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ABSTRACT. This study develops a systematic comparative framework for
estimating Lorenz curves and Gini coefficients, addressing key method-
ological gaps in measuring income inequality. We employ the Generalized
Mean Squared Error (GMSE) to compare several parametric models (such
as polynomial, beta, and established functional forms) with isotonic re-
gression as a non-parametric alternative. Extensive Monte Carlo simula-
tions using log-normal and Pareto distributions show that isotonic regres-
sion consistently achieves higher accuracy than parametric approaches.
An application to Iranian household income data (n = 18,809) further
confirms these results. Based on data characteristics and research ob-
jectives, the findings offer practical guidance for selecting appropriate
estimation methods.
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1. Introduction

Income distribution has changed over the years, from early economic ideas
to modern studies of inequality. Classical economists such as David Rodrik
[36] and Adam Smith [41] advanced the analysis of economic inequality, with
Smith’s concept of the ”invisible hand” and Pareto’s ”80/20 rule” laying the
groundwork for understanding income disparity ( [28]). Amartya Sen [38]
broadened the study of inequality by examining individuals’ real freedoms and
opportunities, focusing on the capability approach. Theories have been formu-
lated to explain income inequality, encompassing neoclassical economic models,
structuralist theories, and empirical studies of the relationship between indus-
trial expansion and income disparity. However, recent research indicates that
inequality may persist or intensify in advanced economies ( [32]).
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The Lorenz curve (LC) is a widely used tool to measure income inequality,
illustrating the distribution of wealth among individuals. It is crucial for iden-
tifying and addressing economic inequality, as it adapts to changes in income
distribution. Accurately estimating the LC can be challenging, especially with
real-world data that exhibit diverse distributional structures. Researchers have
developed parametric and non-parametric models to capture the subtleties of
income distribution, allowing for more flexible and precise estimation of LCs.
The Gini coefficient, derived from the LC, remains a central measure for sum-
marizing inequality.

Regression techniques have long been applied to model relationships between
variables ( [2,9,16,20]). Isotonic regression, a non-parametric method, fits
a monotonic function to the data and has been widely applied in economics,
medicine, and quality control for modeling monotonic relationships ( [4,26,35]).
Its sole requirement of monotonicity aligns naturally with the fundamental
properties of the Lorenz curve.

Several studies have explored the effectiveness of various parametric mod-
els for fitting the Lorenz curve. Felman ( [14,15]) demonstrated the utility of
polynomial regression in capturing the shape of empirical LCs. Sitthiyot and
Holasut [43] critically evaluated the single-parameter functional form proposed
by Paul and Shankar [31] using income data from 40 countries, showing that
more flexible functional forms generally provide a better fit to real income dis-
tributions. Shen and Dai [40] further examined the estimation of the Gini index
using Kakwani’s three-parameter Lorenz curve [21], comparing regression-based
approaches with traditional error minimization techniques across sixteen coun-
tries. Their results highlighted the superior performance of regression methods
in estimating Gini coefficients and fitting income shares by deciles, particularly
in economies with medium to high inequality.

Key methodological contributions include Paul and Shankar’s [31] single-
parameter functional form, which offered a parsimonious approach to represent
inequality, and Giudici and Raffinetti’s [19] work on Lorenz model selection,
providing practical guidance for choosing among competing functional forms.
Recent comparative studies, such as those by Sitthiyot and Holasut [42,43],
have systematically assessed the performance of various parametric forms un-
der different distributional scenarios, while Fajar et al. [13] introduced new
measures of Lorenz curve asymmetry along with associated hypothesis testing
frameworks.

Historical reviews, including Shen [39], trace the evolution of Lorenz curve
modeling and highlight the progressive refinement of estimation techniques
over decades. Methodological innovations continue to emerge: Fajar and Iri-
awan [12] proposed adjusted signal-to-noise ratio measures for selecting Lorenz
functions; Shen and Dai [40] developed regression-based methods for estimat-
ing the Gini index using decile data; and more recently, Dai and Shen [11]
introduced novel approaches for Gini coefficient estimation from quantile data,
improving accuracy under certain distributional conditions. In parallel, the
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development of specialized statistical distributions, such as the Unit New Half
Logistic Distribution by Karakaya and Saglam [24], has expanded the tools
available for modeling income inequality and fitting Lorenz curves.

Despite these substantial advances, a comprehensive comparative framework
that evaluates both parametric and non-parametric approaches, including iso-
tonic regression, under unified simulation conditions remains underdeveloped.
Our study addresses this gap by providing an empirical comparison of multiple
estimation techniques across various distributional scenarios and sample sizes.
The primary contributions of this paper are threefold: (1) providing the first
systematic evaluation of isotonic regression against multiple parametric models
under controlled simulation conditions; (2) introducing a rigorous framework
for assessing estimator performance across diverse scenarios; and (3) offering
practical guidelines for researchers in selecting appropriate estimation methods
based on empirical evidence rather than theoretical assumptions alone.

The remainder of the paper is organized as follows: Section 2 provides the
theoretical background and literature review, covering essential concepts such
as the Lorenz curve, the Gini coefficient, and established parametric models
of the LC. Section 3 details the methodology, including parametric and non-
parametric regression models for Lorenz curve estimation, the model evaluation
framework using Generalized Mean Squared Error (GMSE), and the compar-
ative framework philosophy. Section 4 presents a simulation study comparing
model performance using data generated from log-normal and Pareto distri-
butions. Section 5 applies the models to real Iranian household income data.
Section 6 describes the software and implementation details. The final section
summarizes the findings and conclusions of the study.

2. Theoretical Background and Literature Review

This section lays the theoretical foundation for the study by reviewing essen-
tial concepts related to the Lorenz curve, the Gini coefficient, and established
parametric models used for their estimation.

2.1. The Lorenz Curve. The Lorenz curve is a fundamental graphical tool for
representing the distribution of income or wealth within a population. It plots
the cumulative proportion of income received against the cumulative proportion
of households or individuals when the latter are ranked from poorest to richest
( [27]). A curve that coincides with the 45-degree line (the line of perfect
equality) indicates perfect equality, where each percentile of the population
receives the same percentile of total income. As inequality increases, the Lorenz
curve bows away from the line of equality.

Mathematically, for a cumulative distribution function F'(z) with a finite mean
p > 0, the Lorenz curve L(p) is defined as:

1

(1) L(p) = ;/0 F~Yt)dt, 0<p<l,
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where F~1(t) = inf{z : F(x) > t} is the quantile function [25]. From this
definition, key theoretical properties of any valid Lorenz curve follow:

e Boundary Conditions: L(0) =0 and L(1) = 1.

e Monotonicity: L(p) is a non-decreasing function of p.

e Convexity: L(p) is a convex function, i.e., L"(p) > 0 for p € (0,1).
The empirical Lorenz curve is constructed from sample data by ordering in-
comes 1 < z9 < ... < m,, calculating the cumulative proportions of the
population p; = i/n, and the cumulative share of income

L(p;) = (Z;:l :Cj) / (27:1 xj). The connection between the Lorenz curve

and the underlying income distribution is profound. Parzen [29] showed that
if F(x) has a continuous density f(z), the quantile function’s derivative is

dF;i:(t) =1/f(F~1(¢)). Building on this, Arnold and Villasenor [3] established
that if the second derivative of the Lorenz function L”(p) is continuous and
positive on an interval, the density of the distribution can be recovered as:

1
2 = —.
? T = L E @)
This highlights the Lorenz curve’s utility not just as a descriptive tool, but also

as an instrument for analyzing statistical distributions themselves. See some
applications of the Lorenz curve in various sciences in [5—8]

2.2. The Gini Coefficient. The Gini coefficient is the most widely used sum-
mary measure of inequality derived from the Lorenz curve. Proposed by [18],
it measures the extent to which the actual income distribution deviates from
perfect equality. Geometrically, it is defined as the ratio of the area between
the line of equality and the Lorenz curve (area C') to the total area under the
line of equality (area C' + D = 1/2). Thus,

c c

®) C=cip 12

Since D = fol L(p) dp is the area under the Lorenz curve and C = 1/2 — D, the
Gini coefficient can be equivalently expressed as:

() G=1 —2/0 L(p) dp.

This integral formula is particularly useful for computation. The value of G
ranges from 0 (complete equality) to 1 (complete inequality). The interested
reader is referred to Kleiber and Kotz [25] for further reading on this topic.

2.3. Parametric Families of Lorenz Curves. Estimating the Lorenz curve
from empirical data can be approached non-parametrically (e.g., connecting
empirical points) or parametrically. Parametric estimation involves fitting a
specific functional form that satisfies the properties of a Lorenz curve. This
approach can provide smooth estimates and often requires fewer parameters
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than a fully non-parametric fit, especially with limited data. Over the years,
numerous parametric forms have been proposed.

One of the earliest and simplest parametric forms is based on the Pareto dis-
tribution ( [28]):

(5) Lp)=1-1-p)7 Y a>1.

Kakwani and Podder ( [22,23]) proposed a flexible two-parameter form:
(6) L(p) = ple 1P 50, 1<6<2.

Rasche et al. ( [33]) suggested a generalization of the Pareto Lorenz curve:
(7) Lp)=[1-(1-p"", nd>0

Chotikapanich ( [10]) proposed a form using the exponential function:

(8) Lp)= "1 a0

Aggarwal ( [1]) introduced a model based on a ratio of polynomials:

(1—a)’p

(9) L(p) = m

, O<ax<l.

Sarabia et al. ( [37]) developed a hierarchical family of Lorenz curves, general-
izing simpler forms:

Lo(p) =1—(1-p)°,
Li(p) = p*[1 — (1 - p)”],
Ly(p) =[1-(1-p)°]",

Ls(p) =p"[1 — (1 —p)°].

More recent models include the polynomial regression model, which offers out-
standing flexibility, and the beta distribution model, which is naturally suited
for bounded data on the unit interval ( [10]). The Rasch model has also been
adapted for income distribution analysis ( [34]). Each of these models has an
associated formula for the Gini coefficient, allowing for direct estimation of in-
equality based on the model parameters.

For parametric models whose functional forms inherently satisfy boundary con-
ditions, we ensured that the parameters were estimated within ranges preserv-
ing monotonicity and convexity. Consequently, these constrained parametric
models also maintain the convex combination property.

2.4. Overview of Regression Techniques. Regression analysis is a corner-
stone of statistical modeling, used to describe and quantify relationships be-
tween variables. Its origins trace back to the work of Galton ( [17]) on heredity.
The core idea is to model a dependent variable Y as a function of one or more
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independent variables X, often with an error term e accounting for unexplained
variation. The simplest form, linear regression, is expressed as:

(10) Y =B+ /X +e

This framework was extended to multiple linear regression, incorporating sev-
eral predictors:

(11) Y =00+ 61 X1+ B Xo+ ...+ B Xy +e

Multiple regression allows for analyzing the effect of each predictor while con-
trolling for others, which is invaluable in fields like economics [2,9].

3. Methodology: Regression Models for Lorenz Curve Esti-
mation

This section details the regression methodologies employed for estimating the
Lorenz curve, encompassing both parametric and non-parametric approaches.
It also outlines the procedures implemented to ensure the estimated curves
adhere to the essential theoretical properties of a valid Lorenz curve.

3.1. Parametric Models. Parametric approaches assume a specific functional
form for the Lorenz curve, defined by a set of parameters. The model is fit by
estimating these parameters from the data. In the following, some parametric
models that are suitable for fitting the Lorenz curve are introduced.

3.1.1. Polynomial Regression. Polynomial regression models the relationship
between p and L(p) as an kth-degree polynomial:

(12) L(p) = Bo + Bip + Bop® + -+ + Birp* + €.

This form provides considerable flexibility in capturing non-linear patterns, but
the main challenge lies in selecting an appropriate polynomial degree to balance
goodness-of-fit and model complexity while avoiding overfitting. In this study,
we imposed structural constraints on the model coefficients. Specifically, the
polynomial coefficients were restricted to be non-negative, with the intercept
of zero and their sum bounded by one. These constraints ensure that the fitted
Lorenz curve satisfies the monotonicity property (i.e., non-negativity of the
first derivative (dL/dp) as well as the convexity requirement over the interval
([0,1]). Consequently, only models adhering to these fundamental properties of
the Lorenz curve were retained, guaranteeing both validity and interpretability
of the fitted curve.

3.1.2. Beta Regression. Beta regression is a useful technique for analyzing con-
tinuous data like ratios, rates, or percentages constrained to the interval (0,1).
Paolino ( [30]) was the first to use the beta distribution to represent continu-
ous response variables, including ratios. He characterized the beta distribution
parameters as the distribution of the response variable and provided the max-
imum likelihood estimate of the model parameters. The beta distribution is
versatile, as its probability density function can take many forms based on its
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parameter values. This adaptability has led to its applicability across various
fields. In 2004, Ferrari and Cribari-Neto [16] defined beta regression for ra-
tio data as the reparametric beta distribution. Beta regression offers multiple
benefits, including addressing the bounded characteristics of the response vari-
able, modeling non-linear associations between responses and predictors, and
yielding interpretable parameters expressed as odds ratios when using a logit
link. The following is a beta regression model of the relationship between p
and L(p).
Pt -p)!

B(a,B)
where B(cq, ) denotes the beta function, functioning as a normalisation con-
stant. Beta regression is employed in this paper not because we assume income
shares follow a beta distribution, but because the beta model is naturally suited
for modeling response variables bounded between 0 and 1. The Lorenz curve,
representing cumulative proportions, inherently satisfies this boundedness con-
dition.
The beta density function’s flexibility allows it to capture various shapes of
Lorenz curves through different parameter configurations.

L(p;a, B) =

3.1.3. Other Parametric Forms. We also evaluated several established para-
metric Lorenz curves from the literature, as summarized in Table 1. These
include the models by Kakwani and Podder [22], Aggarwal [1], Chotikapanich
[10], and the Pareto-based model. These were estimated using non-linear least
squares or maximum likelihood estimation, with constraints applied to ensure
theoretical validity.

3.2. Non-Parametric Model: Isotonic Regression. Isotonic regression is
a non-parametric method that estimates a monotone (non-decreasing) function
from data without assuming a parametric form. It minimizes the weighted
least-squares criterion

i

veey

n w;(Li — L;)?,

subject to the monotonicity constraints
I:i < i/j whenever p; < p;.

Here, (p;, L;) are observed data points, and w; > 0 are optional weights (often
set to 1).

When p; are totally ordered (e.g., p1 < p2 < -+ < p,), the constraints
reduce to adjacent pairs:

E={(,i+1):1<i<n}.

This formulation can be solved efficiently using the Pool Adjacent Violators
Algorithm (PAVA), which has complexity O(n) for sorted data.
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3.3. Pool Adjacent Violators Algorithm (PAVA). PAVA works itera-
tively: if two adjacent fitted values violate monotonicity (ﬁi_l > L;), they
are pooled and replaced with their average. This process repeats until all con-
straints are satisfied. The result is a monotone fit that minimizes the sum
of squared errors. For a formal treatment and proofs of optimality we follow

standard references. [4, 35]
Algorithm 1: PAVA Algorithm for Unweighted Isotonic Regression

Input: Ordered points (p1,L1), ..., (Pn, Ln) with p1 < -+ < pa.
Output: Monotone fitted values ﬁl, ceey L,.
1. Initialization: Set L; = L; for all i.
2. Tterative pooling:
for i =2 to n do

if L;_; > L; then

Pool observations 7 — 1 and i:

L _1+L;

Compute their average m =
Set IA/Z‘,1 = I:i =m.
Move backward while monotonicity is violated:
while ¢ > 2 and .EZ'72 > I:l-,l do
L Average the three pooled values and update them.
141 —1;

3. Return the monotone fitted values L1, ..., L,.

The fitted function ﬁ(p) is usually defined as a continuous, piecewise linear

interpolation between the fitted points (p;, L;):

f’l p < P1,
L(p) =  Li+ ;5555 (Liva — Li)  pi <p < pita,
Ln p 2 Pn-

The key advantage of isotonic regression is its flexibility; it adapts to the
data’s shape without strong prior assumptions about the functional form. A
potential drawback is that the raw PAVA fit is piecewise constant. To ensure
convexity, a post-processing smoothing step was applied.

Table 1 summarizes some of the most important parametric Lorenz curves and
their corresponding Gini coefficients, which are central to the comparative anal-
ysis in this study.

Isotonic regression inherently guarantees monotonicity through the Pool
Adjacent Violators Algorithm (PAVA). The resulting fit is piecewise linear and
non-decreasing. While convexity is not guaranteed by PAVA alone, a postpro-
cessing smoothing step can be applied to approximate it. Since the empirical
data include the boundary points (0,0) and (1,1), the isotonic fit naturally
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TABLE 1. Some of the most important parametric Lorenz
curves and their Gini coefficients

Name Model Gini
Ly ifp<m
. . - . L(p;) + L(pi—
Isotonic Regression {L —+ pi]ili},l(l/zﬂ — L) ifpi<p<pir 1-27 (pi— pl*lﬂw)
Ly, ifp>pn
2(a—1 2e™ @
Kakwani and Podder [22] pe=*1=P) o >0 1- (o 5 ) _ 2% 5
a
(1-a)?p (1+a)? (l—a()x2 1—ay2
Aggarwal [1 —— v <1 In(7——) +1] -1
ggarwal [1] (1+a)274ap’0<u< % [ ia n(l+a) + }
Jap _ 1 Z9)e 9
Chotikapanich [10] ¢ a>0 (o= 2)e” + (a+2)
e* —1 ale* —1)
1
1-— 1
Pareto 1-(1-p) a,a>1 271’_1
1
Polynomial Model Bip + -+ + Bpp® 1 72(5/}1 ++m3k)

passes through these points. Consequently, isotonic regression satisfies the es-
sential Lorenz curve properties and the convex combination property when
combining two estimated curves.

3.4. Model Evaluation Framework. To impartially compare the perfor-
mance of the different Lorenz curve estimators, a robust and integrated evalua-
tion metric is essential. This study employs a Generalized Mean Squared Error
(GMSE) metric, specifically designed to assess the accuracy of the estimated
Lorenz curve across its entire domain, from the poorest to the richest segments
of the population.

3.4.1. Generalized Mean Squared Error (GMSE). The standard Mean Squared
Error (MSE) measures the average squared difference between estimated and
true values at the observed data points. However, for a comprehensive eval-
uation of a curve estimator, it is crucial to consider its performance at many
points along the theoretical domain [0, 1]. To this end, we define a dense set of
evaluation points 7' = {0,0.01,0.02,...,1.00}, which divides the interval [0, 1]
into 100 equal subintervals, yielding |T| = 101 evaluation points.

For each Monte Carlo replication i (i = 1,2, ..., N), the Mean Squared Error
is calculated over this entire set T

1 ~ 2
(13) MSE; = o 3 [L(t) - Li(t)} :

where:

e L(t) is the true value of the Lorenz curve at point ¢ € T, derived from
the known theoretical distribution used to generate the data.

. IAzl(t) is the estimated value of the Lorenz curve at point ¢ obtained
from the i-th simulation replication.

e |T| is the number of evaluation points.
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The Generalized Mean Squared Error (GMSE) is then defined as the average
of these M SE; values across all N replications:

1N
(14) GMSE = - Z MSE;.
=1
This two-stage averaging process provides a single, integrated measure of
estimator performance. The inner average (M SE;) ensures the evaluation is
comprehensive across the curve’s domain for a single dataset, while the outer
average (GM SE) ensures the result is statistically stable across different ran-
dom samples from the same population. A lower GMSE value indicates an
estimator that is, on average, more accurate across the entire problem spec-
trum.

3.5. Comparative Framework Philosophy. The primary contribution of
this study lies in its comparative framework rather than in the novelty of any
single method. While isotonic regression is well-established, and parametric
models like Kakwani-Podder and Chotikapanich are standard in economics lit-
erature, their systematic comparison under a unified simulation setting repre-
sents a significant gap in current research.

Our study addresses this gap by evaluating all estimators under identical con-
ditions—using the same data-generating processes (log-normal and Pareto dis-
tributions), sample sizes, and performance metrics. This allows for a direct
and fair assessment of their relative strengths and weaknesses. This approach
shifts the focus from methodological novelty to empirical evidence-based model
selection, reflecting the philosophical understanding that different models cap-
ture different aspects of income inequality.

In the next two sections, we present two examples: one using simulated data
from lognormal and Pareto distributions, and the other analyzing real income
distribution data from Iran. These examples demonstrate the effectiveness of
different regression models in fitting LC.

4. Simulation Study

This section intends to compare parametric and non-parametric isotonic
models in fitting the Lorenz curve with simulated data. In this study, data
from two Pareto and lognormal distributions were simulated, and empirical
Lorenz curves were calculated. For each sample, we fitted five classical mod-
els: Kakwani, Aggarwal, Chotikapanich, Pareto, and a constrained polynomial
model with non-negative coefficient constraints, along with the nonparametric
isotonic model. The empirical Gini coefficient and the Gini coefficient for each
model were calculated from the predicted Lorenz curve. The results showed
that in both distributions, the isotonic model was able to follow the empirical
Lorenz curve with the highest accuracy, and the Gini coefficient predicted by it
was closer to the empirical value, while other parametric models showed slight
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deviations in some areas of the curve.

The first model we examine is the Pareto distribution, represented as F'(z) =
1—a7*for a > 1, siglnifying that the mean is finite. The LC is expressed as
Lp)=1-(1- p)1 o, with the mean represented by ;= —1~ and the Gini
coefficient determined by G = 5~ — 1. Figure 1 (left side) illustrates the LC
for the Pareto distribution with different parameters (o = 2, 3, 5). As you can
see in this figure, as the parameter increases, the level of inequality, or in other
words, the Gini coefficient, decreases.

In this analysis, we assume the parameter « is equal to 2. Consequently, we
find that G = 0.3333 and p = 1. In addition, the estimated parameter values
and estimated Gini coefficients for a sample of 100 from this distribution are
recorded in Table 2. In the constrained polynomial model, all coefficients were
positive, and their sum was less than or equal to one, which ensured that the
predicted Lorenz curve remained increasing and convex. The empirical Lorenz
curve and estimated models for this distribution are shown in Figure 2 (left).
According to the graph and the information in the table, it is quite clear that
there is a very clear difference between isotonic regression and other data fitting
models.

We are examining the log-normal distribution as a secondary model here. Its

cumulative distribution function is F(z) = ®( where @ is the cumu-

lative distribution function of the standard normal. It is defined, in terms of
u and o. They are the mean and standard deviation of the logarithm of the
data, respectively. In this study, we assume the parameter values are p = 0
and o = 0.5. The following formula calculates the LC for the log-normal dis-
tribution.

L(p) = (7 (p) — )

o
\/§
tribution with the parameters we considered, its value is equal to G = 0.2763.
The obtained empirical Gini coefficient is equal to G = 0.254. In Figure 1
(right side), the LC for the parameters 0.5,1, and 1.5 is plotted. In the figure,
it is evident that for the log-normal distribution, with the increase of this pa-
rameter, inequality and the Gini coefficient increase. For a sample size of one
hundred, the parameter values and the Gini coefficients that correspond to the
various models have been computed. This procedure is similar to what was
done for the Pareto distribution. As can be seen from the information shown
in Table 2, the use of isotonic regression results in the Gini coefficient that is
most similar to the empirical Gini coefficient of the data.

Figure 2 shows the different models fitted to the Pareto data (left) and log-
normal data (right). The results indicate that isotonic regression provides the
best fit to the empirical data for both distributions, and the Gini coefficient

The Gini coefficient is expressed as G = 2®(—=) — 1. For the log-normal dis-
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predicted by it is almost equal to the experimental Gini coefficient (0.25405
vs. 0.254 for lognormal and 0.3737 vs. 0.3737 for Pareto). Other parametric
models, including Kakwani, Aggarwal, Chotikapanich, and Pareto, have pre-
dicted the Gini coefficient to be lower or higher than the empirical value at
certain points. For example, in the lognormal distribution, the Gini coefficient
of the Pareto model is less than the empirical value (0.24189 versus 0.254), and
in the Pareto distribution, the Polynomial model predicts a Gini coefficient
of 0.33883, which is less than the empirical value of 0.3737. We also provide
fitted parameters for parametric models, suggesting that these parameters can
analyze the intensity of inequality. The limited polynomial model has posi-
tive coefficients, and their sum is less than or equal to one, so the predicted
Lorenz curve remains upward and valid. Overall, these results indicate that
isotonic regression is the best model for fitting the empirical Lorenz curve, and
its predicted Gini coefficient has the closest match to the actual data, while
other parametric models may provide slightly higher or lower values than the
empirical Gini coefficient.

To further examine the models’ performance, curve fitting was also performed
for 40 and 100 sample sizes in 100 independent iterations. We then fit the
different models introduced in Table 1 for these two distributions. The GMSE
value for each model is calculated and presented in Table 3. Box plots of the
error values for the different methods are also plotted in Figures 3 and 4.

FIGURE 1. The Lorenz Curve for Pareto (o = 2, 3, 5)(left)
and lognormal (o = 0.5, 1, 1.5,)(right) distributions with dif-
ferent parameters.
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FIGURE 2. Experimental Lorenz curve and Lorenz curves fit-
ted to simulated data from the Pareto distribution a = 2 (left)
and log-normal distribution p = 0, o = 0.5 (right).

TABLE 2. Gini Coefficient and Estimated Parameters for the
Lorenz Curve of Lognormal(x = 0, o = 0.5) and Pareto (o =
2) Distributions (Sample Size: 100) with Different Model Fits

Model Log-Normal(x = 0, 0 = 0.5) Pareto(a = 2)
Model Gini Estimated Parameters Gini Estimated Parameters
Emprical Gini 0.254 - 0.3737

Model Gini 0.2763264 - 0.3333

Isotonic Regression 0.25405 - 0.3737 -

Kakwani and Podder  0.25098 a = 0.937 0.36813 a = 1.566

Aggarwal 0.25055 a=0.189 0.37807 o = 0.288
Chotikapanich 0.25092 a = 1.566 0.36903 a=2.422

Pareto 0.24189 a = 1.638 0.37668 a = 2.209
Polynomial Model 0.253 1 =0.436, 85 = 0.391, 85 = .151  0.3753 1 = 0.491, B> = 0.086, B5 = 0.229

Additionally, Table 3 summarizes the GMSE for each method, categorized
by the different sample sizes. This table shows the values of the generalized
mean squared error (GMSE) for different models fitted to simulated data from
two distributions: lognormal and Pareto. Comparing these values for sample
sizes of 40 and 100 shows that isotonic regression performs best in both distri-
butions, with error values ranging from (10732) to (10731), which is practically
close to zero and indicates a very accurate fit to the empirical Lorenz curve.
Other models have larger errors compared to the isotonic model. Specifically,
for the lognormal distribution, the Aggarwal model with a GMSE of (1.1x10~%)
in the 40-sample and (8.01 x 107°) in the 100-sample after isotonic regression
performs best, and the Kakwani model also provides results close to that. The
Pareto and Polynomial models, on the other hand, displayed higher errors.
For the Pareto distribution, it is also observed that the original Pareto model
performs better than other parametric models, with errors of (1.96 x 10~%)
and (9.85 x 1079) for sample sizes of 40 and 100, respectively. Conversely, the
Polynomial model exhibits the highest error and outperforms all other meth-
ods. Overall, this table confirms that isotonic regression is the most accurate
method for fitting a Lorenz curve in both distributions and for different sample
sizes, with other models following only with varying degrees of accuracy. An
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important observation is that for data generated from a Pareto distribution,
the Pareto parametric model consistently yields the best performance among
parametric alternatives (see Table 3 and Figure 3). This result is theoreti-
cally expected: when the data-generating mechanism aligns with the assumed
functional form of a parametric model, the model becomes both efficient and
coherent. This finding reinforces the broader message of this paper that the
suitability of a model is context-dependent and closely tied to the underlying
structure of the data.

TABLE 3. Generalized Mean Squared Error (GMSE) values
for different models fitted to simulated data from log-normal
and Pareto distributions in 100 repetitions

Log-Normal Distribution Pareto Distribution
Model n =40 n =100 n =40 n =100

Isotonic Regression  4.88 x 10732 4.96 x 10731 4.84 x 10732 4.36 x 103!
Kakwani and Podder 221 x 107*  1.79x 107%* 234 x 1073 24 x 1073

Aggarwal 1.1 x 10¢ 8.01 x 1075 1.2x107% 1.32x1073
Chotikapanich 1.82 x 107%  142x107% 212x1073 2.17x10°3
Pareto 832x107% 851x107% 1.96x10~* 9.85x 1075

Polynomial Model 247 x 1074 2.20x 1074 2.96 x 1073  3.26 x 1073

Pareto: MSE models (n=40 vs n=100)

Sample n

=

100

MSE

GMSE

e w0
A 0

—_—— ke

Model

FicUre 3. Boxplots of Mean Squared Errors for Various
Lorenz Curve Models for Pareto Distribution.
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Lognormal: MSE models (n=40 vs n=100)

Sample n

B w

550

MSE

GMSE
o q
A 10

e

Aggarw Chotikapanich sotonic Kakwani parcto Poly
Model

FIGURE 4. Boxplots of Mean Squared Errors for Various
Lorenz Curve Models for Log-Normal Distribution.

5. Real Data Analysis: Income Distribution in Iran

In this section, we analyze income distribution in Iran using data from 18,809
households collected through the Household Expenditure and Income Survey
conducted annually by the Statistical Center of Iran. The dataset was obtained
via a stratified random sampling framework, covering both urban and rural
households across all 31 provinces. Household incomes were sorted in ascending
order, and cumulative income shares were calculated to construct the Lorenz
curve, where the horizontal axis represents the cumulative population share
and the vertical axis represents the cumulative income share.

To evaluate the accuracy of Lorenz curve estimation, we fitted eight different
models to the data, including parametric regression models, isotonic regression,
beta regression, and other advanced approaches. The shapes of these fitted
models are shown alongside the empirical Lorenz curve in Figure 5, and the
estimated parameters and Gini coefficients for each model are summarized in
Table 4.
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TABLE 4. Gini Coefficient and Estimated Parameters for the
Lorenz Curve of Income Data with Different Model Fits

Model Gini Estimated Parameters

Empirical Gini 0.3556 -

Isotonic Regression 0.3556 -

Kakwani and Podder 0.349 a = 0.451

Aggarwal 0.346 a=0.264

Chotikapanich 0.348 a = 0.263

Pareto 0.332 « = 0.996

Polynomial Model 0.3544 B; = 0.2367, 82 = 0.5234,33 = 0,84 = 0,35 = 0.178
Beta 0.3553 o =0.461,5 = 0.694

Rasch 0.3515 n = 0.71569, 5 = 0.695

The empirical Gini coefficient of 0.3556 serves as a benchmark for compari-
son. The isotonic regression reproduces the empirical Gini exactly, highlighting
its ability to capture the observed income distribution without imposing para-
metric assumptions. Among the parametric models, the Beta and Polynomial
models provide estimates very close to the empirical Gini (0.3553 and 0.3544,
respectively), indicating strong flexibility and accurate fit. Models such as
Kakwani and Podder, Aggarwal, and Chotikapanich slightly underestimate in-
equality, while the Pareto model shows a larger deviation (0.332), suggesting
it underestimates income inequality relative to the observed data. The Rasch
model produces an intermediate estimate of 0.3515.

The fitting accuracy of these models is further quantified in Table 5, which
presents performance metrics including mean absolute error (MAE), root mean
squared error (RMSE), R2, and AIC. Notably, isotonic regression achieves
nearly perfect fit metrics (R? = 1, MAE ~ 0), demonstrating its superior-
ity in capturing the detailed empirical distribution. Rasch and other flexible
models also perform very well, whereas simpler parametric models show slightly
higher errors.

TABLE 5. Performance Metrics for Lorenz Curve Fitting Mod-
els (Iran Household Income)

Model MAE R? RMSE AIC
Polynomial Regression 0.01988 0.99099  0.02526 -199.41
Beta Distribution 0.00464 0.99953  0.00579  -144131.02
Rasch Model 0.00052 0.99999  0.000647  -228756.41
Kakwani and Podder 0.014737  0.994533 0.019672  -96901.74
Aggarwal 0.011091 0.99759 0.0130477 -112756.90
Chotikapanich 0.013347  0.99554  0.017757  -100851.34
Pareto 0.032421 0.98175  0.035941 -73630.5844

Isotonic Regression 3.22 x 107%  1.00000 0.0000016 0.0
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Income Distribution Model Comparison

L(p)

FIGURE 5. Fitted Lorenz Curves from Different Models for
Iranian Income Data

The graphical comparison in Figure 5 illustrates how closely flexible para-
metric and non-parametric models approximate the empirical Lorenz curve,
whereas simpler models such as Pareto deviate more noticeably. The nearly
perfect fit of isotonic regression reflects the descriptive reality of the observed
data. Given the large sample size, the detailed interpolation is appropriate for
describing income inequality. To ensure that the polynomial model satisfies the
defining boundary condition of Lorenz curves, we imposed the restriction that
the sum of coeflicients equals one, guaranteeing that L(1) = 1. The revised
polynomial curve passes through (1,1), as reflected in the Figure 5.

In the real-data analysis of Iranian household income, we evaluated the per-
formance of multiple Lorenz curve estimation methods. The isotonic regression
model provided a nearly perfect fit to the empirical data, closely matching the
observed Lorenz curve and accurately reproducing the Gini coefficient. Para-
metric models such as Rasch, Beta, and Aggarwal also offered good fits, though
their estimated Gini coefficients showed slight deviations compared to the em-
pirical value. These results indicate that while non-parametric methods excel in
descriptive accuracy, parametric models remain valuable when interpretability
and theoretical grounding are important.

To further assess the robustness of the models, we performed sensitivity
analyses considering the potential influence of extreme values. No outliers
were removed, as the Lorenz curve and Gini coefficient are designed to ac-
count for the full income distribution, including high-income households that
are essential for accurate inequality measurement. The models’ performance
was also examined under simulated conditions reflecting heavy-tailed (Pareto)
and log-normal income distributions, yielding consistent results with the real
data analysis. This demonstrates that the relative performance of isotonic
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and parametric models is stable across both empirical and simulated scenarios,
highlighting the reliability of our comparative framework.

6. Software and Implementation Details

In this study, all calculations and analyses were performed using the R soft-
ware, which is considered one of the most powerful environments for statistical
simulation and model fitting. Various packages were utilized to implement the
methods and calculations, including the ineq package for calculating the Gini
coefficient and empirical Lorenz curve, the VGAM package for generating sim-
ulated data from the Pareto distribution, the dplyr and tidyr packages for data
preparation and processing, and the ggplot2 package for plotting graphs and
presenting results visually. The simulation study was conducted with special-
ized packages, including the ’isotone’ package for isotonic regression and the
‘'betareg’ package for beta regression.Furthermore, the constrained polynomial
model was fitted using the constrOptim function to impose constraints such
as non-negativity of coefficients and the sum of coefficients being less than or
equal to one. These constraints ensure that the estimated Lorenz curve retains
the key characteristics of a valid curve, namely being upward sloping and ly-
ing within the range of [0,1]. The results meet the necessary conditions for
accuracy and validity, both theoretically and computationally.

7. Conclusion

This study offers an extensive comparison of parametric and non-parametric
methods for estimating the Lorenz curve, with an emphasis on income distribu-
tion in Iran. Our analysis demonstrates that isotonic regression attains remark-
ably precise fits for both the Lorenz curve and the Gini coefficient, closely mir-
roring empirical data. Nonetheless, the selection of an estimation method ought
to be contingent upon research objectives, data attributes, and pragmatic con-
siderations. Isotonic regression is great for descriptive accuracy, but parametric
models have parameters that are easy to understand, smooth functional forms,
and theoretical consistency. Such approaches can be useful for policy analysis
or smaller datasets. Large samples favor adaptable non-parametric methods,
while parametric techniques may offer regularization advantages for constrained
datasets or heavy-tailed distributions. The ideal selection is contingent upon
the context, requiring a balance of accuracy, interpretability, and theoretical
foundation. The results show that choosing the right model is important for
getting useful information about income distribution. Isotonic regression is
advised for comprehensive empirical description; however, parametric models
are advantageous when interpretability, computational efficiency, or economic
theory are emphasized. Subsequent research may broaden these comparisons
to longitudinal data, supplementary parametric models, and datasets from var-
ious countries to improve generalizability.
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While isotonic regression provides a perfectly adaptive descriptive fit for the ob-
served data, it may not be optimal for prediction or inference on new samples,
where parametric models can offer advantages due to their inherent smoothing.
This distinction highlights that practical model choice depends on the specific
analytic objective.

This study provides an evidence-based framework for choosing the right Lorenz
curve estimators. This will help us measure income inequality more accurately
and make better policy decisions.
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