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ABSTRACT. Let R be a ring, C a (faithfully) semidualizing module, and
n,m > 0 be integers or potentially n = oo. We introduce and ana-
lyze C-(n,m)-cotorsion modules, utilizing the class of R-modules with
C-F P,-flat dimensions at most m as a broad generalization. This frame-
work provides a new classification of C-cotorsion and C-m-weak cotor-
sion modules, along with their equivalent characterizations. Furthermore,
we examine the Foxby equivalences between subclasses of the Auslander
and Bass classes with respect to C. Lastly, we explore the properties of
strongly C-(n, m)-cotorsion dimensions in the context of almost excellent
extensions, considering the class of R-modules with C-F P,-flat (or injec-
tive) dimensions at most m.

Keywords: C-(n, m)-Cotorsion module, C-F P,,-flat module, C-F Pp-injective
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1. Introduction

Throughout this document, the symbol R will represent an associative ring
with identity. All R-modules are assumed to be unital left R-modules unless
explicitly stated otherwise. Right R-modules are interpreted as left modules
over the opposite ring R°P. The variables m, n, and ¢t are non-negative integers.

In 1984, Enochs introduced the concept of cotorsion modules as a general-
ization of cotorsion abelian groups [5]. Since then, the study of these modules
has become a highly active area of research. We recommend consulting [5,11]
for foundational background on cotorsion modules. In recent years, new classi-
fications of cotorsion modules have been explored in works such as [1,10,15]. In
2007, Mao and Ding introduced the concept of m-cotorsion modules as a new
classification based on classes of modules with finite flat dimension [10]. Later,
in 2018, Selvaraj and Prabakaran proposed the concept of m-weak cotorsion
modules as a further classification using classes of modules with finite weak flat
dimension [15]. Prior to this, in 2015, Gao and Wang introduced the notion of
weak flat modules [7].
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Semidualizing modules C over general associative rings have been extensively
studied, beginning with the work of Holm and White in [9], where they intro-
duced and analyzed the concepts of the Auslander and Bass classes, as well
as C-flat and C-injective modules with respect to a semidualizing bimodule
C = gCpr over rings R and S. They established the Foxby equivalence between
subclasses of the Auslander class and the Bass class. Considering R = S,
in 2016, X. Chen and J. Chen, in [4], defined C-cotorsion (and C-flat cotor-
sion) modules by utilizing C-flat (and flat cotorsion) modules over commutative
rings. They further examined the Foxby equivalences between subclasses of the
Auslander and Bass classes relative to C, as well as the strongly C-cotorsion di-
mensions of modules in the context of almost excellent extensions, and also, in
2024, Amini et al., in [2], introduc the concept of C-m-weak cotorsion modules
and represent a new classification within C-cotorsion modules.

In Section 2, also considering R = S, we state some required concepts.
For example, the definitions of cotorsion, m-cotorsion, m-weak cotorsion, C-
cotorsion, C-m-weak cotorsion (and flat cotorsion, C-flat C-cotorsion) modules
provide motivation for the definition of C-(n, m)-cotorsion (and C-F P,,-flat C-
(n,m)-cotorsion) modules as common generalizations of these concepts. It
is noteworthy that this approach enables us to deal with several important
concepts on homological theory comprehensively. So, in Section 3, we intro-
duce C-(n,m)-cotorsion modules, strongly C-(n, m)-cotorsion and C-F P,,-flat
C-(n, m)-cotorsion modules. Then we obtain some results of homological rela-
tionships between the classes Cot(™™ (R), C’ot(cn’m)(R), SC’ot(g’m)(R), P(R),

cot (™)

FFO" (R), FFE'" ™ (R), Ac(R), Bo(R), FF'(R)<m and FFE(R)<pm,
ffCOt(”'m)(R)St and ]:]:Cé)t(nmo (R)<t, where these classes are the class of
(n,m)-cotorsion, C-(n,m)-cotorsion, strongly C-(n,m)-cotorsion, projective,
FP,-flat (n, m)-cotorsion, C-F P,-flat C-(n, m)-cotorsion R-modules, Auslan-
der class, Bass class, R-modules with F'P,,-flat dimension at most m, R-modules
with C-F P,-flat dimension at most m, R-modules with F'P,-flat (n, m)-cotorsion
projective dimension at most ¢ and R-modules with C-FP,,-flat C-(n,m)-
cotorsion projective dimension at most t, respectively. Then, using these re-
sults, we investigate Foxby equivalence relative to theses classes, see Theorems
3.4, 3.6 and 3.14.

Section 4 is dedicated to investigating the (n,m)-cotorsion dimensions rel-
ative to semidualizing modules, specifically the strongly C-(n,m)-cotorsion
dimensions. Additionally, we examine the transfer properties of the classes
C-F P,-injective dimensions, C-F P,-flat dimensions, and strongly C-(n,m)-
cotorsion dimensions under almost excellent extensions, see Theorem 4.9.

2. Preliminaries

In this section, fundamental concepts and notation are outlined.
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Definition 2.1. (1) An R-module U is said to be finitely n-presented [17]
if there exists an exact sequence

F,—F, 1 — - —F —Fp—U—70,

where each F; is finitely generated and projective;

(2) A module M is called FP,-injective [3] if Exth(U, M) = 0 for every
finitely n-presented R-module U. Similarly, an R-module M is called
FP,-flat [3] if Tor®(M,U) = 0 for every right finitely n-presented R-
module U;

(3) An R-module M is said to be cotorsion [5] if Exty(L, M) = 0 for
every flat R-module L. An R-module M is called m-cotorsion [10] if
Extp(L, M) = 0 for all R-modules L within the class F(R)<,, where
F(R)<m denotes the collection of all R-modules with flat dimension
less than or equal to m.

Definition 2.2. (1) An R-module U is referred to as super finitely pre-
sented [6] if there exists an exact sequence

e —= B —F — Fy— U —0,

where each Fj is finitely generated and projective;

(2) A module M is termed weak injective or F Py, -injective [7] if Extk (U, M) =
0 for every super finitely presented R-module U. Similarly, an R-
module M is called weak flat or FPs.-flat [7] if Tor®(M,U) = 0 for
every right super finitely presented R-module U;

(3) An R-module M is called m-weak cotorsion (see [15]) if Exty (L, M) =
0 for every R-module L that belongs to WF(R)<p,. Here, WF(R)<m
denotes the class of all R-modules with weak flat dimension less than
or equal to m.

Definition 2.3. Let R be a ring.

(1) An R-module C is considered semidualizing [9] if it satisfies the follow-
ing conditions:
(a1) C possesses a degreewise finite projective resolution;
(a2) The homothety map v : R — Hompg(C,C) is an isomorphism;
(ag) ExtR(C,C) =0 for all 4 > 1.

(2) A semidualizing module C is said to be faithfully semidualizing [9] if
for every R-module M, Hompg(C, M) = 0 implies that M =0

We define

C+t = {M | Ext;(C,M) = 0, where M is an R—module}
and
C+ = {M | Ext4(C,M) =0 for any i > 1, where M is an R—module}.

Definition 2.4. (1) The Auslander class Ac(R) [9] with respect to C
comprises all R-modules M that satisfy the following conditions:
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(Ay)] Torf(C, M) =0 for all i > 1;

(Az) Ext(C,C @r M) =0 for all i > 1;

(A3) The natural evaluation homomorphism gy : M — Hompg(C,C®pg
M) is an isomorphism of R-modules.

The Bass class Bo(R) [9] with respect to C' consists of all R-modules
N satisfying the following conditions:

(B1) Ext%(C,N) = 0 for all integers i > 1;

(By) Torl(C,Hompz(C, N)) = 0 for all integers i > 1;

(B3) The natural evaluation homomorphism vy : C® gHompg(C, N) —
N is an isomorphism of R-modules.

Lemma 2.5. ( [9, Proposition 4.1]) Let C' be a semidualizing module. The
following categories are equivalent:

C®r—
Ac(R) ~ Bo(R) .
Hompg(C,—)
Definition 2.6. (1) An R-module is considered C-injective [9] if it can be
expressed as

Homp(C,I) for some injective R-module I. An R-module is termed
C-flat [9] if it can be written as C @g F for some flat R-module F.
Additionally, an R-module is defined as C-projective [9] if it has the
form C ® g P for some projective R-module P;

An R-module M is called C-cotorsion [4] if the group Exty(F, M)
vanishes for every C-flat R-module F;

An R-module is termed C-weakly injective [8] if it can be expressed
as Homp(C,I) for some weakly injective R-module I. Similarly, an
R-module is called C-weakly flat [8] if it is of the form C' ® g F where
F is a weakly flat R-module;

An R-module is termed C-m-weak cotorsion [2] if, for every module
L € WFc(R)<m, the group Extp(L, M) vanishes. Here, WFc(R) <
denotes the class of all R-modules with C-weak flat dimension less than
or equal to m.

Definition 2.7. An R-module is referred to as C-F P, -injective [17] if it is iso-
morphic to
Hompg(C, X) for some FP,-injective R-module X. Similarly, an R-module
is considered C-F P, -flat [17] if it is isomorphic to C @ Y for some F' P, -flat
R-module Y.

We define the following classes:

(1)
(2)

Pc(R)<m as the class of R-modules with C-projective dimension at
most m,
FI"(R)<m as the class of R-modules with F'P,-injective dimension at
most m,
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(3) FF"(R)<m as the class of R-modules with F'P,-flat dimension at most
m,

(4) FI#(R)<m as the class of R-modules with C-F P, -injective dimension
at most m, and

(5) FFE(R)<m as the class of R-modules with C-FP,-flat dimension at
most m.

When m = 0, these classes specialize as follows:

(1) FZ¢(R)<o = FLE(R), which is the class of C-F P,-injective R-modules,

(2) FF&(R)<o = FF&(R), the class of C-FP,-flat R-modules, and

(3) Pc(R)<o = Pc(R), representing the class of C-projective R-modules.

Definition 2.8. An R-module M is referred to as flat cotorsion [5] if it is
both flat and cotorsion. An R-module M is called C-flat C-cotorsion [4] if it is
isomorphic to an R-module of the form C ®g F, where F' is flat and cotorsion.

3. C-(n,m)-cotorsion modules

In this section, we present and examine the concept of C-(n,m)-cotorsion
modules. We begin with their formal definition.

Definition 3.1. Let n,m be non-negative integers. Then, an R-module M is
called C-(n, m)-cotorsion if Exty(N, M) = 0 for every N € FF&(R) <. The
module M is said to be strongly C-( n,m )-cotorsion if Ext'(N, M) = 0 for
all ¢ > 1 and for every N € FF&(R)<m. If C = R, then C-(n, m)-cotorsion
modules are referred to as (n,m)-cotorsion.

The classes of C-(n,m)-cotorsion R-modules, strongly C-(n,m)-cotorsion R-
modules, and (n,m)-cotorsion R-modules are denoted by CotgL ’m)(R),
SCot(Cn’m)(R), and Cot(™™)(R), respectively.

Remark 3.2. (1) If n = m = 0, then the C-(n, m)-cotorsion modules coin-

cide with the C-cotorsion modules;

(2) If n = oo, then the C-(co, m)-cotorsion modules are precisely the C-
m-~cotorsion modules;

(3) If C = R and n = oo, then C-(n, m)-cotorsion modules coincide pre-
cisely with m-weak cotorsion modules;

(4) If C = R and n = 0 or 1, then C-(n, m)-cotorsion modules coincide
precisely with m-cotorsion modules;

(5) Every C-(ng, m)-cotorsion module is also C-(ny,m)-cotorsion for any
ny > nq, though the converse does not necessarily hold (see Example
3.3(2)). In fact, the following inclusions hold:

co- C Cot ™ (R) C Cotl>™ (R) C CotS ™ (R).
(6) SCot"™ (R) C Cotl"™(R).

A ring R is referred to as an (n,0)-ring [19] if every finitely n-presented
R-module is projective.
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Example 3.3. (1) Let K be a field, E a nonzero K-vector space, and
B = K x E a trivial extension of K by E, where F has infinite rank
over K. Additionally, let B’ be a Noetherian ring with global dimen-
sion zero, and define R = B’ x B. According to [12, Theorem 3.4],
R is a (2,0)-ring but not a (1,0)-ring. Consequently, every finitely
2-presented R-module U is projective, implying that Ext} (U, M) = 0
for any R-module M. Therefore, M is F Ps-injective (resp. F Py-flat).
Furthermore, there exists an R-module that is not F P;-injective (resp.
FP;-flat). To see this, note that if every R-module were F P;-injective
(resp. FP;-flat), then every finitely 1-presented R-module would be
projective, which would imply that R is a (1, 0)-ring, contradicting the
prior result. Finally, when C = R, it follows that M = Hompg(C, M)
(resp. M = C ®p M) for any R-module M. Thus, we conclude that
every R-module is C-F Pe-injective (resp. C-F Py-flat), while also rec-
ognizing the existence of modules that are not C-F P;-injective (resp.
C’—FPl—ﬁat).

(2) In (1), if C = R, then every R-module is C-F Py-flat, and there exists
an R-module that is not C-FP;-flat. Consequently, not every mem-
ber of FF&(RP)<m belongs to FF&(RP)<,,. Therefore, it follows

that there exists a module in C’otg’m)(R) that is not contained in
Cot>™(R).
(3) Let R be a semisimple ring and R = C. Then every module is in
Cotgl’m)(R) and SCot(Cn’m)(R).
The following result establishes the relationship between the classes

Cot(cn ’m)(R) and Cot(™™)(R). Specifically, we verify the equivalent conditions
involving C-(n, m)-cotorsion modules.

Theorem 3.4. Let M be an R-module. Then M belongs to Cot((jf’m)(R) if and
only if M is in C+* and Hompg(C, M) is in Cot™™ (R).
Proof. (=). It is evident that C = C ®g R is a C-FP,-flat R-module, and
consequently, C' € FFE(R)<m. Therefore, we have Exth(C, M) = 0 for any
R-module M in Cot""™(R), i.e., M € C+1. Let N € FF"(R)<p. Then there
exists a finite exact sequence of R-modules:
0—F, —F, 11— —F—F—N—70,

where each F; € FF"(R) for 0 < i < m. Consider the short exact sequences

0—Ky—Fp—N—>0 and 0— K; — F, — K;_1 —0,

where Ky = ker(Fy — N) and K; = ker(F; — F;_1). According to [17, Corol-
lary 3.4], both N and K is an element of Ac(R). Hence, the following exact
sequence exists
0 —C®rF, —CrFp1 — -+ — CRrF1 — CQRgrFy —
C®r N — 0,
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with each CQrF; € FF(R). From this, it follows that CQrN € FF ¢ (R)<m.
Consequently, Extp(C ®@r N, M) = 0 because M lies in Cot(gf’m)(R). Further-
more, there exists a short exact sequence

0—K-—F—N —Q0,

where F' is a projective R-module. Applying the functor C ® zp — yields the
exact sequence

0 —-C®rK—C®rF —C®rN —0,

and since C ®@p F is in FFE(R)<m, we conclude that Exth(C @p F, M) = 0.
According to [14, Theorem 2.75], one can readily obtain the following com-
mutative diagram with exact rows:

Homg(F, Homg(C, M)) — Homg (K, Homp(C, M)) — Exth(N, Homg(C, M)) — 0.
By the Five Lemma, it follows that Exty(C®pgN, M) = Extk (N, Homg(C, M)).
Therefore, since Extk(N, Homg(C, M)) = 0, it follows that Homp(C, M) be-
longs to the class Coot(™™)(R).

(«=). There exists a short exact sequence 0 - M — E — D — 0, where F
is an injective module. Consequently, the sequence

0 — Homp(C, M) — Hompg(C, E) — Homp(C,D) — 0

is exact, given that M € C*1.

If N € FFL(R)<m, then, according to [17, Proposition 4.2 and Theorem
4.4], we have N € B¢ (R), which implies that Homp(C, N) € Ac(R). Addition-
ally, Hompg(C, E) € Ac(R) as established by [9, Lemma 4.1] and [17, Lemma
3.9]. Furthermore, by applying [9, Theorem 6.4] and [9, Lemma 4.1}, it fol-
lows that: Exth(Hompg(C, N),Homg(C, E)) 2 Exth(C @z Homp(C, N),C ®r
Homp(C, E)) = Exty(N, E) = 0. Consequently, the following exact commuta-
tive diagram can be derived:

— Hompg(Hompg(C, N), Homg(C, D)) — Exth(Homp(C, N), Homp(C, M)) —=0

!

L% Homp(C ® Homp(C, N), D) Exth(C ®r Homp(C, N), M)

L HomRi(N, D) Exth(N,M) ————— =0
Therefore, by the Five Lemma, we have an isomorphism

Exty(Homp(C, N), Homp(C, M)) = Ext (N, M). Furthermore, from [17, Propo-
sition 4.3], we know that Homp(C,N) € FF"(R)<m. Under our assump-
tions, it follows that Hompg(C, M) € Cot™™ (R). Consequently, this im-
plies that Extk(Homp(C, N), Homg(C, M)) = 0. Hence, we deduce that

Extp(N, M) = 0, which implies that M belongs to Cot(cn’m)(R). O

IR

Additionally, for strongly C-(n,m)-cotorsion modules, the following result
holds:
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Proposition 3.5. Let M be an R-module. Then M belongs to SCotgL’m)(R)
if and only if M is in C+ and Hompg(C, M) is an element of Cot™™) (R).

Proof. (=). By Definition 3.1, we have that M € C*, since C = C ®p R
is in FF&(R), and C € FFE(R)<m. Furthermore, Hompg(C, M) belongs to
Cot™™)(R) by Remark 3.2(5) and Theorem 3.4.
Let N € FF&(R)<m- Then, by [17, Proposition 4.2 and Theorem 4.4], we
have N € B¢ (R), and consequently, Homp(C, N) € FF"(R)<m as established
in [17, Proposition 4.3]. Since M € C*, it follows that Exti'(C, M) = 0.
Therefore, by [9, Theorem 6.4] and the given hypothesis, we obtain Ext%21 (N, M) =
Extgl(HomR(C, N),Homp(C,M)) = 0. Hence, M belongs to SCotg"’m)(R).
]

The following result characterizes the conditions under which each module
in FF"(R)<m is projective. The class of projective R-modules is denoted by
P(R).

Theorem 3.6. An element N € FF"(R)<m belongs to P(R) if and only if
every M € C*1 is contained in Cotgl’m)(R).

Proof. (=). Let N € FF"(R)<m. Then Extk(N,Homg(C,M)) = 0, which
implies that Homp(C, M) is (n,m)-cotorsion. Since M € C**, Theorem 3.4
(n,m)

indicates that M belongs to the class Coty """ (R).
(<). Let N € FF"(R)<m. Then there exists an exact sequence

0—F,—Fh,q1— - —F—F—N-—70
of R-modules, where each F; € FF"(R) for all 0 < ¢ < m. Define Ky =
ker(Fy — N) and K; = ker(F; — F;_1). According to [17, Corollary 3.4], N
and each K; (for 0 < ¢ < m) belong to Ax(R). Consequently, the following
exact sequence exists:
0—CQ®rF, —CRrFyp_ 11— —CRrF —CRrFy— CrN — 0,

where each C ®@p F; € FF&(R). It follows that C ®@p N € FFEH(R)<m.-
Furthermore, consider the short exact sequence of R-modules:

0—K-—P—N—Q0,

where P € P(R). By [17, Corollary 3.4], we have N, K, P € Ac(R). Thus, the
sequence
0 —C®rK—>C®rP —>C®rN —0

is exact, with each term in B¢ (R). Applying the functor Homg(C, -), we obtain
the exact sequence

0 — Homp(C,C®r K) — Homp(C,C®r P) — Homp(C,C®r N) — 0.

This implies that ExtL(C,C ®p K) = 0. Therefore, C ®p K € C1, and by
hypothesis, C®r K € Cotgl’m)(R). Consequently, Exth(C®rN,C®rK) =0,
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which ensures the splitting of the exact sequence
0 —C®r K —C®rP—C®rN —0.
Hence, C ®g N belongs to Pc(R). Applying [9, Lemma 5.1(b)], we see that

Hompg(C,C ®g N) € P(R). Since N = Hompg(C,C ®r N) (because N €
Ac(R)), it follows that N € P(R). O

Lemma 3.7. Let M € Bo(R). The following statements are equivalent:
(1) M belongs to SCotgl’m)(R);
(2) M belongs to C’ot(él’m)(R);
(3) The module Homp(C, M) belongs to Cot™™)(R).

Proof. (1)<(3). Since M € B¢o(R), it follows that Extgl(C’, M) =0, implying
that M € C*+. Therefore, by Proposition 3.5, we conclude that Hompg(C, M)
belongs to Cot™™)(R) if and only if M is in SCotgl’m)(R).

(2)<(3). Assuming the hypothesis that Exty(C, M) = 0, it follows that
M € C+1. Consequently, Theorem 3.4 establishes that Homg(C, M) belongs
to Cot™™)(R) if and only if M belongs to C’ot(cn’m) (R). O
Lemma 3.8. Let M € Ac(R). Then the following statements are equivalent:

(1) C®r M belongs to S’C’ot(g’m)(R);

(2) C®r M belongs to C’ot(g’m) (R);
(3) M belongs to Cot™™)(R).

Proof. (1)&(3). Let M € Ac(R). Then, by Lemma 2.5, we have C @ M €
Bo(R). Consequently, Exth(C,C ®pr M) = 0 for all i > 1, which implies
that C ®zr M belongs to C+. Therefore, by Proposition 3.5, we conclude
that Hompg(C,C ®r M) = M is in Cot'™™(R) if and only if C ®p M is in
SCotI"™ (R).

(2)<(3). Based on the hypothesis and Lemma 2.5, we have that Extk(C, C®r
M) = 0, which implies C @z M € C*'. Consequently, according to Theo-
rem 3.4, the isomorphism Hompg(C,C @ M) = M holds, and M belongs to
Cot™™)(R) if and only if C @ M belongs to SCot""™ (R). O

Definition 3.9. Let n, m be non-negative integers. An R-module M is defined
as C-F P, -flat C-(n, m)-cotorsion if it is isomorphic to an R-module of the form
C ®r N, where N belongs to the class FF"(R)<,, and to Cot™™(R).

It is evident that when n = m = 0, the C-FP,-flat C-(n, m)-cotorsion R-
modules coincide with the C-flat C'-cotorsion R-modules.

Example 3.10. Let R be a hereditary ring and R = C. Then by [13, Theorem
4.23], we deduce that every R-module is C-F P,,-flat C-(n, m)-cotorsion.

Proposition 3.11. The following conditions are equivalent:

cot(™™)

(1) M belongs to FF¢& (R);
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(2) M is an element of FF(R)<m and belongs to CotgL’m)(R);
(3) M is an element of FF&(R)<m and belongs to SCotgL’m)(R);
(4) M is in Bo(R) and Homp(C, M) is in FF'"™ (R);

(5) Hompg(C, M) is in FF"" (R).

Proof. (1)<(2) According to [17, Corollary 3.4], the modules N and N’ are
elements of Ac(R) whenever N, N’ € FF"(R)<.,. Consequently, it follows
that Tor[(C,N’) = 0 for all i > 1. Let M = C ®g N, with N € FF"(R) <.
Then, by [9, Theorem 6.4], there is an isomorphism:

Ext'Z’(C ®@r N',C @p N) = Extis (N, N).
(1)=-(4). Let M be an element of ]-']-'gjt(ﬂﬂﬂ) (R). Then M is isomorphic
to C ®g N, where N belongs to both FF"(R)<,, and Cot™™ (R); that is,

N € ]-"]-"C"t(n’m(R). According to [17, Corollary 3.4], we have N € Ac(R).
Consequently, we obtain

Homp(C, M) 2 Homp(C,C ®r N) = N € FFo"" (R).
Furthermore, it is evident that M € FFZ'"™ (R) C FFL(R)<m. By [I7,
Proposition 4.2], it follows that FF&(R)<m C Be(R), and thus M € Be(R
(4)=(1). Let M € Bc(R) and assume that Hompg(C, M) € FF" (R

Then it follows that M = C @ g Homp(C, M) € ]:]:Ccc’t(n’M) (R).

(4)=(5). It is clear.

(5)=(4). Let Homp(C, M) € FF'"™(R) C FF"(R)<m. Then, by [17,
Corollary 3.4], it follows that Homp(C, M) € Ac(R). Consequently, applying
Lemma 2.5, we deduce that M € Bo(R).

(3)=(4). Let M € FFE(R)<m. Then, there exists an exact sequence

(n,m)

).
).

0 — Ny, — Npypo1 — -+ — Ny — Ng — M — 0,

where each N; € FF&(R) for all 0 <4 < m. According to [17, Theorem 4.4],
both M and the N; are elements of Bo(R). Consequently, by [9, Theorem 6.3],
there exists an exact sequence

0 — Hompg(C, N,,) — Homp(C, N,,,—1) — -+ — Homp(C, Ny) — Hompg(C, M) — 0,
of R-modules. Furthermore, by [17, Theorem 4.4], each Homp(C, N;) be-
longs to FF"(R) for all 0 < ¢ < m. As a result, Homg(C, M) is an el-
ement of FF"(R)<y,. Additionally, by Lemma 3.7, we have Hompg(C, M) €

Cot™™)(R). Therefore, it follows that Homg(C, M) belongs to FFeort™m (R).

(4)=(3). By condition (4), the module Hompg(C, M) belongs to the class
FF"(R)<m, and M is contained in Bo(R). According to [17, Theorem 4.4],
this yields that M is in FFE(R)<,,. Additionally, we observe that M € C*
and Homp(C, M) lies in FF! ™™ (R). Proposition 3.5 then ensures that M
belongs to the class SCot(g’m)(R). O
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In the following, we explore Foxby equivalence concerning the classes

FFeot™ (R) and FF Cé’t(w”) (R), extending the concept of Foxby equivalence
beyond the classes F°°*(R) and F&*(R) as discussed in [4,16].

Proposition 3.12. The following categories are equivalent:

Cot(n,nl) C®R_ COt(n,wt} .
(1) FF (R) ~ FFe (R) ;
Hompg(C,—)
cot(™™) OO cot (™)
(2) FF (R)<: ~ FFé& (R)<t -
Homp(C,—)

Proof. (a). It M € FF'"™ (R), then M € FF°'"™(R) C FF"(R)<m,
and consequently, M € A (R) as established in [17, Corollary 3.4]. By Lemma
3.8, it follows that C® g M € Cot!"™ (R). Additionally, C®zgM € FFEL(R)<m
according to [17, Theorem 4.4]. The tensor functor C®p— thus maps objects in

FFeot ™ (R) to objects in Ff‘é’t(n’m (R). Conversely, this is clear by Propo-

sition 3.11. Moreover, if N € .F.Fg’t(n’m) (R), then N € FF{(R)<m, which
implies N € Bc(R) by [17, Theorem 4.4]. Consequently, there exist natural
isomorphisms: M = Hompg(C,C ®r M) and N = C ® g Homp(C, N). There-
fore, the assertion holds.

(b). The case t = 0 is straightforward by part (a). For ¢t > 1, assume
M e FFe

0— N — Ny — -+ — Ny — Ng— M — 0,

where each N; € FF" " (R) C Ac(R) for 0 < i < t. According to [9, Corol-
lary 6.3], both M and coker(N; — N;_1) are contained in Aqc(R). Applying
the functor C' ®p — to this exact sequence yields:

0 —=C®rNt—CQ®rN¢_y — -+ —CQRrN; — CQr Ny — CQ®r M — 0,
which is an exact sequence of R-modules where each C @ N; € FF Cc‘v)t(nm” (R).
Consequently, it follows that C @ M € FF %)t("m) (R)<t, establishing the re-
sult. Conversely, suppose M € ffcci)t(nmn (R)<i. Then there exists an exact
sequence:

(R)<¢. Then there exists an exact sequence of R-modules:

(n,m)

00— C®rN; — CRrNy—y — - — CRrN, — C®r Ny — M — 0,

where each N; € FFeot™™ (R) € FFE(R)<m C Ac(R). Using Lemma 2.5,
we find that each C®rN; € Bo(R). Applying [9, Corollary 6.3] to this sequence
produces an exact sequence:

0 — Homp(C,C®rN;) — -+ — Homp(C, C®rNy) — Homp(C, M) — 0,
with each N; 2 Hompg(C,C ®g N;). This leads to the exact sequence:
0— Nt — N;_y — - — Ny — Ny — Hompg(C, M) — 0,

which confirms that Hompg(C, M) € FFeot™™ (R)<t- O
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Proposition 3.13. The following category equivalences are established:

CQOr—
Cot"™™(R) N Ac(R) ~ Cot™™ (R) N Bo(R) .
Homp(C,—)
Proof. 1t is concluded from Lemmas 2.5, 3.7, and 3.8. |

The following result demonstrates that the class of (n, m)-cotorsion R-modules
within the Auslander class Ac(R) and the class of C-(n, m)-cotorsion R-modules
within the Bass class B¢ (R) are equivalent under Foxby equivalence.

Theorem 3.14. (Foxby Equivalence) Let C be a semidualizing module. There
are equivalences of categories:

(n,m) C®r— (n,m)
FFer™ ™ (R) = FFE(R)
Hompg(C,—)

C®r—
(R)<t ~ FFE

M B Hompg(C,—) A

t("am) t("’m)

FF

CRpr—
Ac(R) e Be(R)

Hompg(C,—)

J C®r— >
Cot™™ (R) () Ac(R) > Cotg™ (B) N Be(R)
Hompg(C,—)

Proof. This derives from Propositions 3.12 and 3.13. |

cot(n’m)

Corollary 3.15. An R-module in FFg (R) belongs to Pc(R)<m if and

only if every R-module in FFeet™ (R) belongs to P(R)<m.

Proof. (=). Let M € FFeot™ (R). By Theorem 3.14, the module C @ M

cot (™)

belongs to FF¢ (R), which implies that C ®p M € Pc(R)<y,. Conse-
quently, there exists an exact sequence of R-modules:
0—C®rP,—CRrP, 11— —>CQrPL—CQRrPy—CrM — 0,
where each P, € P(R) for 0 < i < m. Since M € FF"(R)<m, it follows
from [17, Corollary 3.4] that M € Ac(R), and by Theorem 3.14, we have an
isomorphism M = Hompg(C,C®prM). Furthermore, by [9, Lemma 4.1], each P,
also belongs to Ac(R), leading to the isomorphism P; & Hompg(C,C ®r F;).
Additionally, both C ®g M and C ®pg P; lie in Bo(R). Therefore, apply-
ing [17, Corollary 6.3], we obtain a commutative diagram with exact rows:
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0 ——= Homg(C,C ®g P,,) — -+ — Hompg(C,C ®g Py) — Hompg(C,C ®r M) —=0

lg lg lg

0 P, X Py M 0
From this, it follows that M € P(R) <.
(«<). Let M € .F.F%jt(ﬂﬂ) (R). Then, by Theorem 3.14, Hompr(C, M) €

FFeot™ (R), which implies that Hompg(C, M) is in P(R)<,,. Consequently,
there exists an exact sequence of R-modules:

0—P,—Pp1—+— P — Py — Homg(C,M) — 0,

where each P; belongs to P(R) for all 0 < ¢ < m. By Lemma 3.7 and Theo-
rem 3.14, it follows that Homg(C, M) € Ac(R). Additionally, referencing [9,
Lemma 4.1], each P; also belongs to Ac(R). Moreover, by Theorem 3.14, we
have the isomorphism M = C ®r Hompg(C, M). Using [17, Corollary 6.3],
this leads to the construction of the following commutative diagram with exact
TOWS:

04>C®Rpm4>"~4>C®RP0HC@]{HOI’HR(C,M)HO

R

0——=C®rP,— - —C®rb M 0

From this, we conclude that M belongs to Pc(R)<m. O

Proposition 3.16. Let M be an R-module. The following statements are
equivalent:

(1) M belongs to Cotg“m)(R);

(2) M is injective with respect to every short exact sequence of R-modules
0= K —= N — F—0, where F is an element of FF&H(R)<m.

Proof. 1t is clear. O

Example 3.17. Let R be a von Neumann ring and R = C. Then every R-
module N is flat, and so by [17, Remark 3.2], N is in FFE(R)<o. Also, every
injective R-module is in Cotgl’o)(R). So if the class Cotgl’o)(R) closed under
direct sums, then the direct sum of injective R-modules is injective, which is a

contradiction.

Proposition 3.18. Let M be an R-module. Then, the following conditions
are equivalent:

(1) M belongs to Cotgl’m)(R);

(2) For any D € P(R), the module Homp(D, M) is in Cotgl’m)(R);

Furthermore, if the class Cotgl’m)(R) is closed under direct sums, then these

conditions are also equivalent to:

(1) For any D € P(R), the module D ®@pg M is in Cot(c?’m)(R).
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Proof. (1) = (2). Let M € Cot(cn’m)(R) and F' € FF&H(R)<m. We aim to
demonstrate that Exty(F, Homg(D, M)) = 0. Consider an exact sequence:
0—> K — P — F — 0, where P belongs to P(R). From this, we obtain the
following exact sequence:

Hompg (P, Homg(D, M)) — Hompg (K, Homg(D, M)) — Extp(F, Homg(D, M)) — 0.

Furthermore, the sequence 0 - K g D - P®Rr D — F ®r D — 0 is exact.
This leads to another exact sequence:

Hompg(P ®r D, M) — Homgr(K g D, M) — Ext}z(F ®r D, M) — 0.
These sequences induce the following commutative diagram:
Hom (P, Homg(D, M)) — Homg(K, Homg(D, M)) — Exth(F, Homg(D, M)) —> 0
Homp(P ®r D, M) Homp(K @r D, M) Exth(F®r D,M) ——>0

Consequently, we deduce that: Exty(F, Homg(D, M)) = Exth(F ®g D, M).
Since F' € FF¢&(R)<m and D € P(R), there exists an exact sequence:

0> CRrFLQrD - CRrF_1QrD — -+ > CQrFyQrD — FRrD — 0,

which implies that F ®p D belongs to FF&(R)<m. Therefore, Extp(F ®g
D,M) = 0. As a result, Extp(F,Homp(D,M)) = 0, which shows that
Hompg(D, M) € Cot!"™ (R).

The implications (2) = (1) and (3) = (1) are straightforward.

(1) = (3). We have an isomorphism F' = K@ D, where F' is a free R-module.
Consequently, we obtain M @r F = @,.; M = M ®r K & M ®g D. Since
the direct sum @, ; M belongs to Cotgl’m)(R), it follows that M ®p D also
belongs to C’ot(g’m)(R). O

4. Strongly C-(n,m)-Cotorsion Dimensions

Let ¢t be a non-negative integer. For convenience, we define SC’ot(g ’m)(R)St
as the class of R-modules with strongly C-(n, m)-Cotorsion dimension at most

(n.m)

t. Similarly, we denote SCot """ —idr(M) < t as indicating that an R-module
M has strongly C-(n, m)-Cotorsion dimension at most ¢.

Proposition 4.1. Let M be an R-module and t a non-negative integer. The
following conditions are equivalent:
(1) SCot™™ -idg(M) < t;
(2) Ext'"(F, M) =0 for every F € FFA(R)<m and all integers i > 1;
(3) For any exact sequence 0 — M — Yy — Y] — -+ — Y1 —
Y; — 0 where each Y; € SCot(C"’m)(R) for 0 <i <t —1, the module
Y: is also in SCot(C?’m)(R).



Relative C-(n, m)-cotorsion modules — JMMR Vol. 15, No. 1 (2026) 537

Proof. (1) = (2). Assume that SCotgf’m) -idr(M) < t. Then there exists an
exact sequence

0—M—Yy —Y — - —Y, 1 —Y, —0

(n,m)

where each Y; belongs to SCoty """ (R) for all 0 < ¢ < ¢. Applying dimension
shifting techniques, it follows that for any F € FF5(R)<y, and any ¢ > 1,
Exti(F, M) = Ext(F,Y;) = 0.

(2) = (3). Using dimension shifting again, we observe that 0 = Ext’*(F, M)
Ext%(F,Y;). (3) = (1). This implication is straightforward. O

Proposition 4.2. The class SC’otgL’m)(Rkoo is closed under extensions, ker-

nels of epimorphisms, and cokernels of monomorphisms.

Proof. Let 0 - M’ — M — M"” — 0 be an exact sequence of R-modules. If
SCotgL’m)—idR(M’) < SCotgl’m)—idR(M”) <t < oo, then, by Proposition 4.1,
for any F' € FFE(R)<m, we have

0 = Exti (F, M) — Ext' (F, M) — Ext"(F, M") = 0.
Hence, Ext'S"(F, M) = 0, which implies that SCotgL’m)—idR(M) < t. Simi-

(n,m)

larly, it follows that the class SCot., """ (R)<oo is closed under kernels of epi-
morphisms and cokernels of monomorphisms. O

In this section, we consider the scenario where S is a unitary ring extension
of R with the assumption S > R. The ring 5" is defined as being right R-
projective, as described in [18,19], if for any right S -module Mg and any
S'-module N, the condition Ng | My implies Ny | Mg. Here, N | M
indicates that N is a direct summand of M. A finite normalizing extension
S" > R is one for which there exist elements ay,...,a, € S with a; = 1 such
that S = Rai + Ras + --- + Ra,. If, in addition, the extension S > Ris
such that zS is flat, S;{ is projective, and S s right R-projective, then s >
R is called an almost excellent extension. Furthermore, an almost excellent
extension S' > R is termed an excellent extension if both RSI and S;% are free
modules with a common basis {ay,...,a,}.

In this section, we examine the modules of the classes SCotgL’m)(R) and

SCotgL’m)(Rkoo within the context of an almost excellent extension of rings,
where C is a faithfully semidualizing R-module.

Lemma 4.3. Let S > R be an almost excellent extension, and let C' be a
(faithfully) semidualizing R-module. Then, the module C®g S is a (faithfully)
semidualizing S -module.

Proof. Let C be a faithfully semidualizing R-module. Then, according to [4,
Lemma 3.4], the module C ®p S is a semidualizing S’ -module. Suppose
Homg (C ®g 8", N) = 0 for some S'-module N. Then, we have:

0 =Homg (C ®gr S' N) = Homgp (C, Homg (C, N)) = Hompg(C, N).

1%
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Since C' is faithfully semidualizing, it follows that N = 0. O

We investigate modules with C-F P,-injective dimension at most m and
modules with C-F P,,-flat dimension at most m within the context of an almost
excellent extension of rings, where C' is a faithfully semidualizing R-module.

Lemma 4.4. Let S > R be an almost excellent extension. The following
statements are valid:
(1) If M belongs to FI"(R)<m, then Homp(S', M) belongs to FI™(S ) <m;
(2) If M belongs to FF"(R)<m, then " @r M belongs to FF™(S )<m.

Proof. (1). Let U be a finitely n-presented S'-module. According to [18, The-
orem 5], U is also a finitely n-presented R-module. There exists an exact
sequence 0 — Kg — Fy — U — 0, where Fj is a free S'-module. Utiliz-
ing [14, Theorem 2.76], we obtain the following commutative diagram:

Homg (Fy, Homp(S', M)) — Homg (Ko, Homp(S', M)) — Ext}, (U, Homp(S', M)) —0

Hompg(Fy, M) Homp (Ko, M) Exth(U, M) 0,

From this diagram, it follows that Extg/ (U, Hompg(S', M)) = Exth(U, M).
Given the hypothesis that Ext},(U, M) = 0, we conclude that Extls/ (U, Hompg(S', M))

0. Consequently, Homg (S , M) belongs to the class FZ"(S").
Let M be an element of FZ"(R)<y,. Then there exists an exact sequence

O—M —My—M — - — M, —0,

of R-modules, where each M; belongs to FZ"(R) for all 0 < i < m. Since Sy
is projective, applying the functor HomR(S/, —) yields an exact sequence

0 — Hompz(S', M) — Homg(S', My) — Hompg(S', My) — --- — Homp(S', M,,) — 0,
of §'-modules, with each Hompg(S", M;) belongs to FZ™(S") for all 0 < i < m.
Consequently, Homg(S', M) is an element of FZ"(S ) <.

(2). According to [17, Proposition 3.13], it follows that for an R-module N,
N belongs to FZ"(R)<, if and only if its dual N* belongs to FF"(R?)<m,
and similarly, N is in FF"(R)<, if and only if N* is in FZ"(RP)<,,. Con-
sequently, if M is in FF"(R)<y,, then M* is in FZ"(R")<,,. Using this,
along with (1) and [14, Proposition 2.56 and Theorem 2.76], we observe that
(8" ®@prM)* = Hompg(S , M*) is in ]-"I"(Smp)gm. As aresult, S’ @ M belongs
to FF™(S ) <m. O

Proposition 4.5. Let s’ > R be an almost excellent extension. Then the
following statements are valid:

(1) If M belongs to FI%(R) <, then Homp(S, M) belongs to ‘FI?C®R§’)(S/)§m;

(2) If M belongs to FF(R)<m, then S’ @ g M belongs to ff?C@)RS/)(S )<m-
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Proof. (1). If m = 0, then M = Hompg(C, X) for some X € FI"(R). We
observe the following isomorphism:

Hompg (S, M) = Hompg(S , Homp(C, X))
=~ Homp(C ®r S, X)
=~ Homp(C ®r S ®g¢ S, X)
=~ Homgy (C ®r S ,Hom(S', X)).

According to Lemma 4.4, Homg(S', X) € FZ"(S'), and by Lemma 4.3, C ®r
S" is a semidualizing S'-module. Therefore, we conclude that Homg (C' ®r
S’ Hom(S', X)) € .FI”C® 5 )(S/). Consequently, Homp(S", M) € ]-'I”C® 5 )(S/).
Furthermore, if M € ]-'In( )<m, then there exists an exact sequence of R-
modules:

0—M —Xg— X4 — - — X, —0,
where each X; € FZ5(R) for all 0 < i < m. Since S;% is a projective R-module,
applying the functor Hompg(S', —) yields an exact sequence of S’ -modules:
0 — Homp(S', M) — Hompg(S', Xo) — Homp(S', X,) — -+ — Hompg(S', X,n) — 0,
with each Homp(S', X;) belonging to }"I(C® g )(S') for all 0 <4 <m. Thus,

/

Homp(S", M) resides in FI<C® g )(S )<m.-
(2). The argument follows similarly to that of (1). O

In the following, we present equivalent conditions concerning modules with
C-F P,-injective dimension at most m, as well as modules with C-F P,-flat
dimension at most m, in the context of almost excellent ring extensions.

Proposition 4.6. Let S" > R be an almost excellent extension, and let M be
an S -module. Then the following statements are equivalent:

(1) MEFI"( V<m;

(2) Homp(S', M) belongs to ]-'I(C® o )(S/)Sm;

/

(3) M belongs to ]-"I?C@) s (S )<m-
Proof. (1)=(2). Let M be an element of FZ¢(R)<pm. Then, by Proposition

4.5(1), the module Hompg(S', M) belongs to FI (Cons’ )(S/)Sm’
(2)=(3). According to [18, Lemma 1.1], ¢» M is isomorphic to a direct sum-
mand of the S'-module Hompg(S", M). Subsequently, by (2) and [17, Propo-

sition 3.12], it follows that M belongs to FZi, o )(S/)Sm. (3)=(1). Let
m = 0. Suppose M € FLi(, ) (S"). Then there exists some X € FI"(S")
such that M = Homg (C ®p s’ ,X). We observe that

M = Homg (C ®z S, X) = Homp(C,Homg (S, X)) = Homp(C, X).

Our goal is to demonstrate that X € FZ"(R). Counsider a finitely n-presented
R-module U. There exists an exact sequence

00— Ky— Fp — U —0,
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where Fj is a free R-module. Since S’ is a flat R-module, tensoring with s’
yields the exact sequence

00— Ko®rS — Fy@rS —U®rS — 0.

By [18, Lemma 4], U Qg S is finitely n-presented over S". Utilizing [14, The-
orem 2.76], we obtain a commutative diagram:

Homg (Fo ®r S, X) — Homg (Ko ®p ', X) — ExtL (U ®r S, X)) —=0

: |

Hompg(Fy, X) Homp(Ky, X) Exth(U, X) 0,
from which it follows that Exty (U ®p S, X) = Exty(U,X). Under the
hypothesis, Extél(U ®R S',X) = 0, hence Ext}g/(U,X) = 0. Consequently,
X € FI"(R). Since M = Hompg(C, X), this implies M € FI{(R). Further-

more, if M € FZ(qg (S )<m, it directly follows that M € FIE(R)<m. O

Proposition 4.7. Let S" > R be an almost excellent extension, and let M be
an S -module. The following statements are equivalent:

(1) M belongs to FFE(R)<m;

’

(2) The tensor product S @r M belongs to .Ff?C@RS/)(S J<m;
(3) M belongs to }"]-'?C@)RS/)(S )<m-

Proof. Based on Proposition 4.6, Proposition 2.56 and Theorem 2.76 from [14],
and Proposition 3.13 from [17], we conclude the following:
A module M belongs to FF¢&(R)<m, if and only if its dual M* belongs to

FIH(RP)<p. Thisis equivalent to Homp(S', M*) lying in ]:I?C@)RS’) (Slop)gm,

and also equivalent to (S’ ®p M)* being in FLicons') (,S/ Op)gm. Furthermore,

this is equivalent to S" ®r M belongs to }'}'?C®RS/)(S )<m.-
Additionally, M is in FFE(R)<m if and only if M* is in FZ7(RP)<yy,. This

(C®rS")

to M being in ff?C(@RS')(S/)Sm' 0

is equivalent to M* being in FZ (S/Op)gm, which in turn is equivalent

Proposition 4.8. Let S" > R be an almost excellent extension, and let M be
an S -module. Then the following statements are equivalent:

(1) M belongs to SCotEg’g;S,)(S/);
(2) M belongs to SCot((;l’m)(R);

(3) Homp(S', M) belongs to SCOtEZ,’g;S/)(S/).

Proof. (1)=(2). Let M be an object in SC’otEgg]iS,)(S/), and suppose F' €

2).
FF&E(R)<m- By [13, Theorem 11.65], we have an isomorphism Ext' (F, M) &
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Ext'e (8" @r F, M), for all n > 1, since S’ is a projective R-module. Further-

’

more, by Proposition 4.7, the module S" @5 F belongs to ]—']—'(C® P )(S )<m-
Consequently, Ext'¢, (S ®pr F, M) = 0, which implies that Ext(F, M) = 0.
Therefore, M lies in SC’ot(n m)(R).

(2)=(3). Assume that M € SCotgL’m)(R) and take ' € FFpq o )(S/)Sm.

By Proposition 4.7, F € FF%(R) <. Since S’ is a projective R-module, by [13,
Exercise 9.21], there are isomorphisms Extg (F, Homp(S', M)) = Ext(S" ®r
F, M) = Ext}(F, M) = 0. Thus, Ext?, (F,Hompg(S", M)) = 0. It follows that

Homp(S', M) belongs to SC’otEgg o )(Sl)

(3)=(1). By [18, Lemma 1.1], the S'-module o' M is isomorphic to a direct
summand of
Hompg (S, M). Using the assumption in (3), we conclude that

M e SCot(;  (S)

O

Theorem 4.9. Let S’ > R be an almost excellent extension and M an S -
module. Then, the SCot(g’m)-mjective dimension of M over R is equal to

the SC’otEgg s -injective dimension of M over S", which is also equal to the

SC’ot%g 5 )-mjective dimension of HomR(S/,M).

Proof. According to [18, Lemma 1.1], the module ¢ M is isomorphic to a direct
summand of the S -module HomR(Sl M). Consequently, from Proposition 4.1,
we deduce that SC’ot(g’m)—idR( M) < SCot™™ -idg (Hompg (S, M)).

(C®RrS")
We demonstrate that SCot(" m)—ldR( M) < SCot(gg)s 3 -idgr (M).
Let SCotEZ,g)S) idg/ (M) = t. Then, there exists an exact sequence of S'-
modules:

0O—M—Yy— - —Y 1 —Y, —0,

where each Y; belongs to SCOtEgg)s )(S’/) for 0 < i < t. By Proposition 4.8,

each Y; is contained within S(Z’ot(n m)( R). Consequently, it follows that:
SCotl"™id (M) < t.
If we demonstrate that SCotEZ,’g)S )—idS /(Homp(S", M)) < SCot(n ™) -idr(M),
then the proof is complete. Let us define SCot(n ™) -idgr(M) = t. By this defi-
nition, there exists an exact sequence of R-modules

0—M —Yy— - —Y, 1 —Y, —0

where each Y; is within SCot(C"’m)—idR(M) for all 0 < i < t. Given the pro-
jectivity of the R-module S, it follows that the application of the functor
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HomR(Sl, —) produces the exact sequence:

0 — Hompg(S',M) — Homg(S',Yy) — --- — Hompg(S,Y;1) —
HomR(S/,Y}) — 0.

Furthermore, by Proposition 4.8, each Homp(S', ;) belongs to SCOtEgg;s’)( )

S/
for all 0 <4 < ¢. Therefore, it follows that SC’otég’inS,)—idsr (Homp(S', M)) é
t.

5. Conclusion

Employing relative homological techniques, we have expanded several fun-
damental homological concepts to incorporate findings related to semidualizing
modules. This paper focuses on the (n, m)-cotorsion, strongly (n, m)-cotorsion
and F P,-flat (n, m)-cotorsion modules under a (faithfully) semidualizing mod-
ule C. So, we introduce and analyze the C-(n, m)-cotorsion, strongly C-(n, m)-
cotorsion and C-FP,-flat C-(n,m)-cotorsion modules. Our investigation in-
(R)<t
and .F.F“’Cm(n'm) (R)<t, and also the study of the strongly C-(n, m)-cotorsion di-
mensions under the change of rings. Given the importance of these topics in
the field of homological algebra, in the continuation of future research work, we
suggest further investigation into the Gorenstein properties of these modules.
Acknowledgment. The authors would like to thank the esteemed referees for
their helpful suggestions and valuable comments.
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