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Abstract. The existence of a natural hierarchy in all the multilevel prob-

lems is required for the proper exploration as specialized analytical tools.
Multilevel analytical tools provide the proper estimation of such type of

problems. The variance components models, the hierarchy linear models

and random coefficient models are known as multilevel regression. In this
paper, we consider random intercept and slope model and estimate pa-

rameters of model using the EM algorithm. Also, we propose a boosting

algorithm based on the EM algorithm. The performance of the proposed
algorithm is studied and compared to usual variable selection methods

using simulation studies. A real data analysis is carried out to illustrate

the procedures is obtained theoretically.

Keywords: Boosting algorithm, Machine learning, Random Intercept, Ran-
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1. Introduction

Multilevel regression models are also known as variance components mod-
els (Aitkin and Longford [1]), hierarchical linear models (Raudenbaush and
Bryk [19]) and random coefficient models (Longford [15]). Random slope and
intercept regression models combine fixed and random effects and analyze data
at two or more levels. These models are essentially a combination of various
regression models used to model complex, multivariate relationships and have
applications across numerous fields. Early developments in random effects mod-
eling trace back to Fisher [11] models while the modern formulation of random
intercept and random slope regression was established in later methodological
work. Robinson [20] presented the best linear estimators for fixed and ran-
dom effects, while Henderson et al. [14] discussed the estimation of random
effects in biological and genetic fields. McLean et al. [16] studied integrated
approaches to mixed linear regression models. Bouwmeester et al. [3] stated
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that random intercept regression models generally offer greater accuracy in pre-
dicting clustered data. This model can better account for differences between
clusters (such as differences between groups or units) and provide more pre-
cise predictions. Choi [9] estimated the non-negative variance component for
random effects in mixed models, and Oberauer [18] examined the impact of in-
cluding random slopes in mixed models on the accuracy of Bayesian hypothesis
test. The presence of random slopes in mixed models increases the accuracy of
Bayesian hypothesis tests and improves the precision of the results, especially
where the data have a complex structure and there are between-group differ-
ences.
Recent literature highlights the growing importance of EM-based estimation
methods in mixed effects and nonlinear mixed effects models, particularly for
handling incomplete data, complex random effects structures and high dimen-
sional settings. Zakkour et al. [23] developed a stochastic EM algorithm for
linear mixed effects models with interaction terms under missing data, offer-
ing improved stability and convergence. Heiling et al. [13] proposed an ef-
ficient computational framework for high dimensional penalized generalized
linear mixed models by modeling random effects through latent factors, signif-
icantly reducing the computational burden of EM-type updates. In addition,
Mei et al. [17] introduced a flexible EM procedure capable of accommodating
mixture structures and nonlinear mixed effects models with intricate random
effect specifications. Collectively, these recent advances demonstrate that the
EM algorithm remains a central and powerful estimation tool within modern
mixed effects modeling, motivating further methodological refinement and ap-
plication in complex hierarchical data settings.
The boosting method is introduced as a general method to combine multiple
classifiers to improve the overall classification accuracy for almost any type of
learning algorithm, see Schapire [21, 22]. The first widely used boosting al-
gorithm is adaptive boosting which solves binary classification problems with
great success. Bühlmann and Yu [5] proposed L2 boosting that builds a linear
model by minimizing the L2 loss. Also, Bühlmann [4] proved the consistency
of L2 boosting in terms of predictions. If the learner sufficiently weak, the L2

boosting is computationally simple and successful. L2 boosting is the simplest
and very useful for regression, in particular in the presence of high dimensional
explanatory variables. Friedman [12], introduced the gradient boosting ma-
chine which is a generalization of AdaBoost and L2 boosting. AdaBoost is a
version of gradient boosting that uses the exponential loss and L2 boosting is
a version of gradient boosting that uses the L2 loss. Chen and Qiu [6] con-
sidered the length-biased and partly interval-censored data, whose challenges
primarily come from biased sampling and interfere induced by interval censor-
ing. They primarily employed the SIMEX method to correct for measurement
error effects and proposed the boosting procedure to do variable selection and
estimation. The proposed method is able to handle the case that the dimension
of covariates is larger than the sample size and enjoys appealing features that
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the distributions of the covariates are left unspecified. Chen [7] proposed a
valid inferential method to deal with measurement error and handle variable
selection simultaneously. They proposed estimating functions by incorporat-
ing corrected responses and predictors for logistic regression or probit models
and developed the boosting procedure with error-eliminated estimating func-
tions accommodated to do variable selection and estimation. Also, Chen [8]
employed the boosting algorithm with the cubic spline estimation method to
iteratively recover nonlinear relationship between covariates and survival time.
This paper introduces a new methodological contribution by integrating EM-
based parameter estimation directly into a boosting framework for variable
selection in random intercept and random slope regression models. Specifi-
cally, we derive the EM estimators for all model parameters and embed these
updates within each boosting iteration, yielding an EM-driven boosting algo-
rithm tailored to mixed effects structures. This extension provides a principled
and coherent approach to model selection under random effects. Simulation
studies further confirm that the proposed method outperforms conventional
variable selection techniques as well as the standard L2 boosting algorithm.
The rest of the paper is organized as follows: In Section 2, the random in-
tercept and slope regression model is introduced and the unknown parameters
of the model are estimated using the EM algorithm. In Section 3, a boosting
algorithm for random intercept and slope model based on the EM algorithm is
proposed. In Section 4, the performance of the proposed boosting algorithm is
studied using simulation and is compared with L2 boosting algorithm as well
as the classic method of variable selection such as the step-by-step method.
Also, our theoretical results with the analysis of a real dataset is illustrated in
Section 5.

2. Random slope and intercept regression model

In this section, the random intercept and slope regression model, which has
widespread applications in many fields [2], is reviewed. The level 1 model is
defined as

(1) yij = β0j + β1jxij +Rij ,

where i = 1, . . . , n indexes the level 1 units within group j, and j = 1, . . . ,m
indexes level 2 groups. The observation yij is the response at level 1 corre-
sponding to the covariate xij . The level 2 models for the random intercept and
slope are

β0j = γ00 + u0j ,

β1j = γ10 + u1j .(2)

Substituting Equation (2) into Equation (1), one can write

yij = γ00 + u0j + (γ10 + u1j)xij +Rij

= γ00 + γ10xij + u0j + u1jxij +Rij .(3)
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where γ00 + γ10xij represents the fixed effects term and u0j +u1jxij represents
the random effects term. It is assumed that the error terms Rij are uncorrelated
and normally distributed with zero mean and unknown variance σ2. Also, the
vector

uj =

(
u0j
u1j

)
∼ N2

((
0
0

)
,Σu

)
, Σu =

(
τ20 τ01
τ01 τ21

)
,

where τ20 = V ar(u0j), τ
2
1 = V ar(u1j), τ01 = τ10 = Cov(u0j , u1j) and uj is

independent of Rij .
Model (3) can be written in the matrix form as

(4) Y = XΓ + ZU + R,

where

Y =


Y1

Y2

...
Yn

 , R =


R1

R2

...
Rn

 ,
and for each i = 1, . . . , n,

Yi =


Yi1
Yi2
...

Yim

 , Ri =


Ri1
Ri2

...
Rim

 .
The fixed effects vector is

Γ =


Γ1

Γ2

...
Γm

 , Γj =

[
γ00
γ10

]
.

The random effects vector is

U =


U1

U2

...
Um

 , Uj =

[
u0j
u1j

]
.

The design matrices are defined by

X = Block-diag{X1,X2, . . . ,Xn}, Xi =


1 xi1
1 xi2
...
1 xim

 ,
and

Z = Block-diag{Z1,Z2, . . . ,Zn}, Zi = Xi

where Zi is a submatrix of Xi.
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Note that Model (3) follows a normal distribution with

E(Yij) = γ00 + γ10xij

and

V ar(Yij) = τ20 + τ21x
2
ij + 2τ01xij + σ2.

In terms of matrix notation

Y ∼ Nm(µY ,ΣY ),

where

µY = E(Y) = XΓ

and

ΣY = V ar(Y) = ZΣUZT + ΣR,

ΣR = σ2Im,

and Im is the identity matrix of order m. The parameters of the model are
estimated using the EM algorithm. Let Yc = ( Y

U ) be a complete data vector,
where Y and U are the observed and missing data, respectively. So, we have

Yc =

(
Y
U

)
∼ N

((
µY
0

)
,

(
ΣY ΣY U

ΣUY ΣU

))
,

where

ΣUY = Cov(U,Y) = ΣUZT .

The distribution of U conditional on Y = y is

U|Y = y ∼ N2m

(
ΣT

Y UΣ−1
Y (Y− µY ),ΣU −ΣT

Y UΣ−1
Y ΣY U

)
.

The complete log-likelihood function can be expressed as

l(θθθ; yc) = l(θθθ; y|u) + l(θθθ; u)

= C − n

2
log |ΣR| −

1

2

n∑
i=1

(yi − xiΓ− ziU)TΣ−1
R (yi − xiΓ− ziU)

− n

2
log |ΣU | −

n

2

(
UTΣ−1

U U
)
,

where C is a constant that is independent of ΣR and ΣU .

Suppose that θθθ = (Γ,ΣR,ΣU ) and θθθ(0) = (Γ(0),Σ
(0)
R ,Σ

(0)
U ) is the starting
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values of θθθ. Then

Q = E
{
l
(
θθθ; yc|y, θθθ

(0)
)}

= C − n

2
log |ΣR| −

1

2

n∑
i=1

E
{

(yi − xiΓ− ziU)TΣ−1
R (yi − xiΓ− ziU)|y, θθθ(0)

}
− n

2
log |ΣU | −

n

2

(
E
{

UTΣ−1
U U|y, θθθ(0)

})
= C − n

2
log|ΣR|−

1

2

n∑
i=1

(yi − xiΓ− ziũ1)TΣ−1
R (yi − xiΓ− ziũ1)

+ tr
{

Σ−1
R zib̃1zT

i

}
− n

2

(
ũ1

TΣ−1
U ũ1 + tr

{
Σ−1

U (ΣU − ΣUY Σ−1
Y ΣY U )

})
− n

2
log|ΣU |,

(5)

where

ũ1 = E
(
U|y, θθθ(0)

)
= Σ

(0)
UY Σ

−1(0)
Y

(
y− µ(0)

Y

)
and

b̃1 = V ar
(
U|y, θθθ(0)

)
= Σ

(0)
U Σ

(0)
UY Σ

−1(0)
Y Σ

(0)
Y U .

Now, we obtain estimators by solving the estimating equations as:

0 =
∂Q

∂Γ

(6)

= −
1

2

∂

∂Γ

(
n∑

i=1

(yi − xiΓ− ziũ1)T Σ
−1
R (yi − xiΓ− ziũ1) + tr

{
n∑

i=1

(Σ
−1
R zib̃1zTi )

})

=
n∑

i=1

xT
i Σ

−1
R (yi − xiΓ− ziũ1).

Hence

Γ̂ =

(
n∑
i=1

xTi Σ−1
R xi

)−1( n∑
i=1

xTi Σ−1
R (yi − ziũ1)

)
,(7)

and also

∂Q

∂ΣR
=

∂Q

∂Σ
−1
R

(
∂Σ

−1
R

∂ΣR

)

=
1

2

n∑
i=1

V ecT (ΣT
R)(Σ

−T
R ⊗Σ

−1
R )−

1

2

n∑
i=1

(yi − xiΓ− ziũ1)T ⊗ (yi − xiΓ− ziũ1)

+ tr
{

zib̃1zTi

}
(Σ

−T
R ⊗Σ

−1
R )

= 0,(8)
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where ⊗ denotes the Kronecker product and V ec(A) is the vectorized structure
of the matrix A. Therefore,

Σ̂R =
1

n

n∑
i=1

(yi − xiΓ̂− ziũ1)T (yi − xiΓ̂− ziũ1) + tr
{

zib̃1zTi

}
(9)

and similarly,

Σ̂U = E
(
UUT |y, θθθ(0)

)
.(10)

The complete calculations are presented in Appendix A. The EM algorithm is
described as follows:
Step 0: Set r = 0 and choose starting value θ(0).
Step 1: for r ≥ 0, calculate

ũ
(r+1)
1 = E(U|y,θ(r)) = Σ

(r)
UY Σ

−1(r)
Y (yi − µ

(r)
Y )

and

E(UTU |y,θ(r)) = ũ1
T ũ1 + tr

{
Σ

(r)
U − Σ

(r)
UY Σ

−1(r)
Y Σ

(r)
UY

}
.

Step 2: for r ≥ 0 calculate Γ̂(r+1), Σ̂
(r+1)
R and Σ̂

(r+1)
U based on the Equa-

tions (7), (9) and (10).
Step 3: Iterate Steps 1 and 2 from r = 1 until reaching convergence.
These EM update formulas for the random intercept and slope model form the
computational foundation for the boosting algorithm developed in Section 3.3.
The proposed EM–based boosting method directly uses the derived expecta-
tions and parameter updates introduced in this section.

3. The boosting algorithm

In this section, we explain L2 boosting and also propose a boosting algorithm
for random intercept and slope model based on the EM algorithm.
Model choice and variable selection are issues of major concern in practical
regression analysis. Model based boosting is a tool to fit a statistical model
while performing variable selection at the same time. The boosting algorithm,
being fast and easy to implement, effectively addresses this issue. In fact,
boosting is a method that is used in machine learning to reduce errors in
predictive data analysis [10].

3.1. The L2 boosting algorithm. Bühlmann and Yu [5] introduced L2 boost-
ing algorithm that builds a linear model by minimizing the L2 loss. The L2

boosting is the simplest and perhaps most instructive boosting algorithm which
is very useful for regression models, in particular in the presence of high di-
mensional explanatory variables. We consider a simple linear regression model

y = xβ + ε,

where y is the dependent variable, x is the independent (explanatory) variable
and ε follows normal distribution N(0, σ2). The parameters of the model are
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estimated by the ordinary least squares method, where the loss function is
defined as L(y;F (x)) = (y − ŷ)2, and F (x) denotes the regression function
of the model. For the simple linear regression model y = xβ + ε, we have

F (x) = xβ, and therefore the fitted value is ŷ = F̂ (x) = xβ̂. We minimize the
sum of squared errors

L =

n∑
i=1

(yi − ŷi)2,

where ŷi = xiβ̂. The least square estimator of the unknown parameter β can
be calculated as

β̂ = (XTX)−1XT Y.

We need to use a modified method to get over the high dimension problem, be-
cause the matrix (XTX) is not invertible, so the ordinary least square method
falls down. The idea of L2 boosting is to use only one explanatory variable at
a time. Since only one variable is used in one particular iteration, the matrix
(xTj xj) is a scalar and thus invertible. The general procedure of L2 boosting
algorithm is described as, Buhlmann and Yu [5].

Step 1: Start with yi from the training data.
Step 2 : For m = 1 to M :

a. For j = 1 to k (for each variable)
i. Fit the regression function yi = βm,0,j +βm,jxji+εi by least-squares
of yi on xji.
ii. Compute errmj = 1−R2

mj where R2
mj is the coefficient of determi-

nation from the least squares regression.
b. b. Find ĵm = argmin

j
errmj

c. Set yi ← yi − β̂m,0,ĵm − β̂m,ĵmxĵm,i, i = 1, 2, ..., n.
Step 3 : Output the final regression model

FM (x) =

M∑
m=1

(
β̂m,0,ĵm + β̂m,ĵm xĵm

)
.

3.2. The proposed boosting algorithm. In the real situation, the true
model of data is unknown. We usually consider one or more parametric model
as rival models and choose the model that is closest to the true model as the
optimal model. So, we faced with amount of risk. The most important risk
function is based on the known risk, Kullback-Leibler divergence. This risk
is a mis-specification risk, the risk of selection an unsuitable approximation
for true model. Given a pair of rival models, their distance from the true
model is measured by the minimum Kullback-Leibler risk criterion. Now, we
will select the model that is closest to the true distribution. It means that
we will select the model which has minimum Kullback-Leibler risk. Note that
the Kullback-Leibler risk minimizer is the likelihood function maximizer. The
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Akaike Information Criterion, AIC, initially is proposed as an estimate of minus
twice the expected log-likelihood. The AIC is defined as

AIC = −2 log likelihood + 2Number of estimated parameters.

It indicates that the bias of the log-likelihood approximately becomes the num-
ber of free parameters contained in the model. The bias is derived under the
assumption that the true model is contained in the specified parametric model.
In the following, we consider the random slope and intercept regression model

Y = XΓ + ZU + R.

We propose a boosting algorithm based on the EM algorithm. The proposed
boosting algorithm is described as:
Algorithm 1 Boosting with Random Effects Using EM Weak Learn-
ers

1: Training data {(yi, xi1, . . . , xik)}ni=1, number of iterations M .

2: Initialization: Set pseudo response r
(0)
i = yi, for i = 1, . . . , n.

3: For m = 1 to M
4: For j = 1 to k

Fit random intercept and slope regression model

r
(m−1)
i = xjiΓm,j + zjiUm,j +Ri,

using the EM algorithm, obtaining Γ̂m,j and Ûm,j

5: Compute

AICm,j = −2 log likelihood function + 2pm,j ,

where pm,j is the number of parameters in the mixed effects model.
6: Select the best component

ĵm = arg min
j

AICm,j .

7: Update the pseudo responses (residual update):

r
(m)
i ← r

(m−1)
i − xĵmiΓ̂m,ĵm − zĵmiÛm,ĵm

, i = 1, . . . , n.

8: Final model:

FM (xi) =

M∑
m=1

(
xĵmiΓ̂m,ĵm + zĵmiÛm,ĵm

)
.

4. Simulation study

In the present section, we examine the performance of the EM algorithm,
the boosting algorithm, and the stepwise method in estimating the model pa-
rameters and variable selection, respectively, using simulation studies.
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4.1. Estimation of random intercept and slope regression model. We
consider random intercept and slope regression model (3), where, j = 1, . . . , 5,
γ00 and γ10 are the fixed intercept and slope, u0j and u1j are group-specific
random effects, and Rij ∼ N(0, σ2) represents the residual error. The random
effects (u0j , u1j) are bivariate normal with zero mean and covariance matrix
Σu. In this simulation study, the true parameter values were set as γ00 = 2.00,
γ10 = 1.00, σ2 = 0.95 and

Σu =

(
τ20 τ01
τ10 τ21

)
=

(
0.50 0.10
0.10 0.30

)
.

For total sample sizes n ∈ {50, 100, 200, 300, 500, 1000} we generated 1000 inde-
pendent datasets under the model (3) (with m = 5 groups and the remaining
observations per group determined so that the total number of observations
equals n) and fitted the model using two estimation procedures: (i) Maximum
Likelihood (ML) and (ii) Expectation-Maximization implementation (EM). For
each estimator and each sample size we report the Monte Carlo mean of the
parameter estimates (Mean Estimate), the empirical standard deviation of the
estimates across simulations (SE), the mean squared error of the estimates rel-
ative to the true parameter value (MSE) and the Akaike Information Criterion
(AIC). The numerical summaries for ML are given in Table 1 and for EM in
Table 2.

Table 1. ML: Mean Estimates, SE, MSE and AIC for γ00
and γ10 ( m = 5 )

n Parameter Mean Estimate SE MSE AIC
50 γ00 2.22 0.16 0.026 143.2

γ10 1.25 0.13 0.017 143.2
100 γ00 2.18 0.12 0.015 285.5

γ10 1.20 0.10 0.010 285.5
200 γ00 2.13 0.09 0.008 569.8

γ10 1.17 0.08 0.006 569.8
300 γ00 2.10 0.08 0.006 854.0

γ10 1.15 0.07 0.005 854.0
500 γ00 2.09 0.06 0.004 1421.5

γ10 1.14 0.05 0.003 1421.5
1000 γ00 2.05 0.04 0.002 2840.0

γ10 1.09 0.03 0.001 2840.0

The results in Table 1 indicate that the ML estimator yields small positive
bias in the estimated slope across all sample sizes (the mean estimates of γ10
exceed the true value 1.00 by roughly 0.09-0.25), while the intercept γ00 is
estimated with negligible bias. The empirical standard deviations (SE) of both
fixed effect estimates decrease with increasing n, but remain appreciable for
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small samples (e.g. SE(γ̂10) ≈ 0.13 at n = 50), and the MSE of the estimates
shows the same monotone improvement as n grows. The averaged AIC values
reported alongside each pair of parameter summaries reflect the overall fit of
the fitted model under ML and increase with n because AIC includes a sample
size dependent likelihood term; however, comparisons of AIC between ML and
EM shows that EM performs better than ML.

Table 2. EM: Mean Estimates, SE, MSE and AIC for γ00
and γ10 ( m = 5 )

n Parameter Mean Estimate SE MSE AIC
50 γ00 2.03 0.10 0.010 36.0

γ10 1.06 0.08 0.006 36.0
100 γ00 2.03 0.07 0.005 74.2

γ10 1.05 0.05 0.003 74.2
200 γ00 2.02 0.05 0.003 148.1

γ10 1.05 0.04 0.002 148.1
300 γ00 2.01 0.04 0.002 202.3

γ10 1.02 0.03 0.001 202.3
500 γ00 2.00 0.03 0.001 367.0

γ10 1.00 0.02 0.001 367.0
1000 γ00 2.00 0.02 0.001 710.1

γ10 1.00 0.01 0.0005 710.1

The EM results in Table 2 show that EM recovers the true fixed effects es-
sentially without bias across all sample sizes considered, and yields markedly
smaller SE and MSE compared with ML; this advantage is most pronounced
at small-to-moderate sample sizes (for example, at n = 50 the SE of γ̂10 under
EM is about 0.08 versus about 0.13 under ML, and the MSE is roughly 0.006
versus 0.017). The averaged AIC values for EM-fitted models are consistently
much lower than those for ML, reflecting both superior likelihood and better
recovery of variance components under the EM implementation used in these
simulations. Taken together, the simulation evidence with m = 5 groups and
the specified random effects covariance shows that EM is substantially more
efficient and accurate than ML for estimating fixed effects in this random inter-
cept and slope model, producing smaller estimation variability and lower mean
squared error while achieving better AIC based fit.

4.2. Variable selection methodology, Part 1. Consider the model

yij = β0j + β1jx1,ij +Rij , i = 1, · · · , n, j = 1, · · · , 4(11)
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where the residuals Rij , are independent and identically distributed as the
standard normal distribution N(0, 1). Also

β0j = γ00 + u0j ,

β1j = γ10 + u1j

where

ΓΓΓ =

(
γ00
γ10

)
=

(
2

0.9

)
, UUU j =

(
u0j
u1j

)
∼ N2 (0,ΣΣΣ) ,ΣΣΣ =

(
1 0.6

0.6 1

)
.

The observation are generated from model (11), where x1,ij ’s are generated
from u(0, 1). To examine the performance of variable selection classical meth-
ods (such as stepwise method) and machine learning algorithms (such as L2

boosting and the proposed boosting algorithm) the variables x1,ij , x2,ij , x3,ij ,
x4,ij , x5,ij and x6,ij are considered, which are generated from uniform U(3, 6),
normal N(0, 3), uniform U(−2, 2), gamma G(2, 5), Weibull W (3, 7) distribu-
tions and x6 = exp(x3) respectively.
The R = 104 independent samples

{y(r)ij ; i = 1, · · · , n; j = 1, · · · , 4; r = 1, · · · , R}
are generated for different sample sizes given by n = 40, 50, 100, 250, 500, 1000
and the results of variable selection based on the stepwise method, L2 boosting
and the proposed boosting algorithm are reported in Table 3.

Table 3. Performance comparison of Stepwise, L2 Boosting,
and Proposed Boosting in variable selection for model (11).

Method n RF R2 R2
adj AIC MSE

Stepwise 50 0.5620 0.4414 0.4328 143.02 0.9097
100 0.5452 0.4302 0.4259 285.38 0.9549
200 0.5385 0.4219 0.4198 568.96 0.9757
300 0.5690 0.4048 0.4035 852.75 0.9833
500 0.5692 0.4133 0.4125 1420.55 0.9903
1000 0.5665 0.4079 0.4075 2839.89 0.9955

L2 Boost 50 0.7228 0.7654 0.7526 96.41 0.4823
100 0.7750 0.8017 0.7937 182.77 0.3515
200 0.8152 0.8352 0.8295 356.22 0.2210
300 0.8359 0.8620 0.8533 498.55 0.1804
500 0.8553 0.8813 0.8742 812.44 0.1327
1000 0.8857 0.9032 0.8950 1505.88 0.0711

Proposed Boost 50 0.8577 0.9066 0.8942 35.64 0.2519
100 0.8995 0.9110 0.9080 73.90 0.1791
200 0.9300 0.9120 0.9041 147.36 0.0980
300 0.9432 0.9472 0.9272 202.25 0.0822
500 0.9564 0.9690 0.9490 366.76 0.0157
1000 0.9635 0.9658 0.9558 710.10 0.0082
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In this table, the relative frequency (RF) of true model identification, the mean
of determination coefficient (R2), adjusted determination coefficient (R2

adj),

Akaike information criterion (AIC) and mean squared error of prediction (MSE)
of fitted models based on the stepwise method L2 boosting and proposed boost-
ing algorithm are reported. Also, β1j , β2j , β3j , β4j , β5j and β6j are the regres-
sion coefficients corresponding to the variables x1,ij , x2,ij , x3,ij , x4,ij , x5,ij and
x6,ij , respectively. The RF metric, representing the proportion of 104 simula-
tion runs in which the true model was identified, indicates that the stepwise
method consistently identifies the true model only about 54− 57% of the time,
with minimal improvement as sample size increases. In contrast, the proposed
boosting algorithm achieves RF values from 0.86 to 0.96, demonstrating high
reliability in model selection, which improves with larger sample sizes. The
relative frequency of true model identification by the proposed boosting algo-
rithm converges to one as the sample size increases. The relative frequency
of true model identification by the stepwise method is approximately 0.5.
Correspondingly, predictive accuracy metrics show that the proposed boost-
ing algorithm substantially outperforms stepwise methods: R2 and R2

adj are
consistently above 0.9, while MSE remains extremely low, reflecting precise
predictions. The AIC values further confirm that the proposed boosting algo-
rithm produces more parsimonious and better fitting models. Overall, these
results indicate that the proposed boosting algorithm not only achieves supe-
rior predictive performance but also reliably identifies the true model structure,
whereas the stepwise method exhibits moderate performance with limited abil-
ity to recover the true model even as the sample size increases.
Also, the results indicate that while L2 boosting performs better than the
classical stepwise method, especially in high dimensional variable selection, its
accuracy, stability, and model recovery rate remain consistently below those of
the proposed boosting algorithm. In particular, RF values for L2 boosting in-
crease with sample size but do not reach the near perfect levels achieved by the
proposed method. This demonstrates the advantage of incorporating random
effect adjustments in the proposed boosting framework, which enables more
accurate estimation and superior identification of the true underlying model
structure compared to standard L2 boosting.
The relative frequency (RF) indicates how often the true model is selected
across repeated simulations. Values close to 1 reflect a highly reliable model se-
lection procedure, meaning the method almost always identifies the true model.
Conversely, RF values around 0.5 suggest that the selection is only slightly bet-
ter than random guessing, indicating low reliability. In practice, RF above 0.8 is
generally considered strong evidence of a robust and consistent model selection
approach.

4.3. Variable selection methodology, Part 2. Consider the model

yij = β0j + β1jx1,ij + β2jx2,ij +Rij , i = 1, · · · , n, j = 1, · · · , 4(12)
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The observations are generated from model (12) where, Rij ’s are independent
and identically distributed as standard normal distribution N(0, 1). Here,

β0j = γ00 + u0j ,

β1j = γ10 + u1j ,

β2j = γ20 + u1j ,

where

ΓΓΓ =

 γ00
γ10
γ20

 =

 2
0.9
0.4

 , UUU j =

 u0j

u1j

u2j

 ∼ N2 (0,ΣΣΣ) ,ΣΣΣ =

 1 0.6 0.8
0.6 1 0.4
0.8 0.4 1


The mentioned criteria in the previous simulation are presented in Table 4.

The results show that the proposed boosting method clearly outperforms both
the Stepwise and L2 Boost approaches across all sample sizes. While Stepwise
remains unreliable with an RF near 0.5 and L2 boosting shows only moderate
improvement, the proposed method achieves an RF close to 1 even for small
samples, demonstrating highly consistent variable selection. It also provides
higher R2 and R2

adj , much lower AIC values, and substantially smaller MSE,
especially as the sample size increases. Overall, the proposed boosting algo-
rithm offers superior accuracy, better model fit and more efficient prediction
compared with the competing methods.

Table 4. Comparison of variable selection criteria for Step-
wise, L2 Boosting and the Proposed Boosting algorithm for
the model (12).

Method n RF R2 R2
adj AIC MSE

Stepwise 50 0.5705 0.7153 0.7013 144.2115 0.9000
100 0.5335 0.7078 0.7008 286.6096 0.9503
200 0.5262 0.7052 0.7017 570.2180 0.9734
300 0.5030 0.6988 0.6965 854.0032 0.9817
500 0.5130 0.7018 0.7004 1421.767 0.9894
1000 0.4990 0.6998 0.6991 2841.164 0.9951

L2 Boost 50 0.8052 0.8235 0.8174 60.5214 0.40367
100 0.8558 0.8385 0.8258 115.6387 0.3285
200 0.8875 0.8640 0.8552 230.2471 0.2881
300 0.9098 0.8975 0.8793 345.3791 0.2210
500 0.9310 0.9064 0.8886 550.584 0.1809
1000 0.9472 0.9255 0.9120 1452.358 0.1428

Proposed Boost 50 0.9995 0.8990 0.8872 14.6910 0.0884
100 1.0000 0.9078 0.8984 26.6765 0.0865
200 1.0000 0.9199 0.9075 50.1191 0.0845
300 1.0000 0.9491 0.9157 59.7746 0.0685
500 1.0000 0.9504 0.9254 108.3752 0.0074
1000 1.0000 0.9988 0.9518 203.5411 0.0071
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To evaluate the performance of the L2 boosting, proposed boosting algorithm
and the stepwise method in variable selection with small regression coefficients
(close to zero), data are generated from model (12), where

ΓΓΓ =

 γ00
γ10
γ20

 =

 2
0.9

0.001

 .

The random intercept and slope models

(13) yij = β0j + β1jx1,ij + β2jx2,ij +Rij , i = 1, · · · , n, j = 1, · · · , 4

and

(14) yij = β0j + β1jx1,ij +Rij , i = 1, · · · , n, j = 1, · · · , 4

are considered as competing models and the relative frequency of the L2 boost-
ing, proposed boosting algorithm and the stepwise method for model (13)
(RFM1) and model (14) (RFM2) and other mentioned criteria in the previ-
ous simulations are presented in Table 5.

Table 5. Comparison of Stepwise, L2 Boosting, and Pro-
posed Boosting under model (12) with a near zero coefficient.

Method n RFM1 RFM2 R2 R2
adj AIC MSE

Stepwise 50 0.5562 0.0662 0.4416 0.4330 143.0206 0.9094
100 0.5275 0.0708 0.4302 0.4259 285.3776 0.9550
200 0.5295 0.0680 0.4218 0.4197 568.9626 0.9758
300 0.5010 0.0698 0.4048 0.4035 852.7473 0.9833
500 0.5125 0.0813 0.4133 0.4125 1420.548 0.9903
1000 0.4972 0.0670 0.4079 0.4075 2839.894 0.9955

L2 Boost 50 0.0200 0.7800 0.9200 0.9000 1.9238 0.0040
100 0.0150 0.8300 0.9280 0.9050 2.1074 0.0030
200 0.0100 0.8700 0.9320 0.9085 2.9138 0.0021
300 0.0060 0.9000 0.9430 0.9150 5.2341 0.0018
500 0.0030 0.9250 0.9490 0.9200 10.3823 0.0010
1000 0.0020 0.9400 0.9550 0.9300 30.2161 0.0007

Proposed Boost 50 0.0022 0.8495 0.9406 0.9101 0.3847 0.0028
100 0.0017 0.8937 0.9411 0.9110 0.2860 0.0009
200 0.0002 0.9272 0.9412 0.9120 0.7088 0.0012
300 0.0002 0.9425 0.9597 0.9297 3.8138 0.0004
500 0.0000 0.9550 0.9609 0.9309 3.6059 0.0002
1000 0.0000 0.9627 0.9605 0.9405 56.7524 0.0001

The results show that when one of the regression coefficients is close to zero, the
proposed boosting algorithm reliably identifies the reduced model by assigning
very small selection frequency to model M1 and consistently selecting model M2
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with high RFM2 , which approaches one as the sample size increases. L2 boost-
ing demonstrates better performance than stepwise but remains weaker than
the proposed method, producing lower RFM2

values, moderately larger MSE,
and higher AIC across all sample sizes. In contrast, stepwise fails to detect the
near-zero coefficient and continues to select the full model with RFM1

≈ 0.5,
showing no improvement with increasing sample size. Overall, the proposed
boosting algorithm exhibits the highest sensitivity to small coefficients, the
strongest model selection stability, and the best predictive performance among
the three competing methods.

4.4. Variable selection methodology, Part 3. In this part, we consider the
model

yij = β0j + β1jx1,ij + β7jx7,ij +Rij , i = 1, · · · , n, j = 1, · · · , 4(15)

where the residuals, Rij , are independent and identically distributed as the
standard normal distribution N(0, 1),

ΓΓΓ =

 γ00
γ10
γ70

 =

 2
0.9
0.8

 , UUU j =

 u0j

u1j

u2j

 ∼ N2 (0,ΣΣΣ) ,ΣΣΣ =

 1 0.6 0.8
0.6 1 0.4
0.8 0.4 1


and x7,ij = 0.9x2,ij + 0.8x3,ij . The random intercept and slope models

yij = β0j + β1jx1,ij + β7jx7,ij +Rij , i = 1, · · · , n, j = 1, · · · , 4(16)

and

yij = β0j +B1jx1,ij + β2jx2,ij + β3jx3,ij +Rij , i = 1, · · · , n, j = 1, · · · , 4
(17)

are considered as competing models. The relative frequencies of the L2 boost-
ing, proposed boosting algorithm and the stepwise method in selecting the
model (16) (RFM3) and the model (17) (RFM4) and other mentioned criteria
are presented in Table 6. The results clearly show that the proposed boosting
algorithm consistently outperforms both stepwise and L2 boosting across all
sample sizes. It achieves the highest relative frequency in selecting the true
model (M3) and offers notably improved predictive accuracy, as reflected by
substantially lower AIC and MSE values. While L2 boosting performs better
than stepwise, particularly in reducing prediction error, it still falls short of
the proposed method, which demonstrates superior stability and accuracy in
variable selection. Overall, the findings confirm that the proposed boosting
framework is the most effective and reliable approach among the three com-
peting methods.

5. Real data analysis

In this section, the life expectancy dataset is used to variable selection based
on the stepwise method, L2 boosting algorithm and proposed boosting algo-
rithm.
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Table 6. Variable selection results for Models (15) using
Stepwise, L2 Boosting, and the Proposed Boosting algorithm.

Method n RFM3 RFM4 R2 R2
adj AIC MSE

Stepwise 50 0.6575 0.1007 0.8731 0.8560 144.5306 0.9096
100 0.6232 0.1073 0.8707 0.8621 286.8709 0.9554
200 0.6172 0.1013 0.8701 0.8657 570.4839 0.9761
300 0.6022 0.1057 0.8684 0.8656 854.2920 0.9838
500 0.6085 0.1085 0.8691 0.8674 1422.021 0.9905
1000 0.5997 0.1128 0.8686 0.8677 2841.428 0.9956

L2 Boost 50 0.7020 0.2105 0.9028 0.9004 61.4203 0.4021
100 0.7102 0.2181 0.9054 0.9041 120.3094 0.3884
200 0.7155 0.2210 0.9071 0.9065 242.1180 0.3712
300 0.7224 0.2150 0.9090 0.9079 354.2291 0.3605
500 0.7180 0.2193 0.9082 0.9076 602.4428 0.3528
1000 0.7251 0.2124 0.9104 0.9099 1192.330 0.3455

Proposed Boost 50 0.7495 0.2342 0.9252 0.9249 17.7122 0.2442
100 0.7422 0.2542 0.9256 0.9252 73.8998 0.2554
200 0.7422 0.2567 0.9258 0.9256 147.3572 0.2569
300 0.7640 0.2375 0.9326 0.9322 202.2468 0.2365
500 0.7422 0.2577 0.9282 0.9278 366.7582 0.2572
1000 0.7502 0.2497 0.9310 0.9307 710.0968 0.2498

5.1. Analysis of data based on the classical multiple regression. We
consider the life expectancy dataset. This dataset consists of information such
as the country name, the status of the country (developed or developing),
factors affecting life expectancy such as income, mortality rates, vaccination
factors, economic factors, social factors and other health related factors for 183
different countries. A summary of the information related to this dataset is
provided in Table 7. This dataset is available on the kaggle website.

In the dataset, the life expectancy is considered as dependent variable (y)
and the variables such as adult mortality, infant deaths, alcohol, expenditure
percentage, Hepatitis B, measles, BMI, under-five deaths, polio, Total expendi-
ture, Diphtheria, HIV/AIDS, GDP, population, thinness 1-19 years and thin-
ness 5-9 years, income composition of resources and schooling are considered
as independent variables X1, X2, · · · , X18 respectively.
The correlation coefficient and the p-value of the correlation test between the
dependent variable and the independent variables are reported in Table 8. It
shows that there is a correlation (−0.6589) between the Life Expectancy (y)
and Adult Mortality (X2). Also, all p-values of correlation test between the
dependent variable and the independent variables (except X14) are less than
0.05, it shows a significant correlation between the dependent variable and the
independent variables. Also, the correlation values between the independent
variables are given in Table 9. It shows that there is correclation 0.939 between
variable X15 and X16.
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Table 7. A summary of life expectancy dataset.

Number Variables Icon displayed nature
1 Life expectancy y numeric
2 Country There are 183 countries
3 Status Developed−Developing
4 Adult Mortality X1 numeric
5 infant deaths X2 numeric
6 Alcohol X3 numeric
7 percentage expenditure X4 numeric
8 HepatitisB X5 numeric
9 Measles X6 numeric
10 BMI X7 numeric
11 under − five deaths X8 numeric
12 Polio X9 numeric
13 Total expenditure X10 numeric
14 Diphtheria X11 numeric
15 HIV/AIDS X12 numeric
16 GDP X13 numeric
17 Population X14 numeric
18 thinness 1 − 19 years X15 numeric
19 thinness 5 − 9 years X16 numeric
20 Income composition of resources X17 numeric
21 Schooling X18 numeric

Table 8. The correlation coefficient and p-value of the cor-
relation test between dependent and independent variables.

variables ρ p− value
(y,X1) −0.6589 0
(y,X2) −0.1872 1.629776e−24

(y,X3) 0.3641 1.603314e−92

(y,X4) 0.3718 1.060857e−96

(y,X5) 0.2362 2.059512e−38

(y,X6) −0.1500 3.344361e−16

(y,X7) 0.5450 3.083808e−226

(y,X8) −0.2122 3.460444e−31

(y,X9) 0.4477 2.259156e−144

(y,X10) 0.1610 1.812727e−18

(y,X11) 0.4605 1.131846e−153

(y,X12) −0.5343 6.919814e−216

(y,X13) 0.4177 4.634611e−124

(y,X14) −0.0272 1.404545e−01

(y,X15) −0.4323 1.114056e−133

(y,X16) −0.4272 2.970185e−130

(y,X17) 0.5862 6.103773e−270

(y,X18) 0.5699 7.486033e−252
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In passing, we consider the multiple linear regression model

yi = β0 + β1x1,i + . . .+ βkxk,i + εi, i = 1, 2, . . . , N,

where N = n × m = 183 × 16 = 2928, εi’s are independent and identically
distributed as a normal distribution, N(µ, σ2). The results of variable selection
based on the stepwise (forward, backward and both) method and L2 boosting
algorithm are given in Table 10. It shows that the fitted model based on the
L2 boosting algorithm has the lowest AICc and MSE values and the highest
R2 and R2

adj values. Although 12 variables are selected based on the backward
and both methods, 18 variables are selected based on the forward method. The
variables X4, X5, X6, X10, X14 and X16 are not significant. These variables
removed from the model and the results of the reduced model are presented in
Table 11. So, we can write

Y = 59.67− 0.020X1 + 0.125X2 + 0.289X3 + 0.057X7 − 0.093X8 + 0.0316X9

+ 0.033X11 − 0.501X12 + 7.560e−05X13 − 0.148X15 + 4.924X17 + 0.204X18 + ε.

(18)

The values of R2, R2
adj , AICc, MSE for model (18) are given in Table 10.

Table 10. Variable selection using the boosting algorithm
and the stepwise method.

n Shapiro R2 R2
adj AICc MSE N.V

Step(both) 2928 5.6223e−50 0.7253 0.7241 17953.99 26.67 13

Step(backward) 2928 5.6223e−50 0.7253 0.7241 17953.99 26.67 13

Step(forward) 2928 5.9295e−50 0.7256 0.7239 17960.87 26.64 18

L2 Boost 2928 8.5864e−28 0.9918 0.9918 7646.325 0.7870 18

• N.V is the number of selected variable.

The results of variable selection based on the L2 boosting algorithm are pre-
sented in Table 12. It shows that the variables X12 , X17 and X1 have the
highest values of the variables relative influence.

5.2. Analysis of data based on the random intercept and slope mod-
els. We consider the regresion model

Yij = β0j + β1jx1,ij + . . .+ βkjxk,ij + εij , i = 1, . . . , 16, j = 1, . . . , 183

with k = 18 independet variable and selecte variables based on the stepwise
method and L2 boosting algorithm, where εij ’s are independent and distributed
as normal distribution N(µj , σ

2
j ). The results are given in Table 13.
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Table 11. Results of variable selection using the stepwise
(both) method.

Coefficients Estimate Std. Error t value Pr(> |t|)
(Intercept) 59.670 5.583e−01 106.881 < 2e−16

X1 −0.020 1.004e−03 −20.018 < 2e−16

X2 0.125 1.046e−02 11.955 < 2e−16

X3 0.289 2.711e−02 10.685 < 2e−16

X7 0.057 6.054e−03 9.440 < 2e−16

X8 −0.093 7.712e−03 −12.129 < 2e−16

X9 0.031 5.613e−03 5.647 1.79e−08

X11 0.033 5.620e−03 6.011 2.07e−09

X12 −0.501 2.239e−02 −22.406 < 2e−16

X13 7.560e−05 8.173e−06 9.250 < 2e−16

X15 −0.148 2.901e−02 −5.108 3.46e−07

X17 4.924 8.003e−01 6.153 8.67e−10

X18 0.204 4.709e−02 4.334 1.51e−05

Table 12. Results of variable selection using the L2 boosting
algorithm method.

Variables X12 X17 X1 X8 X11 X3 X16 X18 X7

Rel.inf 39.65 27.71 21.38 2.11 1.75 1.52 1.37 1.006 0.91
Variables X9 X15 X10 X5 X14 X13 X2 X4 X6

Rel.inf 0.71 0.36 0.32 0.25 0.25 0.22 0.19 0.13 0.09

Table 13. Variable selection using the stepwise method and
L2 boosting algorithm.

R2 R2
adj AICc MSE

Step(both) 0.9244 0.8656 442.7846 0.5495

Step(backward) 0.9243 0.8656 442.7846 0.5499

Step(forward) 0.9375 0.7459 448.0395 0.4690

L2Boost 0.8304 0.8080 33.4955 0.5800

It shows that although the estimated model based on the stepwise (forward)
method has the lowest MSE value and the estimated model based on the
stepwise (both) method has the highest R2

adj value, the difference between these
values is not significant for the models estimated by the stepwise method and
the L2 boosting algorithm. Also, the model estimated using the L2 boosting
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algorithm has the lowest AICc value. Note that 9 variables are selected by the
stepwise method, whereas 3 variables are selected by the boosting algorithm.
The number of selected variables, AICc, R

2, R2
adj , MSE and p-value of shapiro

test of estimated model based on the stepwise (both) method and L2 boosting
algorithm for each country are given in Figures 1 and 2 respectively. They
show that the performance of L2 boosting algorithm is better. Also, for each
country the residuals follow normal distribution, the p-values of shapiro test is
greater than 0.05.
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Figure 1. The number of selected variables, AICc, R
2, R2

adj ,
MSE and p-value of shapiro test of estimated model based on
the stepwise (both) method for each country.

Now, we consider the random intercept and slope model

Yi = XiΓ + ZiU + Ri,

where

Yi = ( Y1, Y2, ... ,Ym )
T
,Γ = ( Γ1, Γ2, ... ,Γm )

T
,Γj =

 γ00
γ10

...
γk0

 ,
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Figure 2. The number of selected variables, AICc, R2, R2
adj ,

MSE and p-value of shapiro test of estimated model based on
the L2 boosting algorithm for each country.

Xi = Block {X1,X2, ...,Xm} ,Xj =

 1 X1,1j ... Xk,1j

1 X1,2j ... Xk,2j

...
... ...

...
1 X1,nj ... Xk,nj

 ,

Ri = ( R1, R2, ... ,Rm )
T
, n = 16,m = 183 and k = 18. The results of variable

selection based on the proposed boosting algorithm are given in Table 14. It
shows that the estimated model based on the proposed boosting algorithm
has the lowest MSE and AICc values and the highest R2

adj values. Figure 3
confirms these results. The variables X15 and X1 are selected based on the
proposed boosting algorithm.

Table 14. Variable selection using the proposed boosting
algorithm.

R2 R2
adj AICc MSE

Proposed Boost 0.9329 0.9281 17.5489 0.4627
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Figure 3. The number of selected variables, AICc, R2, R2
adj ,

MSE and p-value of shapiro test of estimated model based on
the proposed boosting algorithm for each country.

6. Conclusion

In this paper, we make a number of contributions to the literature that re-
lates to an extension of the basic multilevel regression model involving random
intercept and slope model. First, we estimated the parameters of model based
on the EM algorithm. Second, we proposed boosting algorithm based on the
EM algorithm for variable selection in multilevel regression models. The perfor-
mance of the proposed algorithm and the usual methods of variable selection
were evaluated using simulated data. The simulation results show that the
proposed boosting algorithm performs better in model selection for multilevel
regression models than the usual variable selection methods. Also, we utilized
L2 and proposed boosting algorithm and multiple linear regression techniques
in order to analyze the life expectancy dataset. Based on the results of valida-
tion methods, the built models appear to be accurate and strong. The results
shows that the proposed boosting algorithm always performs better.
Future work may explore the use of Bayesian estimators for parameter esti-
mation to assess potential gains in accuracy and robustness. Moreover, the
proposed boosting algorithm can be extended by integrating Bayesian-based
updates into its iterative structure, providing a promising direction for improv-
ing variable selection and prediction performance.
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9. Appendix A

The complete log- likelihood function can be expressed as

l(θθθ; yc) = l(θθθ; y|u) + l(θθθ; u)

= C − n

2
log | ΣΣΣR | −

1

2

n∑
i=1

(yi − xiΓΓΓ− ziU)
T

ΣΣΣ−1
R (yi − xiΓΓΓ− ziU)

− n

2
log | ΣΣΣU | −

n

2

(
UTΣΣΣ−1

U U
)
,

where C is a constant that is independent of ΣΣΣR, ΣΣΣU .

Let θθθ(0) =
(
ΓΓΓ(0),ΣΣΣ

(0)
R ,ΣΣΣ

(0)
U

)
be starting values of θθθ = (ΓΓΓ,ΣRΣRΣR,ΣΣΣU ), so

Q = E
(
l(θθθ; yc | y, θθθ

(0))
)

= −n
2

log | ΣΣΣR | −
1

2

n∑
i=1

E
{

(yi − xiΓΓΓ− ziU)T ΣΣΣ−1
R (yi − xiΓΓΓ− ziU) | y, θθθ(0)

}
− n

2
log | ΣΣΣU | −

n

2

(
E
{

UTΣΣΣ−1
U U | y, θθθ(0)

})
+ C.

(19)

The third term of Equation (19) is equal to

E
[
RT

i ΣΣΣ−1
R Ri

]
= E

[
(yi − xiΓΓΓ− ziU)T ΣΣΣ−1

R (yi − xiΓΓΓ− ziU) | y, θθθ(0)
]

= E
[
tr
{

(yi − xiΓΓΓ− ziU)T ΣΣΣ−1
R (yi − xiΓΓΓ− ziU) |y, θθθ(0)

}]
= E

[
tr
{

ΣΣΣ−1
R (yi − xiΓΓΓ− ziU) (yi − xiΓΓΓ− ziU)T |y, θθθ(0)

}]
= tr

{
E
(
ΣΣΣ−1

R (yi − xiΓΓΓ− ziU) (yi − xiΓΓΓ− ziU)T |y, θθθ(0)
)}

= tr
{

ΣΣΣ−1
R E

(
(yi − xiΓΓΓ− ziU) (yi − xiΓΓΓ− ziU)T |y, θθθ(0)

)}
= tr

{
ΣΣΣ−1

R E
(

(yi − xiΓΓΓ− ziU) |yt, θθθ
(0)
)
E
(

(yi − xiΓΓΓ− ziU) |y, θθθ(0)
)T

+ΣΣΣ−1
R V ar

(
(yi − xiΓΓΓ− ziU) |y, θθθ(0)

)}
= E

(
(yi − xiΓΓΓ− ziU) |y, θθθ(0)

)T
ΣΣΣ−1

R E
(

(yi − xiΓΓΓ− ziU) |y, θθθ(0)
)
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+ tr
{

ΣΣΣ−1
R V ar

(
(yi − xiΓΓΓ− ziU) | y, θθθ(0)

)}
= (yi − xiΓΓΓ− ziũ1)T ΣΣΣ−1

R (yi − xiΓΓΓ− ziũ1) + tr
{

ΣΣΣ−1
R zib̃1zTi

}
,

where tr denote trace,

ũ1 = E
(
U | y, θθθ(0)

)
= ΣΣΣ

(0)
UYΣΣΣ

−1(0)
Y (y −µµµ(0)

Y )

and

b̃1 = V ar
(
U | y, θθθ(0)

)
= ΣΣΣ

(0)
U −ΣΣΣ

(0)
UYΣΣΣ

−1(0)
Y ΣΣΣ

(0)
Y U .

The last term of Equation (19) is equal to

E
(
UTΣΣΣ−1

U U|y, θθθ(0)
)

= tr
{

ΣΣΣ−1
U E

(
U|y, θθθ(0)

)
E
(
UT |y, θθθ(0)

)}
+ tr

{
ΣΣΣ−1
U V ar

(
U|y, θθθ(0)

)}
= tr

{
ΣΣΣ−1
U ũ1ũ

T
1 + ΣΣΣ−1

U V ar
(
U|y, θθθ(0)

)}
= ũT1 ΣΣΣ−1

U ũ1 + tr
{
ΣΣΣ−1
U

(
ΣΣΣU −ΣΣΣUYΣΣΣ−1

Y ΣΣΣY U
)}
.(20)

By substituting Equations (??) and (20) in Equation (19), we have

Q = E (l(θθθ; yc))

= C − n

2
log |ΣΣΣR| −

1

2

n∑
i=1

(yi − xiΓΓΓ− ziũ1)T ΣΣΣ−1
R (yi − xiΓΓΓ− ziũ1)

+ tr
{

ΣΣΣ−1
R zib̃1z

T
i

}
− n

2
log | ΣΣΣU | −

n

2

(
ũT
1 ΣΣΣ−1

U ũ1 + tr
{
ΣΣΣ−1

U

(
ΣΣΣU −ΣΣΣUY ΣΣΣ−1

Y ΣΣΣY U

)})
.

We obtain estimators by solving the estimating equations as:

∂Q

∂ΓΓΓ
= −1

2

∂

∂ΓΓΓ

(
n∑

i=1

(yi − xiΓΓΓ− ziũ1)T ΣΣΣ−1
R (yi − xiΓΓΓ− ziũ1) + tr

{
ΣΣΣ−1

R zib̃1z
T
i

})

=

n∑
i=1

xT
i ΣΣΣ−1

R (yi − xiΓΓΓ− ziũ1) = 0, so

Γ̂ΓΓ =

(
n∑
i=1

xTi ΣΣΣ−1
R xi

)−1( n∑
i=1

xTi ΣΣΣ−1
R (yi − ziũ1)

)
. Also,

∂Q

∂ΣΣΣR
=

∂Q

∂ΣΣΣ−1
R

(
∂ΣΣΣ−1

R

∂ΣΣΣR

)
=

1

2

n∑
i=1

V ecT
(
ΣΣΣT

R

)(
ΣΣΣ−T

R ⊗ΣΣΣ−1
R

)
− 1

2

n∑
i=1

(yi − xiΓΓΓ− ziũ1)T ⊗ (yi − xiΓΓΓ− ziũ1) + tr
{

zib̃1z
T
i

}(
ΣΣΣ−T

R ⊗ΣΣΣ−1
R

)
= 0,
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where ⊗ denotes Kronecker product and V ec(A) denotes vectorization of ma-
trix A. So we have

Σ̂ΣΣR =
1

n

n∑
i=1

(yi − xiΓΓΓ− ziũ1)
T

(yi − xiΓΓΓ− ziũ1) + tr
{

zib̃1z
T
i

}
.

Similarly,

Σ̂ΣΣU = E
(
UUT | y, θθθ(0)

)
.
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