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ABSTRACT. This paper investigates the dynamic behavior of a three-
coupled FitzHugh Rinzel (FHR) model with time delays. We extend
the result in the literature from a two-coupled FHR model to a three-
coupled FHR model. Using the method of mathematical analysis, the
original system has been linearized. The unique equilibrium point of the
original system has been changed to a trivial equilibrium point of the
linearized system. The instability of the trivial equilibrium point of the
linearized system implies the instability of the original equilibrium point.
The instability of the unique equilibrium point and the boundedness of
the solutions will force this system to generate a periodic solution. The
periodic oscillation of the three-coupled FHR model with time delays has
been discussed. Some sufficient conditions to guarantee the oscillation of
the solutions are provided, and computer simulations are given to support
the present criteria.
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1. Introduction

Coupled FitzHugh-Rinzel (FHR) can exhibit spatiotemporal patterns like
spiral waves, which are important for understanding how different brain areas
interact and function collectively. The study of coupled FHR neurons, par-
ticularly with variations in coupling strengths, sheds light on the mechanisms
involved in information processing and encoding within neuronal networks.
FHR models can be used to simulate and analyze the effects of electromagnetic
fields and external stimuli on neuron behavior. Many researchers have stud-
ied various properties of the following FHR model that describes the electrical
activations of neural membrane voltage:

V' (t) = (t) — g03(t) —w(t) +y(t) + 1,
(1) w'(t) = dla + v(t) — bw(t)],

y'(t) = ple —v(t) — dy(t)],
where a,b,c,d, 6 and p are positive constants, I is a constant. When varied
within specific ranges, these parameters allow the FHR model to exhibit a
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wide range of physiologically observed neuronal behaviors, including regular
spiking, fast-spiking, bursting, and mixed-mode oscillations. The fold region of
the model (1) was investigated in [1]. Using a computer-assisted reduction to
equationless, one-dimensional Poincare mappings for a voltage interval method,
a bifurcation analysis was performed in (1) by setting a = 0.7,b = 0.8 [2]. The
qualitative analysis of complex dynamics in model (1) was considered in [3].
Mondal et al. discussed the firing activities of a fractional-order FHR bursting
neuron model [4]. In [5], the analytical properties of the solutions for model
(1) were studied. This solution can be used to verify the results in a numerical
study of the model. Tabekoueng et al. found that the model experiences self-
excited firing activity [6]. The long-time behavior of the FHR neurons and the
transition to instability were investigated in [7]. An analytical and theoretical
investigation of the energy was done to support the various firing activities,
such as bursting and spiking, captured in the model (1) [8]. Angelis studied
the following partial differential FHR system [9,10]:

?ZD% w(t) +y(t) +v(t)(a —v(t))(v(t) — 1),
(2) ég% = dle +o(t) — Buw(t)],
5 = ple—o(t) — dy(t)].

The author obtained a priori estimates for solutions of model (2) determined in
the whole space, showing both the influence of the initial data and the source
term. Qurashi et al. discussed dynamic prediction modeling and equilibrium
stability of a fractional discrete biophysical neuron model [11]. On the other
hand, a coupled system can explain many diverse physical aspects in chemical
theory, electrical engineering, and so on. Therefore, many researchers have
studied various coupled models. For example, the multiple time delays coupled
FitzHugh-Nagumo (FHN) models were employed to investigate the synchro-
nization mode transition [12]. The synchronization mechanism of two coupled
time-delayed FHN neurons with bidirectional coupling was extensively studied
n [13]. The bifurcation structure and oscillation of coupled time-delayed FHN
neurons were investigated in [14]. The stability analysis for a fractional-order
coupled FHN-type neuronal model has been provided in [15]. The dynamical
behavior of three coupled neurons in a network modeled by the FHN equations
was numerically considered in [16]. The authors in [17] studied the dynamics
of a low-dimensional system of coupled model neurons as a step towards under-
standing the vastly complex network of neurons in the brain. The bifurcation
structure of a system of two model neurons with unidirectional coupling as a
function of two physiologically relevant parameters has been analyzed. In [18],
the authors discussed a two-coupled FHN model with symmetric and repulsive
coupling. The number of small-amplitude oscillations has been determined an-
alytically. Recently, Hu et al. have investigated the following coupled FHR
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neuron system [19]:

®3)
(t) =ui(t) — ul(f —v1(t) + wi(t) + rtanh(ua (t — 7)) + g(uz(t — 72) — u1(t)),
) =6(a+u(t ) — by (1)),
wi (t) = ple —ua(t) — dws (1)),
() = ua(t) — "2 — va(t) + wa(t) + r tanh (us (t — 71)) + glur (¢ — ) — ua(t)),
5(t) = 6(a + ua(t) — bvz( )

wh(t) = p(c — ua(t) — dws(t)),
where ¢ is the parameter which controls the fast subsystem variables v; and
vg. 71,72 > 0. In model (3), the Hopf bifurcation and fold bifurcation of
limit cycles were deduced when choosing the strength of electrical coupling
or chemical coupling as the bifurcation parameter, respectively. Motivated by
[16-19], in this paper, we shall discuss the following general three-coupled FHR
model with delays:

wy(t) = ui(t) — 2ud(t) — vi(t) + wi(t) + rotanh(ug(t — 72)) + 73 tanh(ug(t — 73))
Fho(uz(t — 72) — ur(t)) + ks(us(t — 73) — ua(t)),

1(t) = d1(a1 + ua(t) = brva(t)),

1) = pa(er — ua(t) — drwn (1)),

5(t) = ua(t) — 3ud(t) — v2(t) + wa(t) + 71 tanh(uy (t — 71)) + r3 tanh(us(t — 73))
+ky (ur(t — 1) — uz(t) + ks(us(t — 73) — ua(t)),

5(t) = da2(az + ua(t) — bava(t)),

wy(t) = pa(ca — up(t) — dawa(t ))

uf(t) = us(t) — 3ud(t) — vs(t) + ws(t) + ry tanh(ug (£ — 71)) + r2 tanh(uz(t — 72))

Fk1 (ur(t — 1) — us(t )) K (ua(t — 72) — us(t)),

v3(t) = d3(as + us(t) — bsvs(t)),

wy(t) = ps(cs — us(t) — daws(t)),

where wu; stand the membrane potentials of neuron (i = 1,2,3), v; signify

the recovery variables in neuron i(i = 1,2, 3), and w; imply the slow variables

in neuron (¢ = 1,2,3). In model (4), the subsystem of the first neuron is

formed by the first three equations. The subsystem of the second neuron is

formed by the second three equations, and the last three equations crystallize

the subsystem of the third neuron. Indeed, system (4) can be regarded as a

three-time-scale, slow-fast system with six fast variables (uy,us,us,v1, va,v3)

and three slow variables (wy,ws,w3). The fast variables represent the mem-

brane potentials of the neurons, which rapidly change during the generation of

action potentials (spikes). The slow variables represent the recovery currents,

which are responsible for the repolarization of the membranes after spikes and

the subsequent refractory period. a;,b;,d;, d;(i = 1,2, 3) are positive constants,

ciyki,ri(i = 1,2,3) are arbitrary constants, 6;(¢ = 1,2,3) are the parameters

which control the subsystem variables vy, v and v3. These parameters govern

the shape of the nonlinear function defining the fast variables, as well as the

time scales and interactions between the fast and slow variables. These param-

eters allow the FHR model to exhibit a wide range of physiologically observed

neuronal behaviors. Time delays , > 0(i = 1,2,3), 0 < p;(i = 1,2,3) are

<
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small parameters that adjudicate the pace of the slow variables w1, ws and ws.
(ui(t — 1) —u;(t)) (4,5 = 1,2,3) are electrical coupling terms which indicate
the current flowing into each neuron is proportional to the voltage difference
at the point of three neurons connection, k;(i = 1,2, 3) represent the strength
of the electrical coupling, tanh(u;)(i = 1,2, 3) represent the electrical synaptic
transfer functions. We discuss the oscillatory behavior for model (4) not only
in theoretical analysis but also in numerical simulation. The result in [16] has
been extended.

2. Preliminaries

For model (4), we have the following lemmas:
Lemma 1 All solutions of the system (4) are bounded.
Proof To prove the boundedness, we construct a Lyapunov function V(t) =
S22 2(u? +v? + w?). Noting that | tanh(u;)| < 1, then calculating the deriv-
ative of V(t) through system (4) we have

3 3
1
V@)l < - Z(guf + 0ibiv} + pidiw?) + Z (aluius| + blugvj| + clujwy]),
i=1 ij=1
where a,b, and ¢ are some positive constants. Noting that u}(i = 1,2,3)

are higher order infinity than |u;u;|, |u;v;|, |u;w;|. Since d;, p4, b;, and d; are
positive constants, so, there exists a suitably large positive number, say L, such
that V'(t)]4) < 0 as u;, v;, and w; are greater than L, implying that all solutions

of system (4) are bounded. Now suppose that [u}, v}, w?, u}, v3, wh, ub, vi, wi]T

is an equilibrium point of the system (4), make the change of the variables
wi(t) = ui(t) — ul, vi(t) = vi(t) — vf, wi(t) = wi(t) — wi(i = 1,2,3), we have
the Taylor expansion for function tanh(u;) at the equilibrium point

up(t) = (1 - (U’{)Q)Ul(t())— ujui (t) — gui(t) — va(t) + wi(t) + 2 tanh’ (u3)ua(t — )
+r23 7,50 %!(u?)uz(t — 7o) + 3 tanh’ (u})usz(t — 73)

73 5 g g (¢ = 70)" + R ua(t = ) — s (1) + R (uat = 7) = wa (1)),
v1(t) = 1 (ua(t) — brva(2)),
wi(t) = pr(—ui(t) — dywi (b)),
ub(t) = (1= (ub)?)uz(t) — ubud(t) — Fud(t) — va(t) + wa(t) + r1 tanh’ (uf)us (t — 1)

anh (™ (u*
+ry 2"22 %!(ul)ul(t —71)" + r3 tanh’ (u})us(t — 73)

7 S mg SO (¢ — ) ey (u (= 71) — wa(t)) + ka(ug(t — 73) — ua(t)),
v5(t) = d2(ua(t) — bava(t)),
wy(t) = pa(—ua(t) — dawa(t)),
uh(t) = (1 — (u3)?)us(t) — uiud(t) — %ug(t) —w3(t) + w3 (t) + 71 tanh’ (u)uy (t — 1)
+r1Y s %Ul(t —71)" + ro tanh’ (u})us(t — 72)
- tanh(")(u;)

+72 ) se — a2 u2(t = 72)" + k1 (ui(t = 11) — us(t)) + ka(uz(t — 72) —ui(?)),
’Ué(t) = 53(U3(t) — bgvg(t)).,
wi(t) = pa(—us(t) — daws(t)).
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The linearized system of (6) is as follows:

Ull (t) = auul(t) — U1 (t) —+ wq (t) + b14U2(t — TQ) + b17U3(t — Tg),
vi(t) = dr1ua(t) — agzui1 (),

w(t) = —prus(t) — azzwi(t),
u'2(t) = 0,44’11,2(t) — Ug(t) + wg(t) + b41U1(t — 7'1) + b47U3(t — 7'3),
(5) vy(t) = daua(t) — assva(t),

wy(t) = —pous(t) — agswa(t),

ug(t) = a77u3(t) — 'U3(t) + ’lUg(t) + b71u1(t — T1) + b747.t2(t — TQ),
’Ué (t) = (53’LL3 (t) — ag|Uls (t),

wy(t) = —psus(t) — agows(t),

where a1; = 1 — (u})? — kg — k3,ag0 = O1b1,a33 = pidy,aa = 1 — (u3)? —

ki — ks,ass = O2ba,age = pada, azr = 1 — (u3)? — ki — kg,ass = 03bs,age =
pads,biy = 1o tanh/(uﬁ) + ko,bi7 = 13 tanh/(ug) + ks,by1 = 11 tanh'(u’{) +
kl, by7 = r3 tanh'(ug) + kg, b1 = 1r tanh/(uT) + kl, bry = 1o tanh/(uﬁ) + k.
System (7) can be expressed in the following matrix form:

(6) U'(t)=AU(t)+ BU(t — 1),
where U(t) = [u1(t),v1(t), w1 (t), uz(t), va(t), wa(t), us(t),vs(t), ws(t)]*, Ut —
7) = [ur(t — 71),0,0,ua(t — 72),0,0,uz(t — 73),0,0]T, A and B both are 9 x 9

matrices,

ail -1 1 0 0 0 0 0 0
01 —aso2 0 0 0 0 0 0 0
—p1 0 —ass 0 0 0 0 0 0
0 0 0 Q44 -1 1 0 0 0
A = 0 0 0 52 —ass 0 0 0 0 ;
0 0 0 — K2 0 —ae6 0 0 0
0 0 0 0 0 0 a7 —1 1
0 0 0 0 0 0 (53 —ass 0
0 0 0 0 0 0 —M3 0 —agg

0 0 O bia O O b1y O O

0O 00 O OO0 0 0O

o 00 O OO0 0O 0O

bss 0 0O O O O bsr O O

B= O 00 O OO0 0 0O

O 00 O OO0 0O 0O

b1 0 0 by O O O O O

O 00 O OO0 0 0O

o 00 O OO0 0O 0O

Lemma 2 If matrix P(= A + B) is a nonsingular matrix for selected parame-
ters, then there exists a unique equilibrium point

U* = [u}, v}, w},ub, vi,ws, ub,vi,wi]T of the system (4). Proof Obviously,
the zero equilibrium point of the system (7) or (8) corresponds to the equilib-
rium point of the system (4). If Z* is an equilibrium point of the system (8),
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then we have
(7) AZ* + BZ* = PZ* = 0.

According to Cramer’s Rule of linear algebraic theory, the system (9) has a
unique trivial solution since P = A + B is a nonsingular matrix, implying that
the system (4) has a unique equilibrium point. The proof is completed.

Based on Lemma 1 and Lemma 2, in the following, we provide two theorems
to guarantee the existence of periodic oscillatory solutions.

3. The existence of periodic solutions

Theorem 1 Assume that zero is the unique equilibrium point of the system
(8) for selecting parameter values. Let ay, aa, - - - , ag be characteristic values of
matrix A, and By, 82, 83,0,0,0,0,0,0, be characteristic values of matrix B. If
there exists one characteristic value, say a1, such that a; > 0, or Re(ay) > 0,
and Re(ay) > max{|f1],]52], |85} Then the unique trivial solution of the
system (8) is unstable, implying that there exists a periodic oscillatory solution
in the system (4).

Proof According to the basic differential equation theory, if there exists one
characteristic value, say a1, such that Re(a;) > 0, and
Re(ay) > maz{|B1],]82], 83|}, then the trivial solution z(t) of the system (8)
is unstable [20]. Indeed, setting 74 = 75 = - -+ = 79 = 0, then the characteristic
equation associated with the system (8) can be written as follows:
9

(8) [T —ai=pie™™) =0.

i=1

Therefore, there is a characteristic equation from the system (10) as follows:

9) A—a; =0,
or
(10) A —ag — Bre M = 0.

If (11) holds, then the equation (11) has a positive characteristic value. If
Re(a1) > 0, and Re(a1) > max{|B1],|B2],183]}, this means that equation
(12) has a positive real part characteristic value. Thus, the trivial solution
of the system (8) is unstable. Meanwhile, the nonlinear term of the system
(6) is a higher-order infinitesimal as u;(t) — 0. Therefore, the instability
of the trivial solution of the system (8) ensures the instability of the trivial
solution of the system (6). This means that the unique equilibrium point
U* = [ul,v,wi,us,vs,ws,uj,vi,wi]?T of the system (4) is unstable. The
instability of the unique equilibrium point together with the boundedness of
the solutions will force the system (4) to generate a limit cycle, namely, there
exists a periodic solution of the system (4) [21]. The proof is completed.

For simplify, setting o = maxi<;<g{a;;}, p = max{bas +b71,b14+b7a, b17+ba7}.
Then we have
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Theorem 2 Assume that the conditions of Lemma 1 and Lemma 2 hold. If
the following inequality is satisfied

(11) o+p>0.

Then the trivial solution of the system (8) is unstable, implying that the system
(4) has a periodic solution.

Proof To prove the instability of the trivial solution of the system (8), let
M(t) = 357 (Jua(®)] + [0s(8)] + [wi#)]). So M(t) > 0, and

(12) M'(t) <oM(t)+ pM(t — 7).

Specifically, consider a scalar delayed differential equation

(13) N'(t) = oN(t) + pN(t — 7).

We have M (t) < N(t). Now we prove that the trivial solution of equation (15)
is unstable. Indeed, the characteristic equation associated with equation (15)
is the following

(14) A=o0+pe .

We claim that there exists a positive root of (16) under the condition (13). Let
g(A\) = A—0 —pe~*7. Thus,g(])) is a continuous function of \. When A = 0, we
have g(0) = —o — p = —(0 + p) < 0 since o + p > 0. On the other hand, there
exists a suitably large A, say Ag(> 0) such that g(\g) = Ao — 0 — pe=207 > 0,
since e7*07 — 0 as A\g — +o0o. Based on the Intermediate Value Theorem,
there exists a A, say A, € (0, Ag) such that g(\.) = 0. In other words, A, is a
positive characteristic root of the equation (15). So the trivial solution of the
equation (14) is unstable, implying that the unique equilibrium point U* of the
system (4) is unstable. Similar to Theorem 1, there exists a periodic solution
of the system (4). The proof is completed.

4. Simulation result

This simulation is based on the system (4). We first select the parameters
as in Table 1.
Thus, the equilibrium point [u}, v}, wi]T = (-0.2293,0.7575, —0.1591)7
[ub, vy, w3]T = (—0.1041,0.5726,0.1472)T
[uh, vi, wi]T = (—0.2874,0.5322, —0.1525)T. Then we have a;; = 4.7179, ags =
1.0580, agz = 0.0840, agqy = —0.0182, a55 = 0.6944, ags = 0.0744, a7z = 4.5491,
agg = 1.1210, agg = 0.0870. The characteristic values of matrix A are 4.4711,
4.3416, —0.5306, —0.7260, —0.8585, —0.5520 = 1.0107%, —0.7552 £ 0.0668:. Note
that matrix A has a positive characteristic value of 4.4711. The conditions of
Theorem 1 are satisfied. When time delays are selected as 2.68,2.65, 2.60, there
exists an oscillatory solution for the system (4) (see Fig.1). In Figure 2, we only
change the value of k1 from 0.55 to —0.55, and in Fig.3, we change the value of
k1 from 0.55 to —0.55, the value of k3 from 0.52 to —0.52, the other parameters
are the same as in Figure 1, we see that the oscillatory behavior of the system
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is maintained. In Figure 4, we select the parameters as in Table 2. Thus, the
equilibrium point [u}, v}, w}]T = (—0.1048,0.9012, —0.5811)T, [u}, v, wi]T =
(0.1121,1.1852,0.2933)T, [u3,v3,wi]T = (-0.0192,0.9271,-0.4612)7. Then
we have ayjp = 1.1890,&22 = 1.9779,@33 = 0.2268,&44 = —0.0125,@55 =
_2~03527a66 = 0.1794,&77 = 5-79967a88 = 2.0712,&99 = 0.2832,b14 = b74 =
—2.0177,b17 = b47 = 37099,b41 = b71 = —0.4063. Therefore, g = 8.2196,,0 =
7.4198. The conditions of Theorem 2 are satisfied. When time delays are se-
lected as 71 = 1.68, %5 = 1.65,73 = 1.60, and 73 = 2.35, 7% = 2.45, 73 = 2.50,
respectively, periodic oscillatory solutions occurred (see Fig.4 and Fig.5), which
indicates that time delays affect the oscillatory frequency.

Finally, we select the parameters as in Table 3. Thus, the equilibrium point
[uf, v}, wi]T = (0.0592,0.9698, 1.2552)T [u}, v3, w3]T = (0.384,0.9462,1.0065)7,
[ v, w3 )"

= (0.0042,1.8996,1.1312)7. Then we have a;; = 3.6564, azs = 0.6900, azz =
0.0842, a44 = —1.8703, a55 = 0.6912, agg = 0.0744, a7y = 1.4262, agg = 0.5512,
agg = 0.1042,b14 = byy = —1.1218,b17 = by7 = 2.1016,b41 = b7 = 4.3219.The
characteristic values of matrix A are 3.4318, —0.5241, —0.2722, —0.1100, —0.0253,
0.5191 £ 0.30414, —1.2600 4 0.6669:. The characteristic values of matrix B are
—2.9600, 1.48 + 1.18664,0,0,0,0,0,0. The conditions of Theorem 1 are satis-
fied. When time delays are selected as 71 = 0.68, 72 = 0.65,73 = 0.60, and
7 = 1.18, % = 1.15, 73 = 1.10, respectively, periodic oscillatory solutions oc-
curred (see Fig.6 and Fig.7). In Figure 8 and Figure 9, we only change the
value of k; from 2.55 to —2.55, the value of ky from —2.98 to 2.98, the value
of k3 from 0.32 to —0.32, the other parameters are the same as in Figure 6
and Figure 7, we see that the oscillatory behavior of the system is maintained.
However, the curves are slightly different from Figures 6 and 7, respectively.

5. Conclusion

This paper discusses the oscillatory behavior of the solutions for a three-
coupled FHR model with delays. Based on the method of mathematical anal-
ysis, we provided two sufficient conditions to guarantee the oscillation of the
solutions. Computer simulations are provided to indicate the effectiveness of
the criteria. A periodic solution means that the FHR system’s state variables
repeat their values at regular intervals. This forms a closed loop in the system’s
phase space. In neuroscience, periodic solutions can represent rhythmic firing
patterns in neurons, like repetitive spiking or bursting activity. In our simula-
tion, we found that time delays affect the periodic oscillatory frequency. When
delays are increased, the oscillatory frequency is slightly down. The values of
¢i(i = 1,2,3) can be selected as positive numbers or negative numbers, which
is different from the result in [17]. When ¢;(i = 1,2, 3) are selected as negtive
values, the equilibrium [u}, u}, u3]7 may be negtive values. When ¢;(i = 1,2, 3)
are selected as positive values, the equilibrium [u}, u}, u3]7 may be positive val-
ues. The values of k;(i = 1,2, 3) can be selected as positive values or negative
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TABLE 1. The parameter values in Figure 1.

] T2 3 ky ks k3 ai a2 as by by b3
0.85 0.82 0.84 0.55 —4.18 0.52 0.85 0.86 0.78 0.92 0.96 0.95

C1 C2 C3 dy da ds H1 H2 H3 o1 2 , 03
—048 —-0.58 —-0.48 0.56 0.62 058 0.15 0.12 0.14 1.15 1.12 1.18

TABLE 2. The parameter values in Figure 4.

1 T2 T3 k1 ) ks ay ag as b1 by b3
1.15 1.24 1.16 -—-1.55 -—-3.25 2.55 0.95 0.96 0.88 0.92 0.96 0.95
c1 2 c3 dy do d3  p1 p2 pz 01 0o 3

0.65 0.56 0.58 1.26 1.12 118 0.18 0.16 0.24 2.15 2.12 2.18

TABLE 3. The parameter values in Figure 6.

T1 T2 T3 kl k?g k‘g aq a9 as bl bg b3
1.85 1.82 1.84 255 —-298 0.32 0.85 086 0.78 0.92 096 0.95
c1 o cs dp do d3  p1 pe pz 0 02 03
0.78 0.72 0.75 056 0.62 0.58 0.15 0.12 0.18 0.75 0.72 0.78

values. When a periodic solution occurred, it still maintains when we change
the sign of k; from positive values to negative values. Based on our simulation,
the construction of the solutions of the system (4) is very complex. We may
consider the dynamic behavior for any n-coupled FHR model with delays in
the future.
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