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ABSTRACT. For a simple graph G, the 2-distance graph, D2(G), is a graph
with the vertex set V(G) and two vertices are adjacent if their distance is
2 in the graph G. In this paper, we characterize all graphs with connected
2-distance graphs. For graphs with diameter 2, we prove that D2(G) is
connected if and only if G has no spanning complete bipartite subgraphs.
For graphs whose diameter is greater than 2, we define a maximal fine
set, and by contracting G with respect to these subsets, we obtain a new
graph G such that Do (G) is connected if and only if D2(G) is connected.
In particular, D2(QG) is disconnected if and only if G is bipartite.
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1. Introduction

In this paper, we consider only the finite, simple, undirected graphs G =
(V(G), E(G)).

A graph H = (V(H), E(H)) is called a subgraph of G if V(H) C V(G) and
E(H) C E(G). It M C V(G), then the subgraph H = (V(H), E(H)) is called
the induced subgraph by M, and denoted by G[M], if V(H) = M and any two
vertices in M are adjacent in G[M] if and only if they are adjacent in G.

The complement graph of G, denoted by G, is a graph with vertex set V (G),
and two vertices u and v are adjacent if and only if v and v are not adjacent in
G. The distance between two vertices of z,y € V(G), dg(z,y), is the length of
a shortest path between them. The diameter of G, diam(G), is the maximum
distance between vertices of G. The graph G is a bipartite graph if V(G) is
the union of two disjoint non-empty sets A and B where every edge connects a
vertex in A to a vertex in B. It is well known that: A graph G is bipartite if and
only if G has no odd cycle. Let A and B be two distinct sets of vertices. The
symbol [A, B] denotes the complete bipartite graph constructed with partite
sets A and B.

The contracted graph corresponding to the partition P = {Ay, A, -+, At}
of V(@) is the graph Gp with vertex set V(Gp) = {4, -, A} and two
vertices A; and A; are adjacent if there is an edge zy € E(G) such that z € 4;
and y € A;.
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For a positive integer k, the k-power of G, denoted by G*, is the graph with
the vertex set V(G*) = V(G) and two vertices z and y are adjacent if and only
if dg(z,y) < k. The 2-distance graph of a graph G, D2(G), is a graph with the
vertex set V(G) and two vertices are adjacent if and only if their distance is 2
in the graph G. One can see that for any graph G, E(Dy(G)) = E(G?)\ E(G).

The idea of 2-distance graphs is a particular case of a general notion of k-
distance graphs, which was first studied by Harary et al. [6]. They investigated
the connectivity of 2-distance graphs of some graphs. In his book, Prisner [9,
pp. 157-159], explored the dynamics of the k-distance operator. Furthermore,
Boland et al. [3] extended the k-distance operator to a graph invariant called the
distance-n domination number. To solve a problem posed by Prisner [9, Open
Problem 29|, Zelinka [11] constructed a graph that is r-periodic under the
2-distance operator for each positive even integer r. Prisner’s problem was
completely solved by Leonor in her master’s thesis [8], where she used a graph
construction different from Zelinka’s. Azimi and Farrokhi [2] studied all graphs
whose 2-distance graphs have maximum degree 2. They also solved the problem
of finding all graphs whose 2-distance graphs are paths or cycles. The same
authors [1] determined all finite simple graphs with no square, diamond, or
triangles with a common vertex that are self 2-distance graphs (a graph G is
called self 2-distance if Dy(G) = G). They further showed the nonexistence
of cubic self 2-distance graphs). In [4], Ching gave some characterizations of
2-distance graphs and found all graphs X such that Do (X) = kP, or K,,, UK,
where k > 2 is an integer, P, is the path of order 2, and K, is the complete
graph of order m > 1. Also, Rajkumar and Celine solved some equations of
the form Ds(X) = G UG5, where G; and G5 are classes of graphs [10]. In [7],
Khormali gave some conditions for connectivity Dy (G). For D3(G), he proved
that if G has no odd cycle, then Dy(G) is disconnected. Finally, Gaar and
Krenn considered graphs with k-regular 2-distance graph, and they derived a
complete characterization for each k =0, 1,2 [5].

In this paper, we characterize all graphs with connected 2-distance graphs.
For graphs with diameter 2, we prove that Ds(G) is connected if and only if G
has no spanning complete bipartite subgraphs. For a graph G with diameter
greater than 2, we define maximal fine sets and by contracting G on these
subsets, we get a new graph G. Then we show that D5 (G) is connected if and
only if Dy (@) is connected. Especially, Dy (G) is disconnected if and only if €
has no odd cycle.

2. Connectivity of Dy(G)

Let G be a graph with diam(G) = 2, then one can see that Dy(G) =
G. Therefore, the connectivity of Dy(G) reduces to that of G. Thus, we
have the following theorem, which characterizes all graphs with diameter 2 and
connected 2-distance graphs.
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Theorem 2.1. Let G be a graph with diam(G) = 2, then D2(Q) is disconnected
if and only if G has a spanning complete bipartite subgraph.

Proof. Let Ds(G) be disconnected, Gy be a connectivity component of Dy (G),

A =V(Gy), and B = V(G) \ A. Since D3(G) = G, then [A, B] is a spanning

complete bipartite subgraph of G.

Conversely, let H = [A, B] be a spanning complete bipartite subgraph of G.

Then, there exists no edge from any vertex in A to any vertex in B, as required.
O

Based on Theorem 2.1, we now focus on connected graphs with diameter
at least 3. First, we introduce a family of graphs whose 2-distance graphs are
connected and play a central role in our proofs.

Notation 2.1. The family H of graphs is the set of all cycle graphs of odd order
greater than 4 and three special graphs depicted in Figure 1, in other words,
H= {Czn+1‘n = 27 3, ce } U {Fl, FQ,Fg}.

We immediately obtain the following results.

Lemma 2.2. (1) If G € H, then D3(QG) is connected.
(2) If G is a connected graph and 2 < |V(G)| < 4, then Do(G) is discon-
nected.
(3) Let G be a connected graph and |V (G)| =5. Then D2(G) is connected
if and only if G € H.

Proof. The parts (1) and (2) are elementary.

Let G be a graph with 5 vertices, and Dy(G) be connected. If G has a vertex
u of degree 4, then u has no neighbor in Dy(G), a contradiction. Then G has
no vertex of degree 4. If G has no vertex of degree 3, then G = C;5 or G = Ps.
But Dy(C5) is connected and Ds(P5) is disconnected. Now, assume that G has
at least one vertex of degree 3. If G has exactly four vertices of degree 3, then
G is isomorphic to the graph L; in Figure 2, where D2(G) is disconnected. If
G has exactly three vertices of degree 3, then G is isomorphic to the graph
Ly in Figure 2, where D2(@G) is disconnected. If G has exactly two vertices
of degree 3, then either G € H or G is isomorphic to the graph Ls in Figure
2. In the latter case, D2(G) is disconnected. If G has exactly one vertex of
degree 3, then G is isomorphic to one of the graphs in Figure 3, where D»(G)

is disconnected. O
<:»—o <D—0
o o
F 1 F: 2 F: 3

FIGURE 1. Three special graphs of the family H
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FIGURE 2. Graphs with exactly 2, 3 or 4 vertices of degree 3

S

FIGURE 3. Graphs with exactly one vertex of degree 3

Let H; be a subgraph of G;. In general, Do(H;) does not need to be a
subgraph of Dy(G1). For example, if H; = C5 and G; = Hy + e, where e is
an edge between two vertices of H; with distance 2, then Do(H7) = C5 but
D5(G1) = Ps. (See Figure 4.) Also, for an induced subgraph H of Ga, Dy (Hz)
does not need to be an induced subgraph of D3(G2). (See Figure 5.)

2 3 3 5 2 3 3 5
Dy (Gh)

1 4 1 2 1 4 1 2
5 4 5 4
FIGURE 4. H; is a subgraph of G; while Dy(H;) is not a
subgraph of Dy(G1).
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2 3 3 5 2 3 3 5
1 /8N 4 1 ' 71 41 7
7 5 6 \ 2 7 5 6 2
6 4 6 4
FIGURE 5. Hj is an induced subgraph of G5 while Dy (Hy) is
not an inducrd subgraph of Dy (G3).

Lemma 2.3. Let G be a connected graph. If H € H is an induced subgraph of
G such that V(H) ¢ N(z) for any vertex x € V(G), then Do(G) is connected.

Proof. Since Do(H) is connected and H is an induced subgraph, then for any
two non-adjacent vertices z,y € V(H), we have dg(z,y) > 2, and thus Ds(H)
is a subgraph of D2(G). Let uw € V(G)\ V(H), dg(u,V(H)) =t, and u =
uouq -+ - uy = v be a path with v € V(H). Since V(H) € N(u¢—1), then there
exists w € V(H) such that dg(us—1,w) = 2. Consequently, there exists a path
from u to v or w in Dy(G) according to the parity of ¢, as required. O

Lemma 2.4. Let G be a graph such that D2(G) is disconnected. If H is a con-
nected induced subgraph of G, and Ds(H) is connected, then there is a subgraph
K of G such that H < K, Dy(K) is connected, and [V (K), Na(V(K))\ V(K)]
s a subgraph of G.

Proof. It [V(H),Ng(V(H)) \ V(H)] is a subgraph of G, then K = H. Oth-
erwise, there is © € Ng(V(H)) \ V(H) such that V(H) € Ng(z). Similar to
the proof of Lemma 2.3, D2(G[V(H) U {z}]) is connected. By setting H; =
G[V(H) U {x}], we can continue this process by replacing H; with H. Since
G is finite, there is H; such that H; # G and for any © € Ng(V (Hy)) \ V(Hy),
V(H:) C Ng(x). By setting K = Hy, [V(K), No(V(K))\ V(K)] is a subgraph
of GG, which completes the proof. O

Due to the previous lemma, we introduce the following definition:

Definition 2.5. Let G be a graph and A C V(G). The set A is called fine if
N(A)\ A # 0 and [A, Ng(A) \ 4] is a subgraph of G, or equivalently, for any
re€A N@)\A=N(A)\ A#0.

Lemma 2.6. Assume that G is a graph with diam(G) > 3. Then, for each
x € V(G) there exists a unique maximal fine set A such that x € A.

Proof. For z € V(G), {z} is fine. Since G is finite, there are some maximal
fine sets containing x. Let A and B be two maximal fine sets containing
xz. We claim that AU B is fine. By the hypothesis, N(z) \ A = N(4) \ 4
and N(z)\ B = N(B) \ B. First, we prove that N(AUB) \ (AUB) # 0. If
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N(AUB) C (AUB), then since G is connected, AUB = V(G) and N(B)\B C A
and N(A)\ A C B. Let y € N(B) \ B, then y € A, and since B is fine, then
B C N(y) C N(A). Since Ais fine and y € A, B\ A C N(A)\ A and therefore
B\ A= N(A)\ A. Therefore, diam(G) = 2 because A is fine, a contradiction.
Since x € AUB then it is trivial that N(x)\ (AUB) C N(AUB)\ (AUB). Now
let y € N(AUB)\(AUB) theny ¢ AUB andy € N(AUB). Soy € N(A)ory €
N(B). Without loss of generality, let y € N(A). Theny € N(A)\A = N(z)\A
and so y € N(x)\ (AU B). Therefore, N(z) \ (AUB) = N(AUB)\ (AU B).
On the other hand, for any a € A, N(a) \ A= N(A)\ A= N(z)\ N(A) and
so N(a)\ (AUB)=N(z)\ (AUB)=N(AUB)\ (AU B). Similarly, for any
be B, Nb)\ (AUB) = N(AUB)\ (AU B). Consequently, AU B is a fine
set, and by the maximality of A and B, A= AU B = B. ]

Remark 2.7. A connected graph with diameter 2 may have more than one
maximal fine set containing a given vertex. For example, in the following
graph, the maximal fine set containing a vertex is not unique.

a b {a,b,c},{a,c,d} are two maximal fine sets containing a or c.

{b,d},{a,b, c} are two maximal fine sets containing b.

d c {b,d},{a,c,d} are two maximal fine sets containing d.

Remark 2.8. One may think that a non-maximal fine set can always be ex-
tended by adding a vertex, but this is not true. For example, in the graph shown
in Figure 6, {a,b} is a fine set, but it is not maximal, because {a,b, ¢, z,y} is
a maximal fine set containing both a and b. However, any 3-element set con-
taining {a, b} is not a fine set.

FIGURE 6. A special graph

By Lemma 2.6, we have the following immediate corollary:

Corollary 2.9. The mazximal fine sets partition the vertex set of a graph with
diameter greater than 2.
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Definition 2.10. Let @ be a graph with diam(G) > 3 and G be the graph
with vertex set

V(G) = {& : & is the maximal fine set of G containing '}

and two distinct vertices Z,§ € V(G) are adjacent if and only if 2 and y are
adjacent in G.

Lemma 2.11. Let G be a graph with diam(G) > 3 and 2,9 € V(G) be distinct
vertices, where x,y € V(G). Then dg(z,y) = dg(2,9).

Proof. Let & = £gx105--- £y =y be an Zg-path. By the properties of fine sets,
T = xoT1T2 -4 = y is an wy-path. Then dg(z,y) < dg(#,7). On the other
hand, if x = zgx122---2; = ¥y is an xy-path, then & = Fgd1205--- % = 7y is
an zy-walk and then contains an Zy-path such that its length is less than ¢.
Consequently dg (2, 9) < de(z,y) and then dg(Z,9) = da(z,y). O

One can see that if x,y € V(G) and & = §, then dg(z,y) < 2 and the
following holds.

Corollary 2.12. If G is a graph with diam(G) = 3, then diam(G) = diam(é).
Remark 2.13. Let G be a graph with diam(G) > 3. Then diam(G) > 3. Thus,
we can consider G. However, one can see that if S C G is a fine set, then
S1 ={a:a € S} is a fine set of G, which means that S has a unique element,

and therefore G = G.

Theorem 2.14. Let G be a graph with diam(G) > 3. Then D2(Q) is connected
if and only if Do(G) is connected.

~

Proof. First, let D2(G) be connected, and z,y € V(G). We consider the fol-
lowing two cases:

Case 1. & # §. There is a @g-path, & = 149 % = § in Dy(G). Since
i‘i 7£ JAZH_l, by Lemma 211, dg(Ii,Ii+1) = é(ji7ji+l) = 2, and then x =
T1Tg -+ x¢ =y is a xy-path in Do(G).

Case 2. T = §. Since diam(G) > 3, there is z € V(G) such that & # 2. Then,
§ # 2, and by Case 1, there are some paths between z and y to z in Da(G).
Consequently, D2(G) is connected.

~

Now, assume that Ds(G) is connected, & # § € V(@)7 and T = x1T9 -+ Ty = Y
is an wy-path in Dy(G). Since ; = ;41 or dg(&y,i11) = 2, then & =

Z1Zg -+ 3¢ = ¢ is an &£g-walk and contains an Zg-path in Do(G). Thus, Dao(G)
is connected. 0

By a similar argument, one can deduce the following immediate corollary.

Corollary 2.15. Let G be a graph with diam(G) > 3. Then, diam(D2(G)) =

~

diam(Ds(G)).

Now, we are ready to state and prove the main result of the paper.
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Theorem 2.16. If G is a connected graph and diam(G) > 3, then D2(QG) is
disconnected if and only if G has no odd cycle.

Proof. Tf G has no odd cycle, then it is trivial that Do(G) is disconnected, and
by Theorem 2.14, Dy (G) is disconnected.

On the c contrary, let D2(G) be disconnected, but G contains an odd Cycle Let
H < G where H is a non-trivial induced connected subgraph with V(H ) =
{21,249, -, &} and Dy(H) is connected. Obviously, H = G[{z1, 22, - ,2¢}]
is a non-trivial connected induced subgraph of G, and Dy (H) is connected too.
According to the proof of Lemma 2.4, there is an induced subgraph K which
contains H, and [V(K), Ng(V(K)) \ V(K)] is a subgraph of G. Therefore,
V(K) is fine and then there is € V(G) such that V(H ) C %, a contradiction.
Thus, G has no non-trivial connected induced bubgraph H with the connected
2-distance graph. Consequently, by Lemma 2.2, G has no induced subgraph
belonging to H, in particular, G has no induced odd cycle of length greater
than 3.

Let G have a triangle.

Claim 1. For any triangle abéa in G, G[N(a)] is connected.

Proof: On the contrary, let G[N(a)] be disconnected and L be the connected
component of G[N ()] containing the edge bé. Let § € N(a) \ V(L). If
N(V(L)) C NJa], then N(V(L)) \ V(L) = {a}. Therefore, V(L) is fine and
contains b and ¢é. By Remark 2.13, we have b = ¢, a contradiction. Then,
we assume that 4 € N(V(L)) \ N(a). If V(L) € N(@) then since L is con-
nected, there are 0, € V(L) such that ow € E(L), o € N(4) and @ ¢ N(a).
Consequently, one can see that G’[{;&,d?@d),ﬁ}] € H, a contradiction. Thus,
V(L) C N(a) for all & € N(V(L)) \ N(a), and again V(L) is fine, which con-
tradicts Remark 2.13.

Claim 2. Any vertex of Gisona triangle.

Proof On the contrary, there is a vertex a that lies on no trlangle Since
G is connected and G has at least a trlangle then there is a vertex b and a
triangle #2# such that b € N (z) and G has no triangle containing b, that is,
N(b) NN (& ) = (. Now, G[N (i:)} is disconnected, a contradiction by Claim 1.
Claim 3. G has a subgraph H with vertex set V(H) = {a,b,#,¢,d} and
E(H ) = {ab, az,bi,ex, be, cd} where dg (a, d) = 3 (Figure 7).

Proof: Since diam(G) > 3, there is a path abéd with dg(a, d) = 3. By Claim
2, b lies on a triangle, and by Claim 1, G[N(b)] is connected. Then there is
& e NO)NN(). If & ¢ N(a) U N(d), then G[{a,b, &, ¢ d}] € H, a contradic-
tion. Therefore, # € N(a) U N(d), and by symmetry, we can assume & € N (a)
and & ¢ N(d), which completes the proof.

We now have all the necessary information to proceed with the argument.
Let H be the subgraph constructed in Claim 3. Let K be a connected compo-
nent of G[N(a) N N(¢)] containing the edge b2. We claim that V(K) is fine.
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FIGURE 7. The graph constructed in Claim 3.

Since K is connected, if § € N(V(K))\ N(a) and V(K) € N(§), then there is

i, € V(K) such that a0, 49 € E(G) but o ¢ N(§).
The subgraph G[{a, ¢, d, i, v, §}] can be one of the four graphs shown in Figure
8.

>
<>

FIGURE 8

One can see that in each case, @[{fyé, d,ﬂ,f),y}] contains an induced sub-
graph of G which belongs to H, a contradiction.
If g€ N(a)NN(V(K))\ N(&) and V(K) € N(§), then there are 40 € E(K)
such that 49,40 € E(G) but & ¢ N(§). Then, G[{§),4,d,¢,d}] € H, a con-
tradiction. Thus, V(K) is fine, again a contradiction. Therefore, G has no
triangle that completes the proof. O
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