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Abstract. We develop nonparametric inference methods for Tsallis-based

cumulative residual entropy functionals when dealing with length-biased

lifetime observations. The paper introduces kernel-type estimators for
both the static measure and its time-dependent version, with explicit

corrections for the sampling mechanism that systematically oversamples
longer-lived units. We derive large-sample approximations for bias and

variance under standard smoothness assumptions and appropriate band-

width choices, establish weak and L2-consistency, and prove central limit
theorems. Numerical experiments using exponential and Weibull distri-

butions examine finite-sample behavior through bias, variance, and mean

squared error calculations, while normality diagnostics validate the as-
ymptotic approximations. We also apply the methodology to automotive

component durability data, where results confirm the stable performance

and practical value in realistic length-biased scenarios where standard
sampling assumptions break down.

Keywords: Asymptotic normality; Tsallis entropy functionals; Dynamic
entropy measures; Weighted kernel estimation, Length-biased sampling,

Reliability analysis.
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1. Introduction

Consider a nonnegative lifetime random variable X with distribution func-
tion F (t), density f(t), and survival function S(t) = 1 − F (t). Entropy mea-
sures have been used for decades to quantify distributional uncertainty. More
recently, researchers have turned their attention to alternative formulations
based on survival characteristics, especially when analyzing lifetime phenom-
ena.

One such measure is the cumulative residual entropy (CRE), which quantifies
uncertainty in the residual lifetime distribution. For a continuous random
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variable X, the CRE is

C(X) = −
∫ ∞

0

S(x) logS(x) dx,

where log(·) is the natural logarithm with standard convention 0 log 0 = 0
(see [11]).

This measure connects naturally with reliability concepts like mean residual
life. Several extensions have appeared in the literature; see [12], [3], [9], and [18].

[13] introduced the cumulative residual Tsallis entropy (CRTE) of order α
to allow more flexible control over tail behavior:

(1) Ψα(X) =
1

α− 1

(
1−

∫ ∞
0

Sα(x) dx

)
, α 6= 1, α > 0.

To avoid ambiguity, we clarify that the parameter α appearing in Ψα(X) and
Sα(x) denotes the same order parameter of the Tsallis entropy, controlling
the tail behavior as introduced by [13]. It’s straightforward to verify that
Ψα(X)→ C(X) as α→ 1.

The static form in (1) doesn’t account for elapsed operation time, which
is often important in reliability applications. A dynamic version at time t is
defined as

(2) Ψα(X | t) =
1

α− 1

(
1−

∫ ∞
t

Sα(x)

Sα(t)
dx

)
, α 6= 1, α > 0.

These measures have been applied in physics, engineering, information theory,
and reliability studies; see [9], [7], [14], [10], and [15].

In real data collection, simple random sampling often fails. One common
violation is length-biased (or size-biased) sampling, where selection probability
is proportional to the unit’s magnitude. Specifically, if X has density f and
mean µ, then under length-biased sampling, the observed random variable Y
follows the weighted density

(3) g(y) =
y f(y)

µ
, y ≥ 0.

If we ignore this sampling mechanism, standard estimation procedures will
be biased.

Length-biased data show up naturally in renewal theory [17], reliability stud-
ies, survival analysis, and many other areas of applied statistics; see [19] and [2].
Since these schemes systematically oversample longer lifetimes, we need appro-
priate corrections for valid inference.

With these issues in mind, this paper develops nonparametric kernel esti-
mation methods for Ψα(X) and Ψα(X | t) under length-biased sampling. We
use weighted kernel techniques to build smooth estimators and study their
large-sample properties, including bias, variance, consistency, integrated L2-
consistency, and asymptotic normality.
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We organize the rest of the paper as follows. Section 2 introduces the
weighted kernel estimators for CRTE and its dynamic version. Section 3
presents our main theoretical results: explicit bias-variance formulas, consis-
tency properties, and central limit theorems. Section 4 reports Monte Carlo
simulation results for exponential and Weibull models. Section 5 applies the
methodology to automotive component lifetime data. Section 6 concludes and
suggests future research directions for parallelism with the actual content.

The following Table 1 provides a summary of the key notations used through-
out this paper. This table aims to enhance clarity and facilitate the reader’s
understanding of the mathematical expressions presented.

Table 1. Notation

Notation Expression
C(X) The cumulative residual entropy (CRE) for a

continuous random variable
S(t) The survival function
Ψα(X) The cumulative residual Tsallis entropy (CRTE) of

order α
Ψα(X | t) The dynamic CRTE at time t

f̃n(t) Kernel density estimator under length-biased data

S̃n(t) The survival function estimator under length-biased
data

Ψ̃α(X) Kernel-based estimator for CRTE

Ψ̃α(X | t) Kernel-based estimator for dynamic CRTE

M̃α(t)
∫∞
t
S̃αn (x) dx

Mα(t)
∫∞
t
Sα(x) dx

ZΨ

√
nhn

Ψ̃α(X)−Ψα(X)

σ̂Ψ

ZΨ,t

√
nhn

Ψ̃α(X | t)−Ψα(X | t)
σ̂Ψ,t

2. Kernel-Based Estimators under Length-Biased Sampling

Let X be a positive lifetime variable with density f(t) and finite expectation
µ = E(X). As mentioned above under length-biased sampling, the observed
random variable Y has weighted density g(t) which is defined in (3). Suppose
Y1, . . . , Yn are independent and identically distributed observations from g(·).

To estimate the underlying density f(t), we need to correct for the sampling
bias. Following [6], and based on (3), it can be easily observed that µ̂ =
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n∑n
i=1 Y

−1
i

, so we use the weighted kernel estimator

f̃n(t) =
1

hn
∑n
j=1 Y

−1
j

n∑
i=1

Y −1
i K

(
t− Yi
hn

)
,

where K(·) is a symmetric kernel function and {hn : n ≥ 1} is a bandwidth
sequence with hn → 0 and nhn → ∞ as n → ∞. The bandwidth hn controls
the tradeoff between smoothness and variance.

To keep the analysis clean, we impose the following regularity conditions.

Regularity Conditions

(K1): K is a bounded symmetric kernel with
∫
RK(u) du = 1 and com-

pact support [−1, 1].
(K2):

∫
R uK(u) du = 0.

(K3):
∫
R |K(u)| du <∞.

(K4): κ2 :=
∫
R u

2K(u) du ∈ (0,∞) and
∫
|dK(u)| <∞.

(F1): τ := inf{t : F (t) < 1} <∞.
(F2):

∫∞
0
u−2G1/r(u) du <∞ for some r > 2, where G is the distribution

of Y .(This controls the tail behavior of the length-biased distribution
and ensures finite variance in the kernel estimator.)

(F3): The second derivative f ′′ exists and is bounded on (0, τ ], and
µ−1 := E[X−1] <∞.(the expected value of the inverse of X)

When condition (F3) holds, the leading-order bias and variance of f̃n(t) are
(see [4])

(4) E[f̃n(t)]− f(t) ' h2
n

2
κ2 f

′′(t),

(5) Var(f̃n(t)) ' µ

nhn
t−1f(t) ‖K‖22,

where ‖K‖22 :=
∫
K2(u) du.

Using f̃n, we construct a survival function estimator

S̃n(t) =

∫ ∞
t

f̃n(x) dx.

We then define kernel-based estimators for CRTE and dynamic CRTE:

Ψ̃α(X) =
1

α− 1

{
1−

∫ ∞
0

S̃αn (x) dx

}
,

Ψ̃α(X | t) =
1

α− 1

{
1−

∫∞
t
S̃αn (x) dx

S̃αn (t)

}
.

In the next section, we study the asymptotic properties of Ψ̃α(X) and

Ψ̃α(X | t).
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3. Asymptotic Theory

This section presents our main theoretical results for the proposed estima-

tors. We start with bias-variance approximations for S̃n(t), then derive corre-
sponding results for the entropy functionals, and finally establish consistency
and asymptotic normality.

3.1. Bias and Variance of the Survival Estimator.

Theorem 3.1. Under conditions (K1)–(K3) and (F3), the asymptotic bias

and variance of S̃n(t) satisfy

E[S̃n(t)]− S(t) ' h2
n

2
κ2

∫ ∞
t

f ′′(x) dx,

Var(S̃n(t)) ' µ

nhn
‖K‖22

∫ ∞
t

x−1f(x) dx.

Proof. The results follow by integrating (4) and (5) over (t,∞) and applying
standard integration-by-parts arguments. �

3.2. Consistency of the Entropy Estimators.

Theorem 3.2. Assume conditions (K1)–(K3) and (F3) hold. For α > 1/2
and α 6= 1, we have:

(i) Ψ̃α(X)
P−→ Ψα(X) as n→∞;

(ii) Ψ̃α(X | t) P−→ Ψα(X | t) as n→∞.

Proof. Part (i): A first-order Taylor expansion gives∫ ∞
0

S̃αn (x) dx '
∫ ∞

0

Sα(x) dx+ α

∫ ∞
0

Sα−1(x)[S̃n(x)− S(x)] dx.

Using Theorem 3.1, the asymptotic bias of the integral is
(6)

E
[∫ ∞

0

S̃αn (x) dx

]
−
∫ ∞

0

Sα(x) dx ' αh2
nκ2

2

∫ ∞
0

Sα−1(x)

(∫ ∞
x

f ′′(y) dy

)
dx,

and the variance is

(7) Var

(∫ ∞
0

S̃αn (x) dx

)
' α2µ‖K‖22

nhn

∫ ∞
0

S2α−2(x)

(∫ ∞
x

y−1f(y) dy

)
dx.

Thus, the Mean Squared Eerror (MSE) satisfies

MSE

(∫ ∞
0

S̃αn (x) dx

)
'
(
αh2

nκ2

2

∫ ∞
0

Sα−1(x)

(∫ ∞
x

f ′′(y) dy

)
dx

)2

+
α2µ‖K‖22
nhn

∫ ∞
0

S2α−2(x)

(∫ ∞
x

y−1f(y) dy

)
dx→ 0,
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as n→∞. Hence,

Ψ̃α(X) =
1

α− 1

{
1−

∫ ∞
0

S̃αn (x) dx

}
P−→ 1

α− 1

{
1−

∫ ∞
0

Sα(x) dx

}
= Ψα(X).

Part (ii): A similar Taylor expansion gives
(8)

E
[∫ ∞

t

S̃αn (x) dx

]
−
∫ ∞
t

Sα(x) dx ' αh2
nκ2

2

∫ ∞
t

Sα−1(x)

(∫ ∞
x

f ′′(y) dy

)
dx,

(9) E[S̃αn (t)]− Sα(t) ' αh2
nκ2

2
Sα−1(t)

∫ ∞
t

f ′′(x) dx,

with corresponding variance expressions. The MSE of both numerator and
denominator vanish as n→∞, which proves the result. �

3.3. Bias and Variance of the Entropy Functionals. For the dynamic
version, we need an auxiliary result.

Proposition 3.3. Under conditions (K1)–(K3) and (F3), the estimation error
for the dynamic CRTE satisfies

(10) Ψ̃α(X | t)−Ψα(X | t) ' −1

(α− 1)Aα(t)

[
M̃α(t)− Ãα(t)

Mα(t)

Aα(t)

]
,

where M̃α(t) =
∫∞
t
S̃αn (x) dx, Mα(t) =

∫∞
t
Sα(x) dx, Ãα(t) = S̃αn (t), and

Aα(t) = Sα(t).

Proof. From Theorem 3.2(ii), Ãα(t)
P−→ Aα(t), so (Aα(t)/Ãα(t)− 1) = OP (1).

The result follows by standard ratio expansion; see Proposition 1 in [5]. �

Theorem 3.4. Under the conditions of Theorem 3.1, the asymptotic biases
are

(11) E[Ψ̃α(X)]−Ψα(X) ' −αh
2
nκ2

2(α− 1)

∫ ∞
0

Sα−1(x)

(∫ ∞
x

f ′′(y) dy

)
dx,

and

(12)

E[Ψ̃α(X | t)]−Ψα(X | t) ' αh2
nκ2

2(α− 1)Sα(t)

×

{∫∞
t
Sα(x) dx

S(t)

∫ ∞
t

f ′′(x) dx

−
∫ ∞
t

Sα−1(x)

(∫ ∞
x

f ′′(y) dy

)
dx

}
.

For α > 1/2, the asymptotic variances are

(13) Var(Ψ̃α(X)) ' α2µ‖K‖22
(α− 1)2nhn

∫ ∞
0

S2α−2(x)

(∫ ∞
x

y−1f(y) dy

)
dx,
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and

Var(Ψ̃α(X | t)) ' α2µ‖K‖22
(α− 1)2nhnS2α(t)

(14)

×

{(∫∞
t
Sα(x) dx

S(t)

)2 ∫ ∞
t

x−1f(x) dx

+

∫ ∞
t

S2α−2(x)

(∫ ∞
x

y−1f(y) dy

)
dx

}
.

Proof. Expressions (11) and (13) follow from (6) and (7) by the delta method.
The results for the dynamic version combine Proposition 3.3 with equations
(8)–(9). �

Remark 1. These results show that bias is of order O(h2
n) while variance is

of order O((nhn)−1). Thus, for the bandwidth choice satisfying nh3
n → 0, vari-

ance dominates the MSE in moderate samples, consistent with the simulation
findings in Section 4.

3.4. Integrated L2-Consistency.

Theorem 3.5. Under the conditions of Theorem 3.1, for α > 1/2 and α 6= 1:

(i) Ψ̃α(X) is uniformly consistent in the integrated squared sense for Ψα(X);

(ii) Ψ̃α(X | t) is uniformly consistent in the integrated squared sense for
Ψα(X | t).

Proof. Part (i): The mean integrated squared error (MISE) of Ψ̃α(X) is

MISE(Ψ̃α(X)) = E
∫ ∞

0

[Ψ̃α(X)−Ψα(X)]2 dx =

∫ ∞
0

MSE(Ψ̃α(X)) dx.

From (11) and (13),

MSE(Ψ̃α(X)) '
(
−αh2

nκ2

2(α− 1)

∫ ∞
0

Sα−1(x)

(∫ ∞
x

f ′′(y) dy

)
dx

)2

+
α2µ‖K‖22

(α− 1)2nhn

∫ ∞
0

S2α−2(x)

(∫ ∞
x

y−1f(y) dy

)
dx→ 0,

as n→∞. So MISE(Ψ̃α(X))→ 0, which gives uniform L2-consistency; see [16].
Part (ii): The proof for the dynamic version is similar, using (12) and

(14). �

3.5. Asymptotic Normality.

Theorem 3.6. Suppose f has a bounded derivative on (0, τ ] and conditions
(K1)–(K4), (F1)–(F3) are satisfied. Assume limn→∞(nh3

n) = 0 and n2λhn →
∞ for some 0 < λ < 1/2− 1/r (r > 2). Then for α > 1/2 and α 6= 1,

(15)
√
nhn

Ψ̃α(X)−Ψα(X)

σΨ

d−→ N(0, 1) as n→∞,
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where

(16) σ2
Ψ =

α2µ‖K‖22
(α− 1)2

∫ ∞
0

S2α−2(x)

(∫ ∞
x

y−1f(y) dy

)
dx.

Proof. The result follows from the asymptotic normality of f̃n(x) established in
Corollary 1 of [1], combined with standard functional delta-method arguments
similar to Theorem 5 in [5]. �

Theorem 3.7. Under the conditions of Theorem 3.6, for α > 1/2 and α 6= 1,

(17)
√
nhn

Ψ̃α(X | t)−Ψα(X | t)
σΨ,t

d−→ N(0, 1) as n→∞,

where

(18)

σ2
Ψ,t =

α2µ‖K‖22
(α− 1)2 S2α(t)

×

[∫ ∞
t

S2α−2(x)

(∫ ∞
x

y−1f(y) dy

)
dx

+

(∫∞
t
Sα(x) dx

)2
S2(t)

∫ ∞
t

x−1f(x) dx

]
.

Proof. The proof combines the asymptotic normality of f̃n(x) with the ratio
expansion in Proposition 3.3, using similar techniques as Theorem 6 of [5]. �

4. Simulation Study

We investigate the finite-sample behavior of Ψ̃α(X) and Ψ̃α(X | t) using
Monte Carlo experiments. Throughout, we set bandwidth h = n−β with β =
0.60, which ensures h → 0 and nh → ∞. Our simulation study has two
main goals: first, to check numerically how well the bias, variance, and MSE
formulas from Theorems 3.4–3.5 perform in finite samples; second, to verify
the asymptotic normality results stated in Theorems 3.6–3.7.

4.1. Data Generation under Size-Biased Sampling. Let X be a nonneg-
ative lifetime variable with density f(·) and survival S(·). Under length-biased
sampling, observed values Y1, . . . , Yn are i.i.d. from g(y) = yf(y)/µ. In each
Monte Carlo replicate, we generate length-biased samples using two models:

• Exponential model: Here X ∼ Exp(λ), so S(t) = e−λt. The length-
biased distribution turns out to be Gamma(2, λ), which we can simulate
directly.

• Weibull model: We take X ∼Weibull(k, θ) with survival function

S(t) = exp{−(t/θ)k}.
To generate length-biased draws, we use

Y = θZ1/k, where Z ∼ Gamma(1 + 1/k, 1).
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We consider sample sizes n ∈ {50, 100, 200, 500}, Tsallis orders α ∈ {1.5, 2, 3}
(all satisfying α > 1/2 and α 6= 1), and time points

t ∈ {0.5, 1.0, 1.5},
when examining the dynamic functional.

4.2. Computational Details. Given observations {Yi}ni=1, we compute

f̃n(t) =
1

hn
∑n
j=1 Y

−1
j

n∑
i=1

Y −1
i K

(
t− Yi
hn

)
, S̃n(t) =

∫ ∞
t

f̃n(x) dx,

and then build the entropy estimators

Ψ̃α(X) =
1

α− 1

{
1−

∫ ∞
0

S̃αn (x) dx

}
,

Ψ̃α(X | t) =
1

α− 1

{
1−

∫∞
t
S̃αn (x) dx

S̃αn (t)

}
.

Kernel: We use the Gaussian kernel, K(u) = φ(u), where φ denotes the
standard normal density.

Bandwidth: We set hn = n−2/5, which satisfies the CLT conditions in
Theorem 3.6.

Integration: Integrals are approximated by Riemann sums on
[0, 8×max{Yi}] using 2500 grid points.

Mean estimation: We estimate the mean by µ̂ = n/
∑n
i=1 Y

−1
i , which is

consistent under length-biased sampling.

4.3. Performance Metrics. For each scenario (n, α, t), we run B = 1000
Monte Carlo replicates and calculate

Bias =
1

B

B∑
b=1

(θ̂(b) − θ), Var =
1

B − 1

B∑
b=1

(θ̂(b) − ¯̂
θ)2, MSE = Bias2 + Var,

where θ is either Ψα(X) in (1) or Ψα(X | t) in (2), and θ̂ is the corresponding
estimator.

4.4. Results: CRTE. Table 2 shows bias, variance, and MSE results for

Ψ̃α(X) across both the exponential and Weibull models.
Inspection of Table 2 reveals a number of systematic features that are con-

sistent across both models. As the sample size increases, variance and mean
squared error decrease steadily, in agreement with the theoretical rates derived
in Theorems 3.2 and 3.5. In particular, the empirical variances closely follow
the O((nhn)−1) rate predicted by (13), while the bias component decays faster
at rate O(h2

n) = O(n−4/5), making variance the dominant contributor to MSE
for moderate sample sizes.

The effect of the Tsallis order α is also clearly visible. Smaller values of α,
especially those closer to one, lead to increased bias and variability, which is
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Table 2. Monte Carlo bias, variance, and MSE of Ψ̃α(X) un-
der length-biased sampling with Gaussian kernel, hn = n−2/5

and B = 1000 replicates.

Model α n Bias Var MSE
Exponential

1.5 50 0.1638 0.1487 0.1756
1.5 100 0.0997 0.0942 0.1042
1.5 200 0.0749 0.0515 0.0571
1.5 500 0.0508 0.0260 0.0286
2 50 0.0731 0.0335 0.0388
2 100 0.0484 0.0175 0.0198
2 200 0.0357 0.0109 0.0122
2 500 0.0261 0.0060 0.0067
3 50 0.0398 0.0064 0.0079
3 100 0.0263 0.0036 0.0043
3 200 0.0173 0.0022 0.0025
3 500 0.0141 0.0012 0.0014

Weibull
1.5 50 0.0090 0.0346 0.0347
1.5 100 0.0072 0.0178 0.0178
1.5 200 0.0030 0.0093 0.0093
1.5 500 0.0066 0.0042 0.0043
2 50 0.0067 0.0088 0.0088
2 100 0.0022 0.0052 0.0052
2 200 0.0006 0.0029 0.0029
2 500 0.0023 0.0010 0.0010
3 50 0.0087 0.0022 0.0023
3 100 0.0051 0.0015 0.0015
3 200 0.0020 0.0007 0.0007
3 500 0.0011 0.0003 0.0003

consistent with the multiplicative factor α/(α−1) appearing in the asymptotic
expressions. For larger values such as α = 3, the estimator exhibits noticeably
more stable behavior due to the faster decay of Sα in the tail.

Comparing the two lifetime models, the exponential distribution generally
produces smaller MSE values than the Weibull case. This difference is plau-
sibly attributed to the lighter tail of the exponential model, which results in
smoother kernel-based survival estimates. From a practical perspective, the
results suggest that sample sizes of at least n ≥ 200 are adequate when α ≥ 2,
whereas values of α closer to one require larger samples for reliable inference.
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4.5. Results: Dynamic CRTE. Table 3 shows the performance of Ψ̃α(X | t)
at t = 0.5.

Table 3. Monte Carlo bias, variance, and MSE of Ψ̃α(X | t)
at t = 0.5 under length-biased sampling.

Model α n Bias Var MSE
Exponential

1.5 50 0.0510 0.0370 0.0396
1.5 100 0.0362 0.0209 0.0222
1.5 200 0.0238 0.0106 0.0111
1.5 500 0.0282 0.0043 0.0051
2 50 0.0256 0.0065 0.0072
2 100 0.0179 0.0034 0.0038
2 200 0.0152 0.0020 0.0023
2 500 0.0166 0.0008 0.0012
3 50 0.0121 0.0011 0.0013
3 100 0.0087 0.0005 0.0006
3 200 0.0073 0.0003 0.0003
3 500 0.0082 0.0001 0.0002

Weibull
1.5 50 0.0820 0.0071 0.0138
1.5 100 0.0510 0.0040 0.0066
1.5 200 0.0230 0.0023 0.0028
1.5 500 0.0150 0.0009 0.0012
2 50 0.0600 0.0015 0.0051
2 100 0.0400 0.0008 0.0024
2 200 0.0200 0.0004 0.0009
2 500 0.0120 0.0002 0.0004
3 50 0.2395 0.0002 0.0576
3 100 0.2429 0.0001 0.0592
3 200 0.2445 0.0008 0.0599
3 500 0.2460 0.0004 0.0606

The results in Table 3 highlight the additional variability introduced by the

dynamic structure of Ψ̂α(X | t). When the evaluation time t is relatively small
and the survival probability S(t) remains moderately large, the denominator

S̃αn (t) is well behaved, leading to comparatively small MSE values. As t in-
creases, however, the variability of the denominator becomes more pronounced
and starts to dominate the overall estimation error.

This behavior is consistent with the representation in Proposition 3.3, which
shows how estimation errors in both the numerator and denominator propagate
through the ratio. Despite this added complexity, the empirical MSE still
decreases at rate O((nhn)−1), in line with the asymptotic Theorems 3.4 and 3.5.
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Based on these observations, it is advisable in practice to restrict attention
to time points for which S(t) is not too small. In our experiments, values
satisfying S(t) ≥ 0.3 provided stable and interpretable results, particularly for
sample sizes n ≥ 200.

4.6. Asymptotic Normality Diagnostics. Figures 1 and 2 show empirical
distributions of the standardized test statistics

(19) ZΨ =
√
nhn

Ψ̃α(X)−Ψα(X)

σ̂Ψ
⇒ N(0, 1),

and

(20) ZΨ,t =
√
nhn

Ψ̃α(X | t)−Ψα(X | t)
σ̂Ψ,t

⇒ N(0, 1),

where σ̂2
Ψ and σ̂2

Ψ,t are sample-based estimates of (16) and (18).
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Figure 1. Normality diagnostics for the standardized CRTE
statistic (Theorem 3.6). Left: Histogram of ZΨ. Right: Nor-
mal Q–Q plot.

Figures 1(Left) and 1(Right) provide diagnostic checks for the asymptotic
normality of the standardized test statistic ZΨ defined in equation (19). Figure
1(Left) displays a histogram of the ZΨ values obtained from the Monte Carlo
simulations, demonstrating a distribution closely resembling a standard normal
distribution. Figure 1(Right) presents a quantile-quantile (Q-Q) plot, which
further confirms the normality assumption. The close alignment of the points
along the diagonal line indicates that the simulated data are consistent with
a standard normal distribution, validating the theoretical results outlined in
Theorem 3.6. This provides empirical support for the use of normal-based con-
fidence intervals and hypothesis tests for the static cumulative residual Tsallis
entropy.

Figures 2(Left) and 2(Right) offer normality diagnostics for the standard-
ized test statistic ZΨ,t associated with the dynamic cumulative residual Tsallis
entropy, as defined in equation (20). Similar to the static case, the histogram
in Figure 2(Left) exhibits a distribution that closely approximates a standard
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Figure 2. Normality diagnostics for the standardized dy-
namic CRTE statistic at t = 0.1 (Theorem 3.7). Left: His-
togram of ZΨ,t in (20). Right: Normal Q–Q plot of ZΨ,t in
(20).

normal distribution. The Q-Q plot in Figure 2(Right) further reinforces this
observation, with points aligning well along the diagonal line. These results pro-
vide empirical evidence supporting the asymptotic normality of the dynamic
cumulative residual Tsallis entropy estimator, as established in Theorem 3.7,
and justify the use of normal-based inference procedures for this dynamic mea-
sure.

These visual assessments strongly support the theoretical findings presented
in Theorems 3.6 and 3.7, demonstrating the validity of the asymptotic normal-
ity assumption under the simulated conditions. The histograms and Q–Q plots
closely approximate the N(0, 1) distribution, even for moderate samples like
n = 200. This provides strong numerical confirmation of Theorems 3.6–3.7.
In practical terms, normal-based confidence intervals and hypothesis tests are
expected to perform reliably when n ≥ 100 and α ≥ 2, or when n ≥ 200 for α
closer to 1.

The histograms and Q–Q plots line up remarkably well with the N(0, 1)
distribution, even for moderate samples like n = 200. This provides strong
numerical confirmation of Theorems 3.6–3.7. In practical terms, normal-based
confidence intervals and hypothesis tests should work reliably when n ≥ 100
and α ≥ 2, or when n ≥ 200 for α closer to 1.

5. Empirical Application

We apply our methodology to automotive brake pad durability data re-
ported in [8]. The lifetimes (measured in thousands of kilometers) come from a
sampling scheme that favors longer-lived components. If we treated these ob-
servations as a simple random sample, we’d get biased estimates of the survival
function and, consequently, distorted entropy estimates. This makes the data
a natural fit for the length-bias framework we’ve developed.
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5.1. Data Description and Model. The dataset contains n = 98 observed
lifetimes under length-biased sampling, collected from a renewal process where
inspection times naturally favor components with longer service lives. Following
standard practice in reliability analysis, we assume Weibull-type behavior and
apply the kernel framework from Section 2. To check robustness, we report
results for α = 1.2 and α = 1.5—both are commonly used values in entropy-
based reliability analysis.

5.2. Selection of Evaluation Points. For the dynamic functional, we choose
time points based on empirical quantiles. Figure 3 displays the estimated sur-

vival function S̃n(t) at these points. We follow standard practice by restricting

attention to values of t where S̃n(t) ≥ 0.3, ensuring numerical stability and fo-
cusing on time points where the survival probability remains reasonably high.
The points where the survival curve crosses or exceeds the 0.3 threshold are se-
lected as evaluation points for the dynamic cumulative residual Tsallis entropy
analysis. The smoothness of the estimated survival curve is a direct result of the
kernel density estimation technique employed, with the bandwidth parameter
hn controlling the trade-off between bias and variance.
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)
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Figure 3. Estimated survival function S̃n(t) for brake pad
data at selected time points. The horizontal line at 0.3 marks
a stability threshold.

5.3. Dynamic CRTE Estimates. Table 4 reports Ψ̃α(X | t) along with
bootstrap standard errors and 95% confidence intervals.

It’s worth noting that CRTE and DCRTE are scale-dependent measures that
can be negative when α > 1; we focus on the comparative trends across t and α
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Table 4. Brake pad data: dynamic CRTE estimates Ψ̃α(X |
t) with bootstrap standard errors and 95% confidence inter-
vals.

α t S̃n(t) Ψ̃α(X | t) SE CI0.025 CI0.975

1.2 38.25 0.765 −107.199 10.108 −127.010 −87.389
1.2 44.44 0.632 −100.634 10.142 −120.512 −80.755
1.2 50.53 0.518 −94.786 10.062 −114.507 −75.065
1.2 56.14 0.417 −91.966 10.155 −111.869 −72.064
1.2 64.50 0.327 −76.330 10.385 −96.685 −55.976
1.5 38.25 0.765 −35.370 3.906 −43.024 −27.715
1.5 44.44 0.632 −33.076 3.778 −40.481 −25.670
1.5 50.53 0.518 −31.109 3.666 −38.295 −23.923
1.5 56.14 0.417 −30.348 3.793 −37.781 −22.914
1.5 64.50 0.327 −24.430 3.674 −31.631 −17.228

rather than absolute magnitudes. Bootstrap resampling provides solid uncer-
tainty quantification, complementing the asymptotic theory in Theorem 3.7.

The estimates show a clear systematic trend as t increases. While the abso-
lute values depend on scaling, the qualitative pattern holds for both α values.
Notice that confidence intervals are wider when α = 1.2, reflecting higher sen-
sitivity to tail behavior when α is closer to one.

6. Summary and Future Directions

This paper developed nonparametric kernel-based estimators for Tsallis-type
cumulative residual entropy functionals under length-biased lifetime sampling.
By explicitly correcting for the biased sampling mechanism, we derived large-
sample expressions for bias and variance, established consistency in both prob-
ability and integrated L2 senses, and proved central limit theorems under stan-
dard regularity conditions.

Monte Carlo experiments based on exponential and Weibull models con-
firmed the theoretical findings and demonstrated that the proposed estimators
perform reliably for moderate to large sample sizes. The empirical applica-
tion to automotive component lifetime data further illustrated the practical
relevance of the methodology and highlighted the distortions that arise when
length bias is ignored in entropy-based inference.

Several directions merit further investigation. One natural extension is the
development of fully data-driven bandwidth selection procedures tailored to
entropy functionals under biased sampling. Another promising avenue is the
adaptation of the proposed framework to alternative entropy measures beyond
the Tsallis family. Finally, extending the methodology to censored data or to
more complex biased sampling schemes, such as doubly truncated observations,
would substantially broaden its applicability in reliability and survival analysis.
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Remark 2. The empirical analysis shows that our approach produces stable
inferences for length-biased lifetime data. The dynamic analysis underscores
the importance of staying away from extreme tail regions when choosing eval-
uation points. Specifically, practitioners should avoid evaluation points where
the survival function S(t) is very small (e.g., below 0.2–0.3), as the variability
of the denominator in the estimator becomes more pronounced as t increases.
Also, comparing results for α = 1.2 and α = 1.5 suggests the methodology
is qualitatively robust to moderate changes in the parameter. These findings
complement our simulation evidence and provide empirical backing for the as-
ymptotic framework we’ve developed.
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