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ABSTRACT. In the present paper, we introduce and investigate a new class
of meromorphic functions analytic in the open unit disk and applying a
g—derivative and g—differential integral operator associated with quan-
tum calculus. Furthermore, by using the familiar Riesz-Dunford integral
of a linear operator on Hilbert space H, a new class of univalent functions
with a fixed point is introduced. Coefficient estimate, distortion bound
and extreme points are obtained.
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1. Introduction and Preliminaries

The study of univalent functions is one of the leading branch of geometric
function theory and quantum calculus. One of the fundamental problems in
this theory is coefficient estimate of such functions. After solving this problem,
we may find many interesting geometric properties. The g—differential integral
operator on Hilbert space related to meromorphic functions were studied by
many researchers. Also the g—derivative is introduced in 1909. In this paper ,
we define a new subclass of meromorphic functions associated with g-derivative.
Furthermore, operators on Hilbert space are considered and some geometric
structures are investigated.

Let w be a fixed point and 7, denote the class of functions of the form

+oo
(1) F5) = =2 3 (e —w)n,

Fow n=1
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where 0 < A <1 is the Residue of f(2) in z = w. Also, NV, is the subclass of
T,, consisting of functions with negative coeflicients of the type

+oo
(2) f(z) = A Y an(z—w)",  ap, >0.

Z—Ww

In the theory of Geometric functions the concept of g-derivative is an im-
portant tool. The g-derivative operator arises in the study of g-series and
g-hypergeometric functions and are used in quantum mechanics, combinatorics
and special functions. This operator was first defined by Jackson [5]. See
also [3].

Defined the g—derivative for meromorphic functions f(z) € A, by

£(2) — flgz) 1 X .
(3) Byf(2) = =2 = — N [nlganz" Y,
z(1—q) qz* ;[ |

where

_1-4

When ¢ — 17, [n]g =n and 0, f(2) = f'(2).

See also [5]. For f(z) € N, Saleh and Mustafa [7] introduced the operator M
as follows:

MOFE) = £(),
Mif() = 20,5 + 2 )

M f(2) = 204 (Mg f(2)),

)

and
FEL) - s k=10, Allg+ 1)z —w)
M) = 20y (Mg () + T S
+oo
0 - 5 Lblies

For achieving to the geometric properties based on univalent functions and
operators on Hilbert spaces, we need to define a new subclass. For achieving
to geometric properties specially the coefficient bound we need to define a new
subclass of univalent functions based of operators on Hilbert space and Riesz-
Dunford integral, so we have the following definition:
Definition 1.1. The function f € N, is said to be a member of the class
NE(a, B,7) if it satisfies

(2 = w)* (MG(F(2)" + (2 = w)* (MG(2))" + (2 = w)® (M5 [(2)) +54

2(z —w) (M’gf(z)) —a(l+y)A

where a, 8,7 € [0, 1).

<5,
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The Riesz-Dunford integral [1] is defined by

(5) 2mif(T /f (21 — T) dz,

where T is a linear operator on Hilbert space H, ¢ is a positively oriented simple
rectifiable cantor baying in A = {# € C: |z| < 1} and containing the spectrum
of T in its interior domain. Also, I is the identity operator on H, see [1].

Definition 1.2. A function f(z) given by (2) is in the class N*(a, 3,7, T)
if for all operator T such that ||T'|| < 1 and T' # 0, it satisfies the following
inequality:
" 1 /
|7 (MEF)” + T2 (MEFT)" + T2 (MEF(T)) = 54|
(6) < B||-2T (MEF(T)) — a(1+7)A],

where a, 8,7 € [0,1).

For more details about the operators on Hilbert space see [2,4,6].

2. Coefficient estimates and distortion bounds
In this section, we investigate about the coefficient estimates and distortion

bounds for functions in the class N*(a, 8,7, T).

Theorem 2.1. A function f(z) given by (2) is in the class N¥(a, 3,v,T) for
all T # 0, if and only if

™) > a2 g, <.

The result is sharp for the function G(z) given by

A BAR2 — a(l + «a))

(8) G(Z) = —w - n(ng — 2n+2) +2B [”]];(Z*W)nv

where n > 1.
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Proof. Suppose that (7) holds. By replacing M, 5 f(2) and its derivatives in (6),
we have

’ T (M;“f(T))'" 47 (Mjf(T))" +T? (Mjf(T))' - 5AH

-8 H2T (M,ff(T)) —a(l+ W)AH

+oo
- H S nln? = 20+ ) an ™| [T (1) + T /(1) + T2 £/ (T) + 5.4
n=1
=BI2Tf(T) — a(l +7) Al
+o0 too
= |- Z n(n® —2n + 2)[n)ka, T || = B|| A2 — a(1 + 7)) — Z 2[n)Ea, T
n=1 n=1
+oo
< ) (n(n®-2n+2)+28) an — BA(2— a(1+7)) <0.

Hence f € Nt (a, 8,7, T).
Conversely, suppose that

[T F(T) + T2 f"(T) + T2f'(T) + 54| < B2Tf(T) — a1 +7)A|,

SO
+o0 too
=3 n(n® =2+ 2)nlka, T | < Bl A2 - a(l+7) = Y 2[n]fa, T
n=1 n=1

Putting T'= ¢I (0 < ¢ < 1) in the above inequality, we get

00 n+1
©) Z n(n?® — 2n + 2)a,q"*n)k

+o00
n=1 A2 —a(l+7)) — 2—31 2[n)kangnt!

< B.

Upon clearing denominator (9) and letting ¢ — 1, we conclude that

“+oo
> (n(n® = 2n+2) +28) [n]fan < AB(2— a(1+7)),
n=1
which completes the proof. O

Corollary 2.2. If f(z) € N¥(a, 8,7,T), then

(10) 0, < AB(2 = a(l+17))

= [n]k (n(n? - 2n+2) +28)’ neN.

Example 2.3. Let f(z) = 2(1—2)"! and g(z) = z(1+iz)~! belong to the class
of normalized univalent functions. Then (f + g)'(2(141)) =0, so (f + g)(2)
s not in the same class. But for meromorphic functions we have the following
theorem.
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Theorem 2.4. If f(z) € N¥(a, 8,7, T), |T|| <1 and ||T|| # 0, then

Al AB2—a(1+9) (pin Al ABR—a(147) n
5] - sl i < i < 7| + soaC et

The result is sharp for the function G(z) given by

A BAR2 — a(l+ «a)) n
Glz) = z—w n(n? _2n+2)+2ﬁ[n]’;(2—w) '

Proof. According to Theorem 2.1, we get

S AB(2 — a1 + 7))
(11) ;an < WlE (n(n? — 20 +2) + 28)°

and by using the definition of f(2) in (2), we get

A =
TR 4 AR o
n=1

é _ AB(Q_O‘(l_F’Y)) ||T||n
- |\T [n]F (n(n? — 2n +2) +23) ’
and also
A i
o < g+ e
n=1
A ABR2—a(1+7))
- |\T [n]k (n(n? —2n +2) +28)°
Hence, we get the required result. O

3. Extreme points and convolution structure

In this section, we discuss about extreme points of N*(a, 8,7, T). Also, the
preserving of this class under an operator is investigated.

A
A AB(2 - a1 +7))

fn(z):z—w_[n]’;(n(nQ—2n—|—2)—i-ZB)(Z_W)n7 nzl

Theorem 3.1. Let fy(z) = and

Then f(z) € NE(a, B,7,T) if and only if it can be expressed by

+oo
f(Z) = anfn(z>7
n=0

where pp, >0 and Y7 pn = 1.
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Proof. Let

f(z) = anfn(z)
n=0

+oo
_ A +an[n]k AP o4 7) (o e

zZ—w (n(n? —2n + 2) + 20)
Since
= [ (n(n® — 20 + 2) + 25) AB (2 - a(l+7))
nz::l AB(2—a(l+7)) x [n]% (n(n? —2n +2) +2ﬁ)pn

—+oo
=Y pn=1-pn<1,
n=1

so, by Theorem 2.1, we get f(z) € N¥(«, 8,7, T).
Conversely, suppose that f(z) € N¥(a, 3,v,T). Then by (10), we have

AB(2—a(l+7))

= Tlk (n(n? —2n+ 2) + 26)

Setting
[n]F (n(n® — 2n + 2) + 20)

Qn,
AB(2—a(l+7))
and pp =1 — Zzz Pn, we get the required result.

Pn =

Theorem 3.2. If f(z) € N¥(a, 8,7, T), then the function

1
Et(f(z)):t/ (0" f (20 + w(1—0)) db], t>1
0
is also in the same class.

Proof. Since f(z) € N¥(a, B,7,T), so f(2) is of the form (2). Hence
1

t/ {at }da
0

A = ¢ ( n
= fE an(z —w)™.
Z—w t+n+1 "

n=1

A R .
eEr i nzan (0(z — w))

=1

Ly (f(2))

t
Since ——— < 1, so by Theorem 2.1, we conclude that
t+n+1

L:(f(2) € Nj(a, 8,7, T).
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Theorem 3.3. Let

flz) =

(z —w)

n=1

and

9(2) = —

be in the class N¥(a, 8,7, T). Then (f x g)(z) defined by

(fx9)(z) = _Zannz_

Z—w
belongs to N*(a, B,7*,T), where

BAR2 - a(l+7))? }
a(n(n? +2n —2) +28)[n]k "

Proof. By Theorem 2.1, it is sufficient to show that

2
TS o {1
«

(n?+2n—-2)+28 .,
Z BA(2 = a(l++%)) [n]qanbn < 1.

By using the Cauchy-Schwarz inequality from equation (7), we obtain

(n? +2n—2)+25
Z a(l+7))

Hence, we find the largest ~* such that

[n]q anby, < 1.

n? +2n —2) + 23
ZﬁA2—a1+7))[] Gnbn <

(n?+2n —2)+ 28
Z BA(2—a(l+7))

()i anbn <1,

or equivalently
2—a(l+~%)
vapb, < ————= > 1.
ann_2_a(1+’y)7 n =z
This inequality holds if
BAR-a(l+y)  _2-oa(l+y)
(n(n?+2n—-2)+26)[njk = 2—a(l+7)’

or equivalently

, BA2 — a(l +7))?
VS 1+ ((n2+2n_2)+25)[n]5§}'

Q
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Theorem 3.4. With the same assumptions of Theorem 3.3, (f * g)(z) belongs
to N*(a*, 3,7, T), where

2 BAR-a(l4y)
“ 1+ (n(n2+2n72)+25)[n]§(1+’y)'

Proof. 1t is sufficient to show that

+2n7 )+2B
ZﬁA ))[]aanSI

Using a similar process of the proof of Theorem 3.3, we find the largest o* such

that
‘/anbnﬁw, n>1.
2—a(l+7)

This inequality holds if

PAR-a(l+y) _2-a"(1+7)
(n(n®+2n—2)+28)[nk = 2—a(l+~)’

or equivalently

o2 BAG-a(l+y))
T 14y (n(n?42n—2)+26)[n)k(1+y)

Conclusion

In this article, we used the concepts of g—calculus notations and introduced
the g—differential integral operator for meromorphic functions. We used this
newly defined operator and familiar Riesz-Dunford integral of a linear operator
to establish a new class of meromorphic functions. Furthermore, we investi-
gated some useful properties, such as coefficient estimates, distortion bound
and extreme points for the functions belonging to the newly defined class of
meromorphic functions. Further mathematical work may be done using the
operator of this article and the subordinations approach, which enables for the
definition of several further subclasses for meromorphic functions. For these
classes, a number of new properties can be investigated, such as Feketo-Szego
inequality, Upper bound, subordination results, etc.
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