei(n+a)0 _ z(n + a)q(nJra)efi(nJra)g)

2

qp dz
d@E

_i(n + a)(p(n—i-a)ei(n-i-a) _ q(n—i-a)e—i(n-l-a))

2sin 6 ’

—sinf
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and
d?y
2
Yy T dx2?
i(n+a) d pntaeinte) _ gnta)e=ilnte) qg
= = 9 do sin @ dx
i(n+a) (i(n+ a)pntoeinte)d o g(nta)eilnta)f)gip g
= 2 [ sin® 0
(p(nte)eilnta) _ g(nta)g=i(nta))(cos
- sin® 0
_in+ ) [i(n + a) (p(ttleinta)d 4 g(nta)e=ilnta)f) gy
- 2 sin® 0

(p(n+o¢) 6i(n+a) _ q(n+o¢) 67i(n+a) ) (COS 0) ]
sin® @
Substituting the expressions of derivatives into the differential equation gives:

( 1-2%)y —ay +(n+a)’y

_ (Sin26) Z(TL + Oé) [Z(TL + O() (p(n+a)ei(n+a)9 + q(n+o¢)e—(n+o¢)n0) Sinfd — (p(n+a)ei(n+a)
B 2 sin® 0
B q(n—'ra)e—i(n-‘ra))(cos 9)] N cosei(” + a)(p(n+a)ei(n+a) _ qne—i(n,+a))

sin® 6 2sin6
2
%(p(n+a)ei(n+a)0 + q(n+a)e—i(n+a)0) = 0.
O

2. Complex (p,q)—Extension a—Chebyshev Wavelets differ-
ential equation on |z| <1

In the section, we consider multi resolution analysis (see [4-6]) (MRA).

Definition 2.1. Multiresolution Analysis: An MRA with scaling function
¢ is a collection of closed subspaces {V;}jez of L?((R), such that

(i) Vi C Vigrs

(ii) f(z) €V} <= f(22) € Vi1

(ii)) UV, = L2((R),

(iv) NV; =08

(v) There exists a function ¢ € Vj such that the collection {¢p(z—k) : k € Z}
is a Riesz basis of Vj

The sequence of wavelet subspaces W; of L(R), are such that V; LW; , for
all j and V11 =V, @ W,. Closure of @ W; is dense in L*(R) for L? norm.

Now we state Mallat’s theorem which guarantees that in the presence of an
orthogonal MRA, an orthonormal basis for L?(R) exists. These basis functions
are fundamental in the theory of wavelets which helps us to develop advanced
computational techniques.
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Lemma 2.2. [Mallat’s Theorem] Given an orthogonal MRA with scaling
function ¢, there is a wavelet 1 € L*(R) such that for each j € 7, the family
{Wjx}trez ts an orthonormal basis for W;. Hence the family {1 1 }rez is an
orthonormal basis for L*(R).

Definition 2.3. Suppose k € N (degree of multiresolution), m > 0, n =
1,2,---,2F1 We define:
i) first kind complex (p, ¢)—extension a«—Chebyshev wavelets on [0, L]

2k+1 ok
Ty (pyq:t) =/ TS (p; ;€ T2 D)y wnn e (8).
) n [ ok—1 va—1)

ii) second kind complex (p, q¢)—extensiona— Chebyshev wavelets on [0, L]

2k+1 (25t —2n+1
Ugm(p3q7t) = n U%(p’q,el(f e ))X[(W*I)L nL )(t)

ok—1 '3k—1

iii) third kind complex (p, ¢)—extension a—Chebyshev wavelets on [0, L]

Ve (pg,t) = Qk“vo‘('  Gi(F t=2n41)) . (t)
n,m P, q, n mp7q7 X[(n;kl—)l ’zk%l) .

iv) fourth kind complex (p, ¢)—extension a—Chebyshev wavelets on [0, L]

2k+1 ok
W (p; ¢; e’(%t‘%“))x[wln nr ) (t)-

oF—1 '3k—1

Wi (p,q,t) =

n

Theorem 2.4. The first kind (p, q)— extension a— Chebyshev wavelet T, ., (p, q, e't)
s a solution of differential equation

2k Ty (0, a,t)  2F AT, (p, g:1) 2
1—(=t—2n+1)?)—20 2~ (T ¢t—2n41))— 2~ T t)=0.
(1-Crrmanipy Tl 0002y o) T80 o 0272 (0.t
Proof. If t € (("';ffll)L, (g',tfl)L) and y = T2 (x) = /581, Where z =

%t —2(n+ a) + 1. Then

(1—2%)y" —ay + (n+ a)2y =0,
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dT3m (P qt) 2841 dTR (p,g,t) do
dt B n dx dt”
28 2R+l AT (p, g, ™)

n n dz ’
dTy (p.q,t) nd  [2dT3,,(p gt)
dx 2%+ Vo dt
dt? ™ dx? dt’
s [2d2T2 ,
= \/; e (e
PTo@) 1 P8 (p.a.0)
d$2 2% 2 dt2
Therefore
ok 1 T ,.(p g t)
1—(=t-2 1)? nm
(1 Gt 1
2k 1 dVU, . (p, gt +a)?
(ft —2n+a)+1) mP,0,1) + (nt ) Ty m(p:q,t)

3k /o dt kE [o
=N NE

d’y  dy 2
= (1—-2H)22L _ 22
( x)dxz xdm—l-(n—koz)y
= 0.
It follows that
2 A>Ty (p,q,t)  2F AT m(p. g, t)
1—(Z=t—2 1)2) 2 mMHH Y (2 4 9 1)) = m M 20 7
+ (n+ )’ T3, (pg,t) = 0.
[l

3. conclusion

In this paper we define complex (p, ¢)-extension a-Chebyshev polynomials.
If @« = 0, it is complex (p, ¢)-extensiin Chebyshev polynomials. Therefore this
concept is a extension of complex (p, ¢)-extension of Chebyshev polynomials.
Also, we define (p, ¢)—extension a— Chebyshev differential equations, and show
all complex (p, q)-extension a-Chebyshev polynomials are solutions of them.
We can write there are these results for |z| > 1.
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