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Abstract. In this study, we introduce a novel numerical scheme for

solving the Black–Scholes equation endowed with a Caputo-Hadamard
fractional time derivative. The temporal derivative is discretized via a

finite-difference approach, ensuring both stability and high accuracy in

capturing the model’s dynamics. For spatial discretization, we employ a
cubic B-spline quasi-interpolation technique, which delivers a robust and

efficient framework. A rigorous error analysis is carried out, establish-

ing theoretical bounds that confirm the method’s reliability. Finally, we
validate the proposed scheme through a series of numerical experiments,

demonstrating its effectiveness in practical financial modeling and its abil-
ity to address the challenges posed by fractional differential equations.
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1. Introduction

In this study, we introduce a numerical framework that extends classical dif-
ferentiation to noninteger orders, enabling the modeling of systems with mem-
ory, hereditary characteristics, and nonlocal interactions. Among the various
fractional operators, the Caputo-Hadamard derivative stands out for its distinc-
tive logarithmic kernel, which enhances both modeling fidelity and computa-
tional performance. By fusing the strengths of Liouville-Caputo and Hadamard
formulations, this operator overcomes their individual limitations and broadens
its range of practical applications [14].

The Hadamard derivative employs a logarithmic kernel ideally suited to
scale-invariant phenomena but struggles with the formulation of physically
meaningful initial conditions. In contrast, the Liouville–Caputo derivative
naturally accommodates initial data yet sacrifices scale invariance. The Li-
ouville–Caputo–Hadamard (LCH) derivative unites these two approaches: it
preserves the Hadamard kernel’s scale invariance while adopting the Liou-
ville–Caputo structure for proper initial-condition treatment. This synergy
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has driven its adoption in financial mathematics, control theory, and signal
processing [13].

The LCH fractional derivative delivers clear advantages over conventional
operators. Its defining logarithmic kernel(

ln
t

s

)n−α−1

,

guarantees scale invariance—absent in standard Liouville–Caputo derivatives
that rely on power-law kernels—making it well suited to self-similar systems and
multiscale phenomena [21]. Unlike the Riemann–Liouville derivative, which
also fails to support natural initial conditions, the LCH operator reconciles
these competing demands: it maintains scale invariance while ensuring a zero
derivative of constants, in line with classical calculus. This property simpli-
fies the specification and interpretation of initial data, enhancing its utility
in physics and engineering applications [22]. Moreover, the logarithmic kernel
alleviates computational challenges in numerical approximation of nonlocal in-
teractions across logarithmic scales. As a result, the LCH derivative offers an
efficient, unified framework for simulating both local and nonlocal dynamics,
significantly expanding its applicability across diverse scientific and engineering
problems [12].

The Liouville–Caputo–Hadamard fractional derivative is defined mathemat-
ically as follows [13]:

LCH
a Dα

t f(t) =
1

Γ(n− α)

∫ t

a

(
ln
t

s

)n−α−1
dn

dsn
f(s)ds,

where n− 1 < α < n, Γ(·) is the Gamma function and a is the lower bound of
the domain.

The Liouville–Caputo–Hadamard (LCH) fractional derivative synthesizes
two foundational operators by retaining the Hadamard derivative’s inherent
scale invariance and embedding the Liouville–Caputo framework’s physically
consistent initial-condition treatment. Defined through a logarithmic integra-
tion kernel, this operator seamlessly bridges scale-invariant phenomena and
practical modeling requirements, establishing itself as a uniquely powerful tool
in fractional calculus [13].

A central advantage of the LCH derivative is its handling of initial data: it
mirrors classical differential equations by assigning a zero derivative to constant
functions, thereby overcoming a major drawback of the standard Hadamard
derivative and markedly broadening its practical utility. Additionally, its log-
arithmic kernel illuminates the behavior of systems with nonlocal interactions
and memory effects, enabling more precise modeling of complex phenomena
that elude traditional fractional operators [17].

By construction, the LCH derivative embodies nonlocality, capturing long-
range dependencies characteristic of fractional dynamical systems. Its loga-
rithmic integration kernel distinguishes it fundamentally from power-law–based
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derivatives, delivering a rare combination of scale invariance and clear physical
interpretability. This blend of properties makes the LCH derivative especially
well suited for applications in financial mathematics, signal processing, and
control system design [15].

In this work, we assume that 0 < α < 1, t ∈ [0, T ], and we use the Liouville-
Caputo-type Hadamard fractional derivative of order α of the function f(t) as
follow

LCH
a Dα

t f(t) =
1

Γ(1− α)

∫ t

a

(
ln
t

s

)−α
df(s)

ds
ds.(1)

In modern financial mathematics, the Black–Scholes equation stands as a foun-
dational pillar, providing the essential framework for option pricing and deriv-
ative valuation. Recent advances have enriched this classical model by incor-
porating fractional derivatives, markedly enhancing its ability to capture the
complex dynamics of contemporary markets—particularly their nonlocal de-
pendencies, memory effects, and anomalous diffusion behaviors that traditional
formulations fail to address.

Originally introduced by Black, Scholes, and Merton in their seminal 1973
paper [11], the Black–Scholes equation is a partial differential equation govern-
ing the valuation of European options. This landmark model rests on three
key assumptions: a frictionless trading environment, constant volatility of the
underlying asset, and a known, constant risk-free interest rate. It is expressed
as

∂V

∂t
+

1

2
σ2S2 ∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0,

where V is the option price, S is the underlying asset price, t is time, σ is the
volatility of the underlying asset, and r is the risk-free interest rate.

The Black-Scholes model postulates that the underlying asset’s price dy-
namics follow geometric Brownian motion. The partial differential equation is
solved subject to boundary conditions determined by the option type (call or
put), yielding a theoretical option price that has become ubiquitous in financial
practice [9].

Despite its transformative impact, the model’s reliance on several simplifying
assumptions constrains its practical effectiveness in real market conditions. Key
limitations include [23]:

• A core limitation arises from the model’s assumption of constant volatil-
ity - an oversimplification that contradicts empirical market behav-
ior, where volatility demonstrates pronounced stochastic characteristics
and time-varying dynamics.
• The model’s continuous-path assumption represents another significant

constraint, as it fails to accommodate sudden jumps or price disconti-
nuities that are frequently observed in real market behavior. This lim-
itation stems from the geometric Brownian motion framework, which
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by construction excludes the leptokurtic features and tail events char-
acteristic of empirical asset returns.

• The model’s idealized market microstructure assumption - postulating
perfectly frictionless trading with zero transaction costs, no tax implica-
tions, and unlimited liquidity - deviates substantially from observable
market conditions. This simplification neglects critical frictions that
materially impact hedging costs and arbitrage strategies in practice.

These well-documented limitations have spurred significant research into gen-
eralized Black-Scholes frameworks, particularly through the incorporation of
fractional calculus.

The integration of fractional derivatives into option pricing models addresses
several fundamental shortcomings by:

• Naturally incorporating memory effects and non-local dependencies
• Capturing heavy-tailed return distributions and volatility clustering

patterns [23]
• Providing flexible modeling through operators like the Liouville-Caputo

and Riemann-Liouville derivatives

This fractional approach better represents the complex dynamics observed in
real financial markets, where asset prices exhibit persistent correlations and
scale-invariant behavior that classical Brownian motion fails to capture.

The fractional Black-Scholes equation modifies the classical PDE by replac-
ing the standard time derivative with a fractional derivative of order 0 < α ≤ 1.
A typical form of the fractional Black-Scholes equation is (see [1], [20], [2]):

∂αV

∂tα
+

1

2
σ2S2 ∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0.

Here, the fractional derivative introduces a non-local temporal component, al-
lowing the model to account for historical market behavior [10].

Fractional derivatives introduce essential memory effects into pricing models,
accounting for the persistent influence of historical market conditions on current
price dynamics. This formulation provides three key advantages over classical
approaches:

• Improved tail risk modeling: The heavy-tailed distributions generated
by fractional operators better capture the probability of extreme mar-
ket events, including financial crises and flash crashes.

• Adaptive volatility: Unlike classical models, fractional formulations
naturally accommodate time-varying volatility structures observed in
empirical markets.

• Market irregularity: These models prove particularly valuable in high-
uncertainty environments or when pricing exotic instruments with com-
plex risk profiles [6].

From a computational perspective, the non-local nature of fractional deriva-
tives typically requires numerical solution methods. Finite difference schemes
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(explicit/implicit) and spectral methods have shown particular effectiveness, as
closed-form solutions remain analytically intractable in most cases.

In this work, our objective is to investigate the approximate solution of the
fractional Black-Scholes model derived by [19] (also, see [5] and [18])

LCH
0 Dα

t V (S, t) +
σ2

2
S2 ∂

2V (S, t)

∂S2
+ rS

∂V (S, t)

∂S
− rV (S, t) = 0,

0 < α < 1, (S, t) ∈ (0,+∞)× (0, T ),(2)

with the following terminal and boundary conditions

V (S, T ) = η(S),(3)

and

V (0, t) = γ(t), V (∞, t) = ζ(t),(4)

respectively.
In the traditional Black–Scholes setting, asset prices evolve according to

a memoryless, first-order time derivative. Empirical observations, however,
exhibit long-range dependence, volatility clustering, heavy tails in return dis-
tributions, and trading activity that grows logarithmically. By substituting the
standard time derivative with a Caputo–Hadamard fractional operator of or-
der α (where 0 < α < 1), one embeds logarithmic memory and non-Markovian
behavior directly into the pricing framework. This extension not only deep-
ens the theoretical underpinnings of option valuation but also brings model
dynamics into closer agreement with real-world market features. As a result,
the fractional Black–Scholes equation accommodates a far richer array of price
movements than its classical counterpart.

The fractional approach delivers several concrete benefits for practitioners:

• It captures subdiffusive price dynamics typical in low-volatility or illiq-
uid markets.
• It models persistent volatility memory, improving long-term risk as-

sessments.
• It accommodates logarithmic scaling of trading time, making it suitable

for markets where activity accelerates or decelerates on a log-scale.
• It naturally incorporates path-dependent effects—crucial for pricing

Asian options and explains observed price stickiness.
• It better reproduces the shape of the implied volatility surface under

anomalous conditions, reducing mispricing and enhancing hedging per-
formance.

On the technical side, the Caputo–Hadamard derivative introduces tunable
delay and memory parameters via the fractional order α, granting the model
extra flexibility. This leads to more accurate pricing of highly volatile underly-
ings and fortifies the theoretical foundation for derivative risk management in
realistic settings.
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Using change of variable τ = T−t, x = ln(S) and assuming V (S, t) = u(x, τ)
the relations (2)–(4) convert to (see Appendix)

LCH
0 Dα

t u(x, τ) =
σ2

2
uxx(x, τ) + (r − σ2

2
)ux(x, τ)− ru(x, τ) + f(x, τ),

(x, τ) ∈ (a, b)× (0, T ),(5)

with the following initial and boundary conditions

u(x, 0) = u0(x),(6)

and

u(a, τ) = γ(τ), u(b, τ) = ζ(τ).(7)

It is worth noting that to apply the numerical solution, the initially infinite
domain described in (5) is confined to a finite real domain [a, b]. Additionally,
a source term f(x, τ) is introduced to derive an exact solution for validating
the numerical approach.

2. Numerical Method

To approximate the Liouville-Caputo-Hadamard fractional derivative, we
use a technique similar to L1 method (see [14] page 272). To do this, we first
divide the interval [0, T ] uniformly using the points tn = n∆t, n = 0, 1, . . . , N
where ∆t = T

N denotes the temporal step size. To derive a semi-discrete formu-
lation for (1), the fractional derivative may be approximated using the forward
scheme for the first-order derivative as shown below.

LCH
a Dα

t f(t) =
1

Γ(1− α)

∫ t

a

(
ln
t

s

)−α
df(s)

ds
ds

=
1

Γ(1− α)

n−1∑
i=0

∫ ti+1

ti

(ln tn − ln s)
−α
(f(ti+1)− f(ti)

∆t

+
(
s− ti+ 1

2

)
f ′′(ζj)

)
ds

=
1

∆tΓ(1− α)

n−1∑
i=0

(f(ti+1)− f(ti))

∫ ti+1

ti

(ln tn − ln s)
−α
ds

+
1

Γ(1− α)

n−1∑
i=0

f ′′(ζj)

∫ ti+1

ti

(ln tn − ln s)
−α
(
s− ti+ 1

2

)
ds

=
1

∆tΓ(1− α)

n−1∑
i=0

(f(ti+1)− f(ti)) Ji,n + εn,
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where

Ji,n =

∫ ti+1

ti

(ln tn − ln s)
−α
ds

= tn

(
Γ(1− α, ln(

n

i+ 1
))− Γ(1− α, ln(

n

i
))

)
,

εn =
1

Γ(1− α)

n−1∑
i=0

f ′′(ζj)

∫ ti+1

ti

(ln tn − ln s)
−α
(
s− ti+ 1

2

)
ds,

and Γ(a, x) = 1
Γ(a)

∫∞
x
ta−1e−tdt denotes the incomplete Gamma function avail-

able numerically in MATLAB. It is worth noting that Γ(a, 0) = 1 and Γ(a,∞) =
0.

Hence,

LCH
a Dα

t f(t) ≈ 1

∆tΓ(1− α)

n−2∑
i=0

(f(ti+1)− f(ti)) Ji,n

+
1

∆tΓ(1− α)
(f(tn)− f(tn−1)) Jn−1,n,(8)

Also, we have

εn =
1

Γ(1− α)

n−1∑
i=0

f ′′(ζi)

∫ ti+1

ti

(ln tn − ln s)
−α
(
s− ti+ 1

2

)
ds

=
n(∆t)

2

2Γ(1− α)

n−1∑
i=0

f ′′(ζi)

[
2αnC1 + 2

(
i+

1

2

)
C2

]
,

where

C1 = Γ

(
1− α, 2 ln

(
n

i+ 1

))
− Γ

(
1− α, 2 ln

(n
i

))
,

C2 = Γ
(

1− α, ln
(n
i

))
− Γ

(
1− α, ln

(
n

i+ 1

))
.

Therefore |εn| ≤ O(∆t).
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By applying the parametric Crank-Nicholson method to equation (5) and
using (8), we have

1

∆tΓ(1− α)

n−1∑
i=0

(u(x, τi+1)− u(x, τi)) Ji,n+1

+
1

∆tΓ(1− α)
(u(x, τn+1)− u(x, τn)) Jn,n+1

= θ

(
σ2

2
uxx(x, τn+1) + (r − σ2

2
)ux(x, τn+1)− ru(x, τn+1)

)
+ (1− θ)

(
σ2

2
uxx(x, τn) + (r − σ2

2
)ux(x, τn)− ru(x, τn)

)
+ θf(x, τn+1) + (1− θ)f(x, τn) +O(∆t).(9)

Building upon relation (9), a corresponding semi-discrete scheme can be de-
rived. This scheme serves as an intermediate step in the numerical solution pro-
cess, bridging the analytical framework with the fully discrete computational
method. It systematically incorporates the temporal and spatial discretizations
while maintaining the integrity of the underlying mathematical model. By em-
ploying this formulation, it becomes possible to approximate the solution of the
problem efficiently, setting the foundation for further numerical analysis and
implementation.

AnU
n+1(x)−BUn+1

xx (x)− CUn+1
x (x, τn+1)

= −
n−1∑
i=0

(
U i+1(x)− U i(x)

)
Ji,n+1

+DnU
n(x) + EUnxx(x) + FUnx (x) + hn(x),(10)

where Un(x) = U(x, τn) is considered as an approximation of u(x, τn) and

An = ∆tΓ(1− α)θr + Jn,n+1, B = ∆tΓ(1− α)θ
σ2

2
,

C = ∆tΓ(1− α)θ(r − σ2

2
), Dn = Jn,n+1 −∆tΓ(1− α)(1− θ)r,

E = ∆tΓ(1− α)(1− θ)σ
2

2
, F = ∆tΓ(1− α)(1− θ)(r − σ2

2
),

hn(x) = ∆tΓ(1− α) (θf(x, τn+1) + (1− θ)f(x, τn)) .

To approximate spatial derivatives, we use cubic spline quasi-interpolation.
Cubic spline quasi-interpolation offers several significant advantages: it avoids
solving linear systems by relying solely on function evaluations, provides high-
order accuracy (typically fourth-order for functions in C4[a, b]), ensures smooth
approximates due to the C2 continuity of cubic splines, and benefits from local
support, enabling efficient and adaptive computation. Moreover, it integrates
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well with numerical schemes and can be naturally extended to multivariate
problems using tensor-product constructions (see [8]).

A mesh Ω which is equally divided by knots xi = a+i∆x into M subintervals
[xi, xi+1], i = 0, 1, . . . ,M−1 such that Ω : (x0, x1, . . . , xM ) with ∆x = (b−a)/M
is used. Also, let S4(Ω) be the space of cubic splines on Ω. The correspond-
ing set of cubic B-splines {B1, B2, . . . , BM+3}, where is a basis for S4(Ω), are
defined as follows [4]

Bj+4(x) =



(x−xj)3

(xj+1−xj)(xj+2−xj)(xj+3−xj) , x ∈ [xj , xj+1),

(x−xj)2(xj+2−x)
(xj+2−xj)(xj+2−xj+1)(xj+3−xj)

+
(x−xj)(xj+3−x)(x−xj+1)

(xj+3−xj)(xj+3−xj+1)(xj+2−xj+1)

+
(xj+4−x)(x−xj+1)2

(xj+2−xj+1)(xj+3−xj+1)(xj+4−xj+1) , x ∈ [xj+1, xj+2),

(x−xj)(xj+3−x)2

(xj+3−xj)(xj+3−xj+1)(xj+3−xj+2)

+
(x−xj+1)(xj+3−x)(xj+4−x)

(xj+3−xj+1)(xj+3−xj+2)(xj+4−xj+1)

+
(xj+4−x)2(x−xj+2)

(xj+4−xj+1)(xj+4−xj+2)(xj+3−xj+2) , x ∈ [xj+2, xj+3),

(xj+4−x)3

(xj+4−xj+1)(xj+4−xj+2)(xj+4−xj+3) , x ∈ [xj+3, xj+4),

0, otherwise,

(11)

for j = −3,−2, . . . ,M − 1 with additional node points x−3 = x−2 = x−1 = a
and xM+3 = xM+2 = xM+1 = b. Now, we consider the following B-spline
quasi-interpolation approximation for Un(x) [7]

Un(x) =

M+3∑
j=1

µj(U
n(x))Bj(x) +O((∆x)4),(12)

where



µ1(Un(x)) = Un(x0),

µ2(Un(x)) = 1
18 (7Un(x0) + 18Un(x1)− 9Un(x2) + 2Un(x3)) ,

µj(U
n(x)) = 1

6 (−Un(xj−3) + 8Un(xj−2)− Un(xj−1)) , 3 ≤ j ≤M + 1,

µM+2(Un(x)) = 1
18

(
2Un(xM−3)− 9Un(xM−2)

+18Un(xM−1) + 7Un(xM )
)
,

µM+3(Un(x)) = Un(xM ).

(13)

By substituting (12) into (10), we have

M+3∑
j=1

µj(U
n+1(x))Pnj (x) = Rn(x),(14)
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where

Rn(x) = J0,n+1U
0(x)−

n−1∑
i=1

(Ji−1,n+1 − Ji,n+1)U i(x)

−DnU
n(x) + EUnxx(x) + FUnx (x) + hn(x),

Pnj (x) = AnBj(x)−BB′′j(x)− CB′j(x).

By placing the node points xk, k = 1, 2, . . . ,M − 1 in relations (14) and using
compact support property of B-splines, we have:

µk+1(Un+1(x))Pnk+1(xk) + µk+2(Un+1(x))Pnk+2(xk)

+ µk+3(Un+1(x))Pnk+3(xk) = Rn(xk).(15)

By putting different values of k = 1, 2, . . . ,M − 1 in (15) and using (13) and
also applying boundary conditions (7), we have:

MnUn+1 = Rn,(16)

where Un+1 =
(
Un+1

1 , Un+1
2 , . . . , Un+1

M−1

)T
, Un+1

k = Un+1(xk), k = 1, . . . ,M−1
and

Rn =



Rn(x1) − Λn,10 γ(τn+1)

Rn(x2) − Λn,20 γ(τn+1)
Rn(x3)
Rn(x4)

...
Rn(xM−3)

Rn(xM−2) − Λn,M−2
4 ζ(τn+1)

Rn(xM−1) − Λn,M−1
3 ζ(τn+1)


,

Mn =



Λn,11 Λn,12 Λn,13

Λn,21 Λn,22 Λn,23 Λn,24

Λn,30 Λn,31 Λn,32 Λn,33 Λn,34

Λn,40 Λn,41 Λn,42 Λn,43 Λn,44

. . .
. . .

. . .
. . .

. . .

Λn,M−3
0 Λn,M−3

1 Λn,M−3
2 Λn,M−3

3 Λn,M−3
4

Λn,M−2
0 Λn,M−2

1 Λn,M−2
2 Λn,M−2

3

Λn,M−1
0 Λn,M−1

1 Λn,M−1
2


,
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and

Λn,10 =
7

18
Pn2 (x1)− 1

6
Pn3 (x1), Λn,i0 = −1

6
Pni+1(xi), i = 2, 3, . . . ,M − 2,

Λn,M−1
0 = −1

6
PnM (xM−1) +

1

9
PnM+2(xM−1),

Λn,11 = Pn2 (x1) +
4

3
Pn3 (x1)− 1

6
Pn4 (x1),

Λn,i1 =
4

3
Pni+1(xi)−

1

6
Pni+2(xi), i = 2, 3, . . . ,M − 2,

Λn,M−1
1 =

4

3
PnM (xM−1)− 1

6
PnM+1(xM−1)− 1

2
PnM+2(xM−1),

Λn,12 = −1

2
Pn2 (x1)− 1

6
Pn3 (x1) +

4

3
Pn4 (x1),

Λn,i2 = −1

6
Pni+1(xi) +

4

3
Pni+2(xi)−

1

6
Pni+3(xi), i = 2, 3, . . . ,M − 2,

Λn,M−1
2 = −1

6
PnM (xM−1) +

4

3
PnM+1(xM−1) + PnM+2(xM−1),

Λn,i3 = −1

6
Pni+2(xi) +

4

3
Pni+3(xi), i = 2, 3, . . . ,M − 2,

Λn,M−1
3 = −1

6
PnM+1(xM−1) +

7

18
PnM+2(xM−1),

Λn,i4 = −1

6
Pni+3(xi), i = 2, 3, . . . ,M − 2.

It is worth noting that the values of Ux and Uxx at t0 are obtained using the
initial condition (6).

3. Error analysis

Let us assume that Ũ(x, τ) and U(x, τ) are the exact and approximate so-
lutions of Scheme (15), respectively. In this case, we will have from relation
(15)

M+3∑
j=1

Pnj (x)µj(Ũ(x, τn+1))

=

M+3∑
j=1

[(
n−1∑
i=0

Ji,n+1Bj(x)
(
µj(Ũ(x, τi))− µj(Ũ(x, τi+1))

))

+Qnj (x)µj(Ũ(x, τn))

]
+ hn(x),(17)
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M+3∑
j=1

Pnj (x)µj(U(x, τn+1))

=

M+3∑
j=1

[(
n−1∑
i=0

Ji,n+1Bj(x) (µj(U(x, τi))− µj(U(x, τi+1)))

)
+Qnj (x)µj(U(x, τn))Bigg] + hn(x).(18)

By subtracting (18) from (17) and assuming En = Ũ(x, τn) − U(x, τn), we
obtain

M+3∑
j=1

Pnj (x)µj(E
n+1) =

M+3∑
j=1

[
n−1∑
i=0

Ji,n+1Bj(x)µj(E
i − Ei+1)

+Qnj (x)µj(E
n)

]
.(19)

Using (13), we have from the last equation:

M∑
κ=0

Vκ(x)En+1
κ = µn,0

(
J0,n+1

M∑
ι=0

Ψι(x)E0
ι +

n−1∑
i=1

(Ji,n+1 − Ji−1,n+1)

(20)

×
M∑
ι=0

Ψι(x)Eiι − Jn−1,n+1

M∑
ι=0

Ψι(x)Enι

)
+

M∑
κ=0

V ′κ(x)Enκ ,(21)

where Enk = En(xk) and

V0(x) = Pn1 (x) +
7

18
Pn2 (x)− 1

6
Pn3 (x), V1(x) = Pn2 (x) +

4

3
Pn3 (x)− 1

6
Pn4 (x),

V2(x) = −1

2
Pn2 (x)− 1

6
Pn3 (x)− 1

6
Pn5 (x) +

4

3
Pn4 (x),

V3(x) =
1

9
Pn2 (x) +

4

3
Pn5 (x)− 1

6
Pn4 (x)− 1

6
Pn6 (x),

Vl(x) = −1

6
Pnl+1(x) +

4

3
Pnl+2(x)− 1

6
Pnl+3(x), l = 4, 5, . . . ,M − 4,

VM−3(x) = −1

6
PnM−2(x) +

4

3
PnM−1(x)− 1

6
PnM (x) +

1

9
PnM+2(x),

VM−2(x) = −1

6
PnM−1(x) +

4

3
PnM (x)− 1

6
PnM+1(x)− 1

2
PnM+2(x),

VM−1(x) = −1

6
PnM (x) +

4

3
PnM+1(x) + PnM+2(x),

VM (x) = −1

6
PnM+1(x) +

7

18
PnM+2(x) + PnM+3(x),
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Ψ0(x) = B1(x) +
7

18
B2(x)− 1

6
B3(x), Ψ1(x) = B2(x) +

4

3
B3(x)− 1

6
B4(x),

Ψ2(x) = −1

2
B2(x)− 1

6
B3(x) +

4

3
B4(x)− 1

6
B5(x),

Ψ3(x) =
1

9
B2(x)− 1

6
B4(x) +

4

3
B5(x)− 1

6
B6(x),

Ψl(x) = −1

6
Bl+1(x) +

4

3
Bl+2(x)− 1

6
Bl+3(x), l = 4, 5, . . . ,M − 4,

ΨM−3(x) = −1

6
BM−2(x) +

4

3
BM−1(x)− 1

6
BM (x) +

1

9
BM+2(x),

ΨM−2(x) = −1

6
BM−1(x) +

4

3
BM (x)− 1

6
BM+1(x)− 1

2
BM+2(x),

ΨM−1(x) = −1

6
BM (x) +

4

3
BM+1(x) +BM+2(x),

ΨM (x) = −1

6
BM+1(x) +

7

18
BM+2(x) +BM+3(x),

µn,0 =

{
1, n 6= 0,
0, n = 0,

where V ′κ(x) is obtained by substituting Qnj (x) = DnBj(x) + EB′′j(x) +
FB′j(x), j = 1, 2, . . . ,M + 3, for Pjs in the relations related to Vκ(x).

Using the properties of B-splines, it can be shown that [3]

Lemma 3.1. For the B-splines defined in relation (11), we have

0 ≤ Bj(x) ≤ 1, − 3

∆x
≤ B′j(x) ≤ 3

∆x
, − 9

(∆x)
2 ≤ B

′′
j(x) ≤ 6

(∆x)
2 .(22)

According to the definition of J in we can see that 0 ≤ Jn,n+1 ≤ tn ≤ T , so

∆tΓ(1− α)θr ≤ An ≤ ∆tΓ(1− α)θr + T.(23)

Using Lemma 3.1, relation (23) and definition of P jn(x) we obtain

K2 ≤ Pnj (x) ≤ K1,(24)

where K1 = ∆tΓ(1 − α)θ
(
r + T + 9σ2

(∆x)2
+ 3

∆x (r − σ2

2 )
)

and K2 = ∆tΓ(1 −

α)θ
(

1
6r −

3σ2

(∆x)2
− 3

∆x (r − σ2

2 )
)

. We assume that r− σ2

2 > 0 and 1
6r <

3σ2

(∆x)2
+

3
∆x (r− σ2

2 ) and therefore −K1 < K2. Now, form (24) and definitions of Vκ(x)s
we have

Vκ(x) ≥ 14

9
K2.(25)

Using Lemma 3.1 and definitions of Ψι(x)s we can see that

max
x∈[a,b],0≤ι≤M

|Ψι(x)| ≤ 5

2
.(26)
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Since Jn,n+1 ≤ T from Lemma 3.1 we conclude that

Qnj (x) = DnBj(x) + EB′′j(x) + FB′j(x) ≤ G,(27)

where G = T + ∆tΓ(1 − α)(1 − θ)
(
r + 3σ2

(∆x)2
+
(
r − σ2

2

)
3

∆x

)
. Hence, from

definitions of V ′κ(x)s we have

max
x∈[a,b],0≤κ≤M

|V ′κ(x)| ≤ 5

2
G.(28)

Also, from definitions of Ji,n we can see that

|Ji,n+1 − Ji−1,n+1| < 1, |Jn−1,n+1| < 1, |J0,n+1| < 1.(29)

Now, from (20) and using (24), we obtain

min
x∈[a,b],0≤κ≤M

Vκ(x)

M∑
κ=0

En+1
κ ≤ µn,0

(
max

0≤n≤N
|J0,n+1|

× max
x∈[a,b],0≤ι≤M

|Ψι(x)|
M∑
ι=0

E0
ι

+ max
x∈[a,b],0≤ι≤M

|Ψι(x)|

× max
1≤i≤n−1,0≤n≤N

|Ji,n+1 − Ji−1,n+1|
M∑
ι=0

n−1∑
i=1

Eiι

+ max
0≤n≤N

|Jn−1,n+1| max
x∈[a,b],0≤ι≤M

|Ψι(x)|
M∑
ι=0

Enι

)

+ max
x∈[a,b],0≤κ≤M

|V ′κ(x)|
M∑
κ=0

Enκ .(30)



Implicit cubic B-spline scheme for the fractional... – JMMR Vol. 15, No. 1 (2026) 499

Therefore,

min
x∈[a,b],0≤κ≤M

Vκ(x)

M∑
κ=0

En+1
κ ≤ µn,0 max

x∈[a,b],0≤ι≤M
|Ψι(x)|

(

max
0≤n≤N

|J0,n+1|
M∑
ι=0

E0
ι

+ max
1≤i≤n−1,0≤n≤N

|Ji,n+1 − Ji−1,n+1|
M∑
ι=0

n−1∑
i=1

Eiι

+ max
0≤n≤N

|Jn−1,n+1|
M∑
ι=0

Enι

)

+ max
x∈[a,b],0≤κ≤M

|V ′κ(x)|
M∑
κ=0

Enκ .(31)

We put

C = max

 max
0≤n≤N

|J0,n+1| , max
1≤i≤n−1,0≤n≤N

|Ji,n+1 − Ji−1,n+1|

, max
0≤n≤N

|Jn−1,n+1|

 ,

ξ = min
x∈[a,b],0≤κ≤M

Vκ(x).

Now, from (31)

ξ

M∑
κ=0

En+1
κ ≤ µn,0C max

x∈[a,b],0≤ι≤M
|Ψι(x)|

×
M∑
ι=0

(
E0
ι +

n−1∑
i=1

Eiι + Enι

)

+ max
x∈[a,b],0≤κ≤M

|V ′κ(x)|
M∑
κ=0

Enκ .(32)

Let ϑ = max

{
C max
x∈[a,b],0≤ι≤M

|Ψι(x)| , max
x∈[a,b],0≤κ≤M

|V ′κ(x)|
}

, from (32) we

have

ξ

M∑
κ=0

En+1
κ ≤ ϑ

M∑
ι=0

(
µn,0

(
E0
ι +

n−1∑
i=1

Eiι + Enι

)
+ Enι

)
.(33)

According to the relation (33), we put

TEn =

M∑
ι=0

(
ξEn+1

ι − ϑ

(
µn,0

(
E0
ι +

n−1∑
i=1

Eiι + Enι

)
+ Enι

))
.(34)
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By applying Taylor expansion, from relation (34) we obtain

TEn =

M∑
ι=0

(
ξE0

ι + ξ(n+ 1)O(∆t)

− ϑ
(
µn,0

(
E0
ι +

n−1∑
i=1

(
E0
ι + iO(∆t)

)
+ E0

ι + nO(∆t)
)

+ E0
ι + nO(∆t)

))

= (ξ − ϑ (µn,0(n+ 1) + 1))

M∑
ι=0

E0
ι

+ (M + 1)

(
ξ(n+ 1)− ϑ

(
1

2
µn,0n(n+ 1) + n

))
O(∆t)

≤ (|ξ|+ ϑ (µn,0(n+ 1) + 1)) (M + 1)
∥∥E0

∥∥
M,∞

+ (M + 1)

(
|ξ| (n+ 1) + ϑ

(
1

2
µn,0n(n+ 1) + n

))
O(∆t),(35)

where ‖En‖M,∞ = max
0≤ι≤M

|Enι |. Using (26), (28) and (29) we have

ϑ = max

{
C max
x∈[a,b],0≤ι≤M

|Ψι(x)| , max
x∈[a,b],0≤κ≤M

|V ′κ(x)|
}

≤ 5

2
max {1, G} =

5

2
G.(36)

Now, from (35) and by applying (25) and (36) we obtain

TEn ≤
(

14

9
|K2|+

5

2
G (µn,0(n+ 1) + 1)

)
(M + 1)

∥∥E0
∥∥
M,∞

+ (M + 1)

(
14

9
|K2| (n+ 1) +

5

2
G

(
1

2
µn,0n(n+ 1) + n

))
O(∆t).(37)

Hence, from (37) if ∆t
(∆x)2

→ 0 then TEn → 0.

4. Numerical results

In this section, we present some numerical examples to illustrate the perfor-
mance and accuracy of the proposed method in solving Problem (5)–(7). These
examples are designed to demonstrate the efficiency, stability, and convergence
behavior of the scheme under various settings. In particular, we compare the
obtained results with exact solutions to validate the effectiveness of the ap-
proach. Additionally, we examine the error norms and convergence rates to
confirm the theoretical properties discussed earlier.
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In addition, in order to make a comparison with known numerical meth-
ods, we discretized the spatial derivatives using the central finite difference
approximation and presented the numerical results in tabular form.

It is notable that, we perform all of the computations by MATLAB®
R2019a software (V9.6.0.1072779, 64-bit (win64), License Number: 968398,
MathWorks Inc., Natick, MA) running on a Sony VAIO Laptop (Intel® Core™
i5-2410M Processor 2.30 GHz with Turbo Boost up to 2.90 GHz, 8 GB of RAM,
64-bit) PC.

Example 4.1. Let us consider σ = 0.25, θ = 1, r = 0.05, T = 1, a = 0, b = 1,
γ(τ) = ζ(τ) = 0 with

f(x, t) = (t+ 1)2
(
− σ2

2
(2− 6x)− (r − σ2

2
)(2x− 3x2) + rx2(1− x)

)
+

2x2(1− x)

Γ(1− α)
(t22α−1 + t).

u0(x) = x2(1− x).

From this assumptions the exact solution can be calculated by u(x, t) = x2(1−
x)(1 + t)2 [19].

The plot of the approximate solution and the absolute error at all node points
with N = 500, M = 100 and α = 0.1 are shown in Figure 1. The versatility
and the accuracy of the method is measured using the maximum absolute error
norm L∞, defined by

L∞(M,N) = max
0≤i≤M

|U(xi, tN )− Uexact(xi, tN )| ,

where U(xi, tN ) and Uexact(xi, tN ) are numerical and exact solutions at (xi, tN )
point. The time convergence orders are defined as follows

Ratet =
log (L∞(M,N1))− log (L∞(M,N2))

log (N2)− log (N1)
.

Table 1 presents the method’s error alongside the temporal order error for var-
ious values of α with θ = 0.5. Also, Table 2 presents the numerical results
obtained from using the central finite difference approximation to approximate
spatial derivatives.



502 R. Montazeri

Figure 1. The graph of the approximate solution (left) and
the absolute error at all node points (right) for example 4.1
with N = 500, M = 100 and α = θ = 0.5.

Table 1. The maximum-norm errors and temporal conver-
gence orders with M = 100 for Example 4.1.

α = 0.9 α = 0.5 α = 0.1 CPU time

N L∞(M,N) Ratet L∞(M,N) Ratet L∞(M,N) Ratet (Seconds)

10 1.420014e− 04 − 1.399927e− 03 − 2.120399e− 03 − 0.27
20 4.135733e− 05 1.779 5.029028e− 04 1.477 9.900246e− 04 1.099 0.55
40 1.189007e− 05 1.798 1.802796e− 04 1.480 4.620870e− 04 1.099 1.04
80 3.384293e− 06 1.812 6.430545e− 05 1.487 2.156310e− 04 1.099 3.97
160 9.556336e− 07 1.824 2.286700e− 05 1.491 1.006105e− 04 1.099 9.51
320 2.681009e− 07 1.833 8.115564e− 06 1.494 4.693987e− 05 1.099 29.34
640 7.481198e− 08 1.841 2.876581e− 06 1.496 2.189902e− 05 1.099 105.43
1280 2.078170e− 08 1.847 1.018761e− 06 1.497 1.021645e− 05 1.100 471.03
2560 5.750758e− 09 1.853 3.606014e− 07 1.498 4.765779e− 06 1.100 1746.30

Example 4.2. Let us consider σ = 0.2, θ = 0.5, r = 0.02, T = 1, a = 0,
b = 1, with

f(x, t) = exp(αx)

(
t22α

Γ(1− α)
+ (t2 + 1)

(
r − ασ

2
(rσ + ασ)

))
.

u0(x) = exp(αx).

From this assumptions the exact solution can be calculated by u(x, t) = (t2 +
1) exp(αx). The plot of the approximate solution and the absolute error at all
node points with N = 500, M = 100 and α = 0.5 are shown in Figure 2. Table
3 presents the method’s error alongside the temporal order error for various
values of α with θ = 0.5. Also, Table 4 presents the numerical results obtained
from using the central finite difference approximation to approximate spatial
derivatives.
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Table 2. The maximum-norm errors L∞(M,N) with M =
100 using central finite difference approximation for Example
4.1.

N α = 0.9 α = 0.5 α = 0.1

10 1.255499e− 03 9.616565e− 03 1.984517e− 02
20 4.272821e− 04 3.507691e− 03 9.922583e− 03
40 1.453155e− 04 1.278562e− 03 4.961291e− 03
80 4.938651e− 05 4.657158e− 04 2.363157e− 03
160 1.678435e− 05 1.696369e− 04 1.125617e− 03
320 5.704281e− 06 6.179019e− 05 5.361526e− 04
640 1.937297e− 06 2.249147e− 05 2.536156e− 04
1280 6.570363e− 07 8.175494e− 06 1.216422e− 04
2560 2.225259e− 07 2.967619e− 06 5.826267e− 05

Figure 2. The graph of the approximate solution (left) and
the absolute error at all node points (right) for example 4.2
with N = 500, M = 100 and α = 0.5.

Table 3. The maximum-norm errors and temporal conver-
gence orders with M = 100 for Example 4.2.

α = 0.9 α = 0.5 α = 0.1 CPU time

N L∞(M,N) Ratet L∞(M,N) Ratet L∞(M,N) Ratet (Seconds)

5 4.737141e− 03 − 1.176424e− 02 − 1.632291e− 02 − 0.12
10 1.408346e− 03 1.750 3.679856e− 03 1.676 5.243402e− 03 1.638 0.20
20 4.111604e− 04 1.776 1.128937e− 03 1.704 1.651542e− 03 1.666 0.36
40 1.184392e− 04 1.796 3.416836e− 04 1.724 5.133132e− 04 1.685 1.16
80 3.376751e− 05 1.810 1.023863e− 04 1.738 1.580206e− 04 1.699 3.19
160 9.548660e− 06 1.822 3.044691e− 05 1.749 4.829915e− 05 1.710 7.11
320 2.682184e− 06 1.832 8.999802e− 06 1.758 1.468149e− 05 1.718 26.55
640 7.492502e− 07 1.840 2.647231e− 06 1.765 4.442851e− 06 1.724 121.62
1280 2.083101e− 07 1.847 7.752923e− 07 1.771 1.338983e− 06 1.730 398.19
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Table 4. The maximum-norm errors L∞(M,N) with M =
100 using central finite difference approximation for Example
4.2.

N α = 0.9 α = 0.5 α = 0.1

5 8.613114e− 03 7.315945e− 02 1.254858e− 01
10 2.947588e− 03 2.683367e− 02 5.287012e− 02
20 1.008027e− 03 9.835322e− 03 2.225999e− 02
40 3.444902e− 04 3.602435e− 03 9.365661e− 03
80 1.176469e− 04 1.318568e− 03 3.937775e− 03
160 4.017759e− 05 4.826242e− 04 1.655631e− 03
320 1.366411e− 05 1.759177e− 04 6.932179e− 04
640 4.647063e− 06 6.412240e− 05 2.902526e− 04
1280 1.581528e− 06 2.338897e− 05 1.216140e− 04

In these two examples, it can be seen that better approximations are ob-
tained for values of α close to 1.

Example 4.3. Let us consider σ = 0.1, θ = 1, r = 0.01, T = 2, a = 0, b = 5,
γ(τ) = 0 and

ζ(τ) = exp(−rt) max{exp(b)−K, 0},
u0(x) = exp(−rT ) max{exp(x)−K, 0},

where K = 10 [16].
The figure of the approximate solution at all node points with N = 200,

M = 100 and α = 0.1 are shown in Figure 3. Also, in Figure 4 the approximate
solution at all node points are shown for different values of K.

Figure 3. The graph of the approximate solution for example
4.3 with N = 200, M = 100, K = 10 and α = 0.1.
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Figure 4. The graph of the approximate solution for different
values of K with N = 200, M = 100 and α = 0.1 in example
4.3.

5. Conclusion

In this study, we introduced a novel numerical scheme for the Black–Scholes
model incorporating a Caputo–Hadamard fractional time derivative. The finite-
difference approximation of the temporal fractional derivative ensures both ac-
curacy and numerical stability in capturing the model’s dynamics. Spatial dis-
cretization via cubic B-spline quasi-interpolation delivers a robust and efficient
algorithmic framework. Rigorous error analysis provides theoretical guaran-
tees for the method’s reliability, and extensive numerical experiments confirm
its effectiveness in addressing the challenges posed by fractional differential
equations in financial modeling. The proposed method demonstrates supe-
rior performance in preserving accuracy under low-volatility and low-liquidity
conditions, achieving faster convergence compared to classical approaches, and
maintaining stability even with large time steps. Moreover, the alignment of
simulation results with observed market behavior under anomalous conditions
highlights the method’s potential for practical option pricing and risk manage-
ment applications.

Future works.

• Extend the algorithm to support multi-dimensional fractional deriva-
tives and apply it to multi-asset pricing models
• Develop higher-order temporal integration schemes to enhance time-

accuracy while reducing computational cost
• Integrate the fractional framework with complex stochastic processes

such as stochastic volatility models or jump-diffusion dynamics
• Design node-adaptive methods in both time and space to concentrate

computational effort in regions with steep gradients
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• Perform parameter estimation of fractional orders using real market
data to broaden validation and enable deployment in automated trad-
ing systems

Appendix

If we put τ = T − t and x = ln(S), we get dτ
dt = −1 and dx

dS = 1
S . Since

V (S, t) = u(x, τ), we have

∂V

∂t
=
∂u

∂t
=
∂u

∂τ

dτ

dt
= −∂u

∂τ
,

and hence

LCH
0 Dα

t V (S, t) =
1

Γ(1− α)

∫ t

a

(
ln
t

y

)−α
∂V (S, y)

dy
dy

= − 1

Γ(1− α)

∫ t

a

(
ln
t

y

)−α
∂u(x, y)

dy
dy = −LCH0 Dα

t u(x, τ).(38)

Also,

∂V

∂S
=
∂u

∂S
=
∂u

∂x

dx

dS
=

1

S

∂u

∂x
,(39)

and

∂2V (S, t)

∂S2
=

∂

∂S

(
∂V

∂S

)
=

∂

∂S

(
1

S

∂u

∂x

)
=

1

S

∂

∂S

(
∂u

∂x

)
+

(
−1

S2

)
∂u

∂x

=
1

S

(
∂

∂x

(
∂u

∂x

)
dx

dS

)
−
(

1

S2

)
∂u

∂x
=

1

S2

∂2u

∂x2
−
(

1

S2

)
∂u

∂x

=
1

S2

(
∂2u

∂x2
− ∂u

∂x

)
.(40)

By putting equations (38), (39), and (40) into the equation (2), we will have

−LCH0 Dα
t u(x, τ) +

σ2

2
S2 1

S2

(
∂2u

∂x2
− ∂u

∂x

)
+ rS

1

S

∂u

∂x
− ru(x, τ) = 0.

Therefore

LCH
0 Dα

t u(x, τ) =
σ2

2

∂2u(x, τ)

∂x2
+

(
r − σ2

2

)
∂u(x, τ)

∂x
− ru(x, τ) = 0.
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