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Abstract. In this paper, we obtain some results concerning vanishing,

finiteness and artinianness of formal local cohomology modules. Also, we

determine annihilators, cosupport and the set of coassociated primes of

these modules in some special cases.
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1. Introduction

Throughout this paper, (R,m) is a commutative Noetherian local ring with

identity, a and b are ideals of R and M is a finite (finitely generated) R-module.

Recall that the i-th local cohomology module of M with respect to a is denoted

by Hi
a(M) (see [4]). For each i ≥ 0; i-th formal local cohomology of M with

respect to an ideal a is defined as

Fi
a(M) := lim←−

n

Hi
m(M/anM).

Formal local cohomology is a useful tool in commutative algebra and algebraic

geometry. It describes cohomology on formal neighborhoods and it is essential

for studying formal schemes.

Formal local cohomology modules were used by Peskine and Szpiro in [9]

when R is a regular ring in order to solve a conjecture of Hartshorne in prime

characteristic. Another kind of investigations about formal cohomology has

been done by Faltings (cf. [6]).
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Let x = x1, ..., xr denote a system of elements such that m = Rad(x). In [12],

Schenzel has studied the formal local cohomology module via the following

isomorphism

lim←−
n

Hi
m(M/anM) = Hi(lim←−

n

(C̆x ⊗M/anM))

where C̆x denotes the C̆ech complex of R with respect to x.

For basic results about formal local cohomology, we refer the reader to [1],

[2], [5] and [12].

It is a well known result of M. Brodmann [3] that, if M is a finite mod-

ule over the commutative Noetherian ring R (with identity) and a is an ideal

of R, then the sequence of sets (AssR(anM/an+1M))n∈N is ultimately con-

stant. Thus, if M is a finite R-module of finite dimension, then sequence

(dim(anM/an+1M))n∈N is ultimately constant. Here, we denote its ultimate

constant value by l∗, also we denote dim(M/aM) by l.

Let k ≥ 0 be an integer and let j := dim akM/ak+1M . Our main goal is to

obtain some properties of formal local cohomology modules Fj
a(M).

In Section 2, we will prove the following results:

i) Fj
a(M) 6= 0 and if j > 0, then Fj

a(M) is not finite,

ii) If Fj
a(M) is Artinian, then AttR Fj

a(M) = AttR(Hj
m(M/ak+1M)),

iii) For any integer i > j, we have Fi
a(M) ' Hi

m(M/akM),

iv) If bFj
a(M) is Artinian, then there exists an integer s such that

AnnR(bFj
a(M)) = AnnR(bHj

m(M/asM)).

Then we obtain similar results for the formal local cohomology module

Fl∗

a (M). Also, we determine the sets AnnR(bFl
a(M)), AttR(bFl

a(M)) and

CosuppR(bFl
a(M)).

In Section 3, we investigate the set CoassR(bFl
a(M)) and we find some rela-

tions between CoassR(bFl
a(M)) and AsshR(b(M/akM)) for some k ∈ N. Also,

we will prove that if SuppR(bM ∩ aM) is a finite set, then CoassR(bFl
a(M)) is

a finite set. As our last result, we will show that, whenever l > 0, Fl
a(M) is

Artinian if and only if CoassR(Fl
a(M)) = AsshR Fl

a(M).

2. Artinianness of formal local cohomology modules

A prime ideal p of R is said to be an attached prime of M if p = (N :R M)

for some submodule N of M . If M admits a reduced secondary representation,
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M = S1 +S2 + · · ·+Sn, then the set of attached primes AttR(M) of M is equal

to {
√

0 :R Si : i = 1, . . . , n} (see [7]).

An R-module L is cocyclic if L is a submodule of E(R/m) for some m ∈
MaxR. The cosupport of M is defined as the set of prime ideals p such that

there exists a cocyclic homomorphic image L of M such that Ann(L) ⊆ p and

this set is denoted by CosuppR(M).

Let p ∈ SpecR. If there is a cocyclic homomorphic image L of M such

that p = AnnR L, then p is called coassociated to M . The set of coassociated

primes of M is denoted by CoassR(M). In [13] we can see that CoassR(M) ⊆
CosuppR(M) and every minimal element of the set CosuppR(M) belongs to

CoassR(M).

Recall that, for an R-module M , the set AsshR M is defined as

{p ∈ AssR M : dimR/p = dimM}.

If M and N are finite R-modules such that SuppR M = SuppR N , then

AsshR M = AsshR N .

Lemma 2.1. Let (R,m) be a local ring, a an ideal of R and M a finite R-

module. Let k ∈ N0 and let j := dim
akM

ak+1M
> 0. Then for all integers i ≥ j

and t ≥ k, there exists an exact sequence

Fi
a(atM)→ Fi

a(M)→ Hi
m(M/atM)→ 0,

and if j > 0, then there exists the following exact sequence

Hi−1
m (M/atM)→ Fi

a(atM)→ Fi
a(M)→ Hi

m(M/atM)→ 0.

Proof. By [12, Theorem 3.11], the exact sequence

0→ atM →M →M/atM → 0

induces the following long exact sequence

Fi−1
a (M/atM)→ Fi

a(atM)→ Fi
a(M)→ Fi

a(M/atM)→ Fi+1
a (atM).

Since t ≥ k we have

SuppR(atM/at+1M) ≤ SuppR(akM/ak+1M)

and so dim(atM/at+1M) ≤ dim(akM/ak+1M) = j < i + 1. Thus, by [12,

Theorem 4.5], Fi+1
a (atM) = 0. Now, by using [2, Lemma 2.1] and from the

above sequence we get the result. �
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Theorem 2.2. Let (R,m) be a local ring, a an ideal of R and M a finite R-

module. Let k ∈ N0 and j := dim
akM

ak+1M
. Then Fj

a(M) 6= 0. Moreover, if

j > 0 then Fj
a(M) is not finite.

Proof. By [4, Theorem 6.1.4] Hj
m(akM/ak+1M) 6= 0.

Thus AttR(Hj
m(akM/ak+1M)) 6= ∅. Assume that p ∈ AttR(Hj

m(akM/ak+1M)).

By [4, Theorem 7.3.2] p ∈ AssR(akM/ak+1M) and dim(R/p) = j. Thus p ∈
AssR(M/ak+1M). By [4, 11.3.9], it follows that p ∈ AttR(Hj

m(M/ak+1M)) and

so Hj
m(M/ak+1M) 6= 0. On the other hand, by Lemma 2.1, we have the exact

sequence

Fj
a(M)→ Hj

m(M/ak+1M)→ 0.

Since Hj
m(M/ak+1M) 6= 0, the above exact sequence shows that Fj

a(M) 6=
0. Now, assume that j > 0. Since by [4, Theorem 7.1.3] Hj

m(M/ak+1M) is

Artinian and dimR/p = j > 0 by [4, Corollary 7.2.12] Hj
m(M/ak+1M) is not

finite. Now, the above exact sequence completes the proof. �

Lemma 2.3. Let (R,m) be a local ring, a an ideal of R and M a finite R-

module. Let k ∈ N0 and j := dim
akM

ak+1M
. Then for all t ≥ k, there exists the

following exact sequence

Hj
m(M/at+1M)→ Hj

m(M/atM)→ 0.

Proof. The short exact sequence

0→ atM/at+1M →M/at+1M →M/atM → 0

induces a long exact sequence

Hj
m(M/at+1M)→ Hj

m(M/atM)→ Hj+1
m (atM/at+1M).

Since dim(atM/at+1M) < j+1 by [4, Theorem 6.1.2], Hj+1
m (atM/at+1M) = 0,

and so we get the result. �

Theorem 2.4. Let (R,m) be a local ring, a an ideal of R and M a finite

R-module. Let k ∈ N0 and j := dim
akM

ak+1M
. If Fj

a(M) is Artinian, then

AttR Fj
a(M) = AttR(Hj

m(M/ak+1M)).

Proof. By Lemma 2.1, if j = 0, then there exists the following exact

sequence:

0→ Fj
a(akM)→ Fj

a(M)→ Hj
m(M/akM)→ 0,
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and if j > 0, then there exists the following exact sequence:

Hj−1
m (M/akM)→ Fj

a(akM)→ Fj
a(M)→ Hj

m(M/akM)→ 0.

By [4, Theorem 7.1.3] Hj−1
m (M/akM) is Artinian and by the assumption Fj

a(M)

is Artinian. Thus, from the above sequences it follows that Fj
a(akM) is Artinian

and so by [10, Theorem 2.5], AttR(Fj
a(akM)) = Assh(akM/ak+1M). Now, from

the above exact sequences and by using [4, 7.2.6] and Lemma 2.3, we have

AttR(Fj
a(M)) ⊆ AttR(Hj

m(M/akM))∪AttR(Fj
a(akM))

⊆ AttR(Hj
m(M/ak+1M)) ∪Assh(akM/ak+1M)

= AttR(Hj
m(M/ak+1M))∪{p ∈ Ass(akM/ak+1M) :

dimR/p = j}
⊆ AttR(Hj

m(M/ak+1M))∪{p ∈ Ass(M/ak+1M) :

dimR/p = j}.
But, by [4, 11.3.9]

{p ∈ Ass(M/ak+1M) : dimR/p = j} ⊆ AttR(Hj
m(M/ak+1M))

and so AttR(Fj
a(M)) ⊆ AttR(Hj

m(M/ak+1M)). On the other hand, by us-

ing Lemma 2.1, AttR(Hj
m(M/ak+1M)) ⊆ AttR Fj

a(M). Hence, it follows that

AttR Fj
a(M) = AttR(Hj

m(M/ak+1M)). �

Lemma 2.5. Let (R,m) be a local ring, a an ideal of R and M a finite R-

module. Let k ∈ N0 and j := dim
akM

ak+1M
. Then for any integer i > j we have

Hi
m(M/at+1M) ' Hi

m(M/atM) for all t ≥ k.

Proof. From the short exact sequence

0→ atM/at+1M →M/at+1M →M/atM → 0

we get the following exact sequence

Hi
m(atM/at+1M)→ Hi

m(M/at+1M)→ Hi
m(M/atM)→ Hi+1

m (atM/at+1M).

But, dim(atM/at+1M) ≤ j < i and so by [4, Theorem 6.1.2],

Hi
m(atM/at+1M) = Hi+1

m (atM/at+1M) = 0.

Now, the above exact sequence completes the proof. �
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Theorem 2.6. Let (R,m) be a local ring, a an ideal of R and M a finite R-

module. Let k ∈ N0 and j := dim
akM

ak+1M
. Then for any integer i > j we have

Fi
a(M) ' Hi

m(M/akM).

Proof. By Lemma 2.5,

Fi
a(M) ' lim←−

n∈N
Hi

m(M/anM) ' lim←−
n≥k

Hi
m(M/anM) ' Hi

m(M/akM).

�

It is well known that, there exists an integer k0 such that AssR(akM/ak+1M) =

AssR(ak0M/ak0+1M) for all k ≥ k0 (cf. [3]). Thus, dim(akM/ak+1M) =

dimR(ak0M/ak0+1M) for all k ≥ k0. We use l∗ to denote the stable value of

dim(akM/ak+1M).

In the next we obtain an upper bound for fgrade(a,M). Recall that

fgrade(a,M) = inf{i ∈ N0 : Fi
a(M) 6= 0}.

Theorem 2.7. Let (R,m) be a local ring, a an ideal of R and M a finite

R-module. Let l∗ be the stable value of dim
akM

ak+1M
. Then

i) fgrade(a,M) ≤ l∗,

ii) If l∗ > 0, then Fl∗

a (M) is not finite,

iii) There exists an integer k0 such that Fi
a(M) ' Hi

m(M/ak0M) for all

i > l∗,

iv) Fi
a(M) is Artinian for all i > l∗.

Proof. i) and ii): By Theorem 2.2.

iii) Let k0 be an integer such that l∗ = dim
ak0M

ak0+1M
. Then the assertion

follows by Theorem 2.6.

iv) By (iii) and [4, Theorem 7.1.3]. �

Theorem 2.8. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Let k ∈ N0 and j := dim
akM

ak+1M
. Then

AnnR(bFj
a(M)) = ∩t≥k AnnR(bHj

m(M/atM)).

Proof. By Lemma 2.1, for any integer t ≥ k there exists the following exact

sequence:

Fj
a(M)→ Hj

m(M/atM)→ 0.
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Thus, AnnR(bFj
a(M)) ⊆ ∩t≥k AnnR(bHj

m(M/atM)).

Conversely, assume that x ∈ ∩t≥k AnnR(bHj
m(M/atM)). Since, for any

inverse system {Lt},
blim←−

t

Lt ⊆ lim←−
t

bLt,

we have

xbFj
a(M) ' xblim←−

n∈N
Hj

m(M/anM) ' xb lim←−
n≥k

Hj
m(M/anM) ⊆ lim←−

n≥k
xbHj

m(M/anM) = 0.

Therefore x ∈ AnnR(bFj
a(M)). �

Corollary 2.9. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Assume that dimM/aM = l. Then

AnnR(bFl
a(M)) = ∩t≥0 AnnR(bHl

m(M/atM)).

Corollary 2.10. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Assume that dimM/aM = l. Then

CosuppR(bFl
a(M)) ⊆ SuppR bM.

Proof. For any R-module L, we have CosuppR(L) ⊆ V(AnnR(L)). Thus,

CosuppR(bFl
a(M)) ⊆ V(AnnR(bFl

a(M))). Since for any integer k, AnnR bM ⊆
AnnR(Hl

m(b(M/akM)) by using Corollary 2.9, we have

CosuppR(bFl
a(M)) ⊆ V(∩k∈N AnnR(Hl

m(b(M/akM)))) ⊆ V(AnnR bM) = SuppR bM.

�

Theorem 2.11. Let (R,m) be a local ring, a and b ideals of R and M a

finite R-module. Let k ∈ N0 and j := dim
akM

ak+1M
. If 0 6= bFj

a(M) is

Artinian, then there exists an integer s ∈ N such that AnnR(bFj
a(M)) =

AnnR(bHj
m(M/asM)).

Proof. Using Lemma 2.3, for any integer t ≥ k, there exists the following

epimorphism

Hj
m(M/at+1M)→ Hj

m(M/atM)→ 0.

Thus AnnR bHj
m(M/at+1M) ⊆ AnnR bHj

m(M/atM) . Take Ut := AnnR bHj
m(M/atM).

We have Ut+1 ⊆ Ut. But,

∩t≥k(UtbF
j
a(M)) = lim←−

t≥k
Utblim←−

n

Hj
m(M/anM)
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⊆ lim←−
t≥k

lim←−
n

UtbHj
m(M/anM)

= lim←−
n

lim←−
t≥k

UtbHj
m(M/anM) = 0,

as UtbHj
m(M/anM) = 0 for all t ≥ n ≥ k. Thus, ∩t≥k(UtbF

j
a(M)) = 0. But,

by the assumption bFj
a(M) is Artinian and so the descending chain

· · · ⊆ Uk+2bF
j
a(M) ⊆ Uk+1bF

j
a(M) ⊆ UkbF

j
a(M)

of submodules of bFj
a(M) is stable. Therefore, there exists s ∈ N such

that ∩t≥kUtbF
j
a(M) = UsbF

j
a(M). Thus UsbF

j
a(M) = 0 and so Us ⊆

AnnR(bFj
a(M)). On the other hand, by Theorem 2.8 AnnR(bFj

a(M)) ⊆ Us.

Therefore, AnnR(bFj
a(M)) = Us, as required. �

Corollary 2.12. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Assume that dimM/aM = l and 0 6= bFl
a(M) be Artinian. Then

there exists s ∈ N such that

AnnR(bFl
a(M)) = AnnR(bHl

m(M/asM)).

Proof. The assertion follows by putting k = 0 in Theorem 2.11. �

Corollary 2.13. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Let l = dimM/aM and 0 6= bFl
a(M) be Artinian. Then there exists

k ∈ N such that

AnnR(bFl
a(M)) = AnnR(

b(M/akM)

b(M/akM) ∩ TR(M/akM)
)

where TR(M/akM) = ∪{N : N ≤M/akM and dimN < dimM/akM}.

Proof. The result follows by Corollary 2.12 and [11, Theorem 2.8].

Corollary 2.14. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Let l := dimM/aM . If 0 6= bFl
a(M) is Artinian, then there exists

k ∈ N such that

CosuppR(bFl
a(M)) = SuppR(

b(M/akM)

b(M/akM) ∩ TR(M/akM)
).

Proof. By Corollary 2.12, there exists k ∈ N such that

AnnR(bFl
a(M)) = AnnR(bHl

m(M/akM)).
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But, bFl
a(M) and bHl

m(M/akM) are Artinian and so by [13, Proposition 2.3],

CosuppR(bFl
a(M)) = V(AnnR(bFl

a(M))) and CosuppR(bHl
m(M/akM)) =

V(AnnR((bHl
m(M/akM)). Thus, CosuppR(bFl

a(M)) = CosuppR(bHl
m(M/akM))

and so the assertion follows by [11, Corollary 2.14]. �

3. Coassociated primes of the module bFl
a(M)

Let (R,m) be a local ring, a and b ideals of R and M be a finite R-module.

Let l := dimM/aM . In this section, we obtain some results concerning coas-

sociated primes of formal local cohomology module bFl
a(M). We find some

relations between CoassR(bFl
a(M)) and AsshR(b(M/akM)) for some k ∈ N.

Also, as a main result, we will prove that, whenever l > 0, Fl
a(M) is Artinian

if and only if CoassR(Fl
a(M)) = AsshR Fl

a(M).

Theorem 3.1. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Let l := dimM/aM and 0 6= bFl
a(M) be Artinian. Then there exists

k ∈ N such that

AttR(bFl
a(M)) = AsshR(b(M/akM)).

Proof. By [10, Theorem 2.3 (i)],

AttR(bFl
a(M)) ⊆ ∪k∈N AttR(Hl

m(M/akM)).

But, by [4, Theorem 3.7.3], for any integer k

AttR(Hl
m(M/akM)) = AsshR(M/akM) = AsshR(M/aM)

and so

AttR(bFl
a(M)) ⊆ AsshR(M/aM).

Since AsshR(M/aM) = {p ∈ AssM/aM : dimR/p = l} it follows that

AttR(bFl
a(M)) = Min(AttR(bFl

a(M))).

But, for an Artinian R-module L, the sets V (AnnR L) and AttR L have the

same minimal elements. Thus, by Corollary 2.12, there exists an integer k ∈ N
such that

Min(AttR(bFl
a(M))) = Min V(AnnR(bFl

a(M))) = Min V(AnnR(bHl
m(M/akM))).

Since by [4, Theorem 7.1.3] bHl
m(M/akM) is Artinian, by using [11, Theorem

2.15], we have
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Min V(AnnR(bHl
m(M/akM))) = Min(AttR(bHl

m(M/akM))) = Min(AttR(Hl
m(b(M/akM)))).

By the assumption bFl
a(M) 6= 0 and so by Corollary 2.12, it follows that

bHl
m(M/akM) 6= 0. Now [11, Corollary 2.4] implies that dim (b(M/akM)) = l

and so by [4, Theorem 3.7.3] we have

AttR(Hl
m(b(M/akM))) = AsshR(b(M/akM)). Therefore,

Min(AttR(Hl
m(b(M/akM)))) = AsshR(b(M/akM)),

and the proof is complete.

Theorem 3.2. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Let l = dimM/aM and bFl
a(M) 6= 0. Then there exists k ∈ N such

that

CoassR(bFl
a(M)) ∩ SuppR(b(M/akM)) = AsshR(b(M/akM)).

Proof. We have

bFl
a(M) = blim←−

k

(Hl
m(M/akM)) ⊆ lim←−

k

(bHl
m(M/akM)).

But, by the assumption bFl
a(M) 6= 0 and so the above inclusion shows that there

exists k ∈ N such that bHl
m(M/akM) 6= 0. Now, [11, Corollary 2.4] implies that

dim b(M/akM) = l. Take p ∈ CoassR(bFl
a(M)) ∩ SuppR(b(M/akM)). By [11,

Lemma 2.2] CoassR(bFl
a(M)) ⊆ CoassR(Fl

a(M)). Thus p ∈ CoassR(Fl
a(M)).

By [8, Theorem 2.8], there exists q ∈ AsshR(M/aM) such that p ⊆ q. Thus

dimR/p ≥ dimR/q = l. But, p ∈ SuppR(b(M/akM)) implies that dimR/p ≤
dim(b(M/akM)) = l and so dimR/p = l. Since dim(b(M/akM)) = l it follows

that p ∈ AssR(b(M/akM)) and so p ∈ AsshR(b(M/akM)).

Conversely, assume that p ∈ AsshR(b(M/akM)). By [11, Corollary 2.16] p ∈
AttR(bHl

m(M/akM)). On the other hand, by [8, Lemma 2.4] bHl
m(M/akM)

is a homomorphic image of bFl
a(M). Thus, by [13, Theorem 1.10], we have

AttR(bHl
m(M/akM)) = CoassR(bHl

m(M/akM)) ⊆ Coass(bFl
a(M)).

Thus, it follows that p ∈ Coass(bFl
a(M)). But, AsshR(b(M/akM)) ⊆ SuppR(b(M/akM))

and so p ∈ AsshR(b(M/akM)) implies that p ∈ SuppR(b(M/akM)). There-

fore, p ∈ CoassR(bFl
a(M)) ∩ SuppR(b(M/akM)) and the proof is complete.

�
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Theorem 3.3. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Assume that dimM/aM = l and bFl
a(M) 6= 0. Then there exists

k ∈ N such that

CoassR(bFl
a(M)) = AsshR(b(M/akM))∪(CoassR(bFl

a(M))∩SuppR(bM∩akM)).

Proof. By Theorem 3.2, there exists k ∈ N such that

CoassR(bFl
a(M)) ∩ SuppR(b(M/akM)) = AsshR(b(M/akM)).

Since CoassR(bFl
a(M)) ⊆ CosuppR(bFl

a(M)), Corollary 2.10 implies that

CoassR(bFl
a(M)) ⊆ SuppR(bM) and so

CoassR(bFl
a(M)) = CoassR(bFl

a(M)) ∩ SuppR(bM).

Thus

CoassR(bFl
a(M)) = CoassR(bFl

a(M))∩(SuppR(bM/bM∩akM)∪SuppR(bM∩akM)).

Since bM/bM ∩ akM ' b(M/akM) it follows that

CoassR(bFl
a(M)) = CoassR(bFl

a(M))∩(SuppR(b(M/akM)∪SuppR(bM∩akM)).

Thus,

CoassR(bFl
a(M)) = AsshR(b(M/akM))∪(CoassR(bFl

a(M))∩SuppR(bM∩akM)),

as required. �

Corollary 3.4. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Let l := dimM/aM and bFl
a(M) 6= 0. If SuppR(bM ∩ aM) is a

finite set, then CoassR(bFl
a(M)) is a finite set. In particular, if SuppR(aM) is

a finite set, then CoassR Fl
a(M) is a finite set.

Proof. Let k ∈ N be an arbitrary integer. Since AsshR(b(M/akM)) ⊆
AssR(b(M/akM)), we can see that AsshR(b(M/akM)) is a finite set. But, the

assumption implies that SuppR(bM ∩ akM) is a finite set. Now, the assertion

follows by Theorem 3.3. �

In the next example, we show that the converse of the above result is not

true.
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Example 3.5. Let (R,m) be a complete Noetherian regular local ring of di-

mension d > 1. We have l := dimR/m = 0. Since R is an integral domain

SuppR(mR) = SpecR is an infinite set. But, R is complete and so by [1, The-

orem 2.6 9 (i)], F0
m(R) is a finite R-module. Thus, by [13, Theorems 4.5, 1.9],

CoassR(F0
m(R)) = {m} is a finite set.

Theorem 3.6. Let (R,m) be a local ring, a and b ideals of R and M a fi-

nite R-module. Let l := dimM/aM > 0. If a *
√

(0 :R bFl
a(M)), then

CoassR(bFl
a(M)) * V(a).

Proof. Assume that CoassR(bFl
a(M)) ⊆ V(a) and so there exists an integer

k such that akbFl
a(M) is finite by [14, Satz 1.2]. Now, by [10, Theorem 2.17],

we have akbFl
a(M) = 0. Thus a ⊆

√
(0 :R bFl

a(M)), as required. �

Theorem 3.7. Let (R,m) be a local ring, a and b ideals of R and M a finite

R-module. Let l := dimM/aM > 0. If a *
√

(0 :R bFl
a(M)), then for any

k ∈ N we have CoassR(bFl
a(M)) 6= AsshR(b(M/akM)).

Proof. Assume that a *
√

(0 :R bFl
a(M)). By Theorem 3.6, CoassR(bFl

a(M)) *
V(a). But, for any integer k we have

AsshR(b(M/akM)) ⊆ SuppR(b(M/akM)) ⊆ SuppR(M/akM) ⊆ V(a).

and so it follows that CoassR(bFl
a(M)) 6= AsshR(b(M/akM)). �

Theorem 3.8. Let (R,m) be a local ring, a an ideal of R and M a finite

R-module. Let l := dimM/aM > 0. Then Fl
a(M) is Artinian if and only if

CoassR(Fl
a(M)) = AsshR(M/aM).

Proof. If Fl
a(M) is Artinian, then by [10, Theorem 2.5]

CoassR(Fl
a(M)) = AttR(Fl

a(M)) = AsshR(M/aM).

Assume that Fl
a(M) is not Artinian. Thus, [2, Corollary 2.10] implies that

a *
√

(0 :R Fl
a(M)). By putting b = R in Theorem 3.7, it follows that there

exists k ∈ N such that

CoassR(Fl
a(M)) 6= AsshR(M/akM).

Since AsshR(M/akM) = AsshR(M/aM) it follows that

CoassR(Fl
a(M)) 6= AsshR(M/aM),

as required. �
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Question 3.9. In Corollary 3.4, we showed that if SuppR(aM) is a finite set,

then the set CoassR Fl
a(M) is finite. Now it is natural to ask the following

questions:

For any arbitrary integer i, when is the set of coassociated primes of

formal local cohomology module Fi
a(M) finite? Is it possible to determine

CoassR Fi
a(M)?

Conclusions. In this article, we can relate the theory of commutative

algebra to the theory of formal local cohomology modules. With the results

of the article, we show the importance of formal local cohomology theory as

a study tool within commutative algebra theory. These results contribute to

a deeper understanding of the behavior of formal local cohomology modules.
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