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Abstract. In this article, a numerical method to solve multi-order frac-

tional differential equations with Caputo derivatives is suggested. Shifted
Chebyshev cardinal functions are employed as basic functions. The corre-

sponding fractional derivative operator matrix for these cardinal functions

is computed. By approximating the unknown expression of the problem
in terms of the shifted Chebyshev cardinal functions, applying their frac-

tional derivative operator matrix, and utilizing the collocation method,

equation is converted into solving a system of algebraic equations. By
solving this system, the approximate solution of the problem is obtained.

Finally, the accuracy and efficiency of the proposed method are examined
by solving several numerical examples. The results show that the method

presented in this article is an efficient and highly accurate method to solve

such multi-order fractional differential equations.
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1. Introduction

Fractional calculus (calculus based on fractional order) is a subdivision of
mathematics that aims to extend the concepts of differentiation and integra-
tion from traditional calculus to non-integer (fractional) orders. Unlike regular
calculus, in which derivatives and integrals are restricted to integer orders, in
fractional calculus, concepts such as the derivative of order 0.5 or the inte-
gral of order 1.7 can be defined. This theory enjoys extensive applications
in physics, engineering, economics, and life sciences, particularly in modeling
phenomena that display non-local, memory-retentive, or anomalous behavior.
Such features have resulted in a proliferation of research on their applications
in science and engineering. For instance, recent studies have documented the
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applications of fractional derivatives in epidemic models, Maxwell nanofluids,
Zika virus transmission, reversible enzymatic reactions, etc.

Fractional differential equations refer to a specific type of differential equa-
tions in which derivatives of non-integer (fractional) order appear. These equa-
tions are a generalization of ordinary and partial differential equations and
allow for more accurate modeling of phenomena that exhibit memory and non-
local behavior. Some of the applications of these equations include describing
complex systems in physics, biology, engineering, control, and finance, for in-
stance [1, 7, 13, 26]. Arriving at an analytical solution for fractional equations
is often difficult and in some cases impossible. Accordingly, researchers em-
ploy numerical methods in order to solve and analyze these types of equations.
Recently, considerable efforts have been made to numerically solve fractional
differential equations. The Legendre wavelet method [12], the local Galerkin ap-
proach [19], the Chebyshev discrete polynomial strategy [21], the least squares
methodology [23], and the radial basis function technique [22], the matrix
method [14], predict–correct technique [27], Legendre wavelets and eigenfunc-
tion approach [25], Genocchi-based spectral technique [16], Generalized Bessel
polynomial method [15], Gegenbauer operational matrix method [24], spectral
approach [2], and Bernstein polynomials approach [3] are among the examples
of these methods.

In this paper, we propose a local method based on Chebyshev cardinal func-
tions to solve multi-order fractional differential equations. Hence, we focus on
the following problem:

(1)
C
0D

µ
t ϑ(t) +

n∑
i=1

ηi(t)
C
0D

αi
t ϑ(t) + ηn+1(t)ϑ(t) = f(t), t ∈ [0, tf ],

With initial conditions of

(2) ϑ(i)(0) = ξi, i = 0, 1, . . . , q − 1,

in which ηi are real functions for i = 1, 2, . . . , n + 1, with q − 1 < µ ≤ q,
0 < α1 < α2 < . . . < αn < µ. Also, the values ξi (i = 1, 2, . . . , q−1) are known

values. The function f(t) is a given function. The expression
C
0D

µ
t describes

the fractional Caputo derivative of order µ.
In recent years, numerous researchers have employed cardinal polynomials

for various fractional problems. For instance, see references [4–6,8, 10,17,18].
While earlier works [4, 8, 10, 17, 18] successfully employed general cardinal

polynomials to tackle various fractional problems, recent approaches have in-
creasingly shifted towards Chebyshev-cardinal-based methods. Compared to
the previous techniques in [4, 8, 10, 17, 18], the new Chebyshev-cardinal ap-
proaches offer distinct computational advantages. First, they provide excep-
tionally high approximation accuracy for complex fractional behaviors. Second,
unlike some general cardinal bases that require complex numerical root-finding,
Chebyshev cardinal functions benefit from an explicit analytical formula for the
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roots of Chebyshev polynomials. This explicit formulation drastically simpli-
fies the construction of the basis polynomials, reduces computational overhead,
and makes them highly effective for solving multi-order fractional differential
equations.

The two main reasons for such extensive applications lie in the ease of calcu-
lating their integrals and fractional derivatives and the high accuracy of their
approximations. In recent years, Chebyshev cardinal functions have received
growing attention as the most important family of these cardinal functions.
The main reason for this, regardless of their high approximation accuracy, is
the existence of an explicit formula to calculate the roots of Chebyshev poly-
nomials that are used to construct these polynomials.

Some of the most important advantages of the established method are listed
in the following:

(1) The basis functions used in the established approach posses many useful
properties, such as orthogonality, interpolation, and spectral accuracy.

(2) The operational matrices used in the developed approach significantly
reduce the computational cost.

(3) Only a small number of basis functions are required to achieve highly
accurate results.

(4) The solution of the main fractional problem transforms into the solution
of a linear system of algebraic equations, which can be easily solved.

The present article seeks to address the numerical solution of a multi-order
fractional differential equation with Caputo derivative using shifted Chebyshev
cardinal functions. Indeed, by approximating the unknown solution of the
problem according to these basic functions and employing fractional derivative
matrices of these polynomials, the problem under study is transformed into a
system of algebraic equations that can be easily solved.

This work presents a spectral method that leverages a set of basis func-
tions for the numerical solution of partial differential equations. The proposed
approach shares a foundational philosophy with several established numeri-
cal schemes. Specifically, it can be interpreted as a global counterpart to the
Galerkin method [19], as both project the solution onto a finite-dimensional
function space; however, while traditional Galerkin methods often use local,
piecewise polynomial basis functions (e.g., in Finite Elements), our method
employs global, smooth basis functions spanning the entire domain, leading to
exponential convergence for smooth solutions. Furthermore, the methodology
is closely related to the Radial Basis Function (RBF) methods [22], as both
utilize a set of non-polynomial basis functions for approximation. The pri-
mary distinction lies in the choice and distribution of these bases. Finally, the
numerical implementation, which involves enforcing the differential equation
at collocation points, is conceptually analogous to the Least-Squares Approxi-
mation [23] framework, where the objective is to minimize the residual of the
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governing equation in a discrete norm, thus ensuring an accurate fit to the
underlying differential operator.

This article is structured as follows: in sections 2 and 3, the shifted Cheby-
shev cardinal functions are defined respectively, and then their fractional de-
rivative operator matrices are calculated. The numerical method intended to
solve the multi-order fractional differential equation using the Caputo fractional
derivative is discussed in Section 4. The convergence analysis of the presented
scheme is studied in Section 5.The accuracy and efficiency of the proposed
method are examined through three numerical examples in Section 6. Finally,
the article concludes with a summary in Section 7.

2. Chebyshev cardinal functions

In this section, the Chebyshev cardinal functions will be introduced. After-
ward, the approximation of a function employing these basic functions will be
presented.
First, note that using the following relation, we can determine the zeros of
Chebyshev polynomials of degree (m+ 1) (m ∈ N

⋃
{0}):

θk = − cos

(
(2k − 1)π

2 (m+ 1)

)
, k = 1, 2, . . . ,m+ 1.

Chebyshev cardinal functions of degree m over the interval [0, tf ] can be defined
as [9]

(3) φi(t) =

m+1∏
k=1,k 6=i

t− tk
ti − tk

, i = 1, 2, . . . ,m+ 1,

in which tk =
tf
2

(1 + θk). The cardinal functions mentioned above can be

expressed more precisely as follows:

(4) φi(t) =
1

γi

m∑
k=0

bikt
m−k, i = 1, 2, . . . ,m+ 1,

Such that

γi =

m+1∏
`=1, 6̀=i

(ti − t`) , bik =


1, k = 0,

−1

k

k∑
`=1

ai`bi k−`, k = 1, 2, . . . ,m,

ai` =

m+1∑
r=1,r 6=i

t`r, 1 ≤ ` ≤ k.
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Using the above-mentioned basic functions, any continuous function h ∈ L2 ([0, tf ])
can be approximated as

(5) h(t) '
m+1∑
i=1

hiφi(t) , HTΦm(t),

such that H = [h1 h2 . . . hm+1]
T

, and

(6) Φm(t) = [φ1(t)φ2(t) . . . φm+1(t)]
T
,

with hi = h(ti).

3. Operational matrices of fractional and ordinary derivative

In this section, the method for the calculation of the ordinary and Caputo
fractional derivative operators for Chebyshev cardinal functions is explained.

Definition 3.1. ( [20]) Let the function f(t) be q-times differentiable on the
interval [0, tf ]. The Caputo fractional derivative of order q − 1 < α ≤ q of the
function f(t) is defined as follows:

(7) C
0D

α
t f(t) =


1

Γ(q − α)

∫ t

0

(t− s)q−α−1 d
qf(s)

dsq
ds, q − 1 < α < q,

dqf(t)

dtq
, α = q.

Corollary 3.2. For q − 1 < α < q and k ∈ R+ ∪ {0}, we have

(8) C
0D

α
t t
k =


0, k < q,

Γ(k + 1)

Γ(k − α+ 1)
tk−α, k ≥ q.

Theorem 3.3. ( [11]) Suppose q− 1 < α ≤ q and Φm(t) is the vector given in
(6). Thus, we get

(9) C
0D

α
t Φm(t) ' D(α) Φm(t),

such that D(α) is a square matrix of order m+ 1 defined as

D(α) =


d
(α)
00 d

(α)
01 · · · d

(α)
0m

d
(α)
10 d

(α)
11 · · · d

(α)
1m

...
...

. . .
...

d
(α)
m0 d

(α)
m1 · · · d

(α)
mm

 ,

with the coefficients

(10) d
(α)
ij =

1

γi

m−1∑
k=0

m−k∑
l=q

bik
Γ(m− k + 1)

Γ(m− k − l + 1)Γ(l − α+ 1)
tl−αj .
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For example, for α = 0.95, tf = 1 and m = 4, result in

D
(0.95)
t =


−0.96057 −0.26174 0.049831 −0.059227 0.090912

1.3947 −0.02523 −0.29353 0.16856 −0.32024
−0.66388 0.40286 0.038101 −0.44507 0.63339
0.33262 −0.16372 0.26982 0.13404 −1.4115
−0.10285 0.047821 −0.064217 0.2017 1.0074

 .

Theorem 3.4. ( [11]) The ordinary derivative of order r of the vector Φm(t)
expressed in (6) is calculated by the following relation:

(11)
drΦm(t)

dtr
= D

(r)
t Φm(t),

in which D
(r)
t is a square matrix of order (m+1) with the coefficients described

as

d
(r)
ij =

1

γi

m−r∑
l=0

bil(m−l)(m−l−1) · · · (m−l−r+1)tm−l−rj , i, j = 1, 2, · · · ,m+1.

To better understand, the procedure is concisely explained in the following
step-by-step algorithm:

Algorithm of the operator matrix of fractional derivative

Input: The natural numbers m, n and q; the constant tf , ∈ R+, µ ∈ (q − 1, q) and
0 < α1 < α2 < · · · < αn < µ.

Step 1: Compute θk = − cos

(
(2k − 1)π

2 (m+ 1)

)
and tk =

tf
2

(1 + θk) for k = 1, 2, . . . ,m+ 1.

Step 2: Calculate d
(α)
ij using the relation (10) for i, j = 1, 2, · · · ,m+ 1.

Output: The operation matrix is: C0D
α
t Φm(t) ' D(α) Φm(t).

For example, for r = 1, 2, tf = 1 and m = 4, we have

D
(1)
t =


−0.99596 −0.21029 0.064984 −0.049643 0.10515

1.4414 −0.089806 −0.27528 0.17013 −0.34026
−0.68052 0.42058 0 −0.42058 0.68052
0.34026 −0.17013 0.27528 0.089806 −1.4414
−0.10515 0.049643 −0.064984 0.21029 0.99596

 ,

and

D
(2)
t =


0.61666 0.26933 −0.027331 0.0039876 0.18733
−1.284 −0.45666 0.18733 −0.027331 −0.58933
1.0693 0.21067 −0.32 0.21067 1.0693
−0.58933 −0.027331 0.18733 −0.45666 −1.284
0.18733 0.0039876 −0.027331 0.26933 0.61666

 .
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4. The suggested strategy

In this section, a numerical method based on Chebyshev cardinal functions is
presented to solve nonlinear multi-order fractional differential equations. First,
the unknown function of the problem (1) using the considered basis functions
is approximated as

(12) ϑ(t) '
m+1∑
i=1

υiφi(t) , ΥTΦm(t),

such that ΥT = [υ1 υ2 · · · υm+1] is the vector of unknown coefficients.
Utilizing Theorem 3.3 and the approximation above, we achieve

(13)

{
C
0D

µ
t ϑ(t) ' ΥTD

(µ)
t Φm(t),

C
0D

αi
t ϑ(t) ' ΥTD

(αi)
t Φm(t), i = 1, 2, · · · , n.

Based on Theorem 3.4 and the approximation offered in (12), we conclude that

(14) ϑ(i)(t) ' ΥTD
(i)
t Φm(t), i = 1, 2, · · · , q − 1.

By substituting (12) and (13) into equation (1), we get
(15)

Res(t) = ΥTD
(µ)
t Φm(t)+

n∑
i=1

ηi(t)Υ
TD

(αi)
t Φm(t)+ηn+1(t)ΥTΦm(t)−f(t) ' 0.

Next, considering the initial conditions (2) and the relations (12) and (14),
results in

(16)


E0 , ΥTΦm(0)− ξ0 ' 0,

E1 , ΥTD
(1)
t Φm(0)− ξ1 ' 0,

...

Eq−1 , ΥTD
(q−1)
t Φm(0)− ξq−1 ' 0.

Employing the relations obtained in (15) and (16), a linear system of order
(m+ 1) is achieved as

(17)

{
Res(ti) ' 0, i = q, q + 1, · · · ,m,
Ei ' 0, i = 0, 1, · · · , q − 1.

By substituting these values into relation, the values of the vector of unknown
coefficients are obtained. By substituting these values into relation (12), we
obtain the approximate solution to the problem under investigation. It should
be noted that the above linear system was solved using the ”Solve” command
in MATLAB, we obtain the approximate solution to the problem under inves-
tigation. In this project, a laptop with the following specifications was used:
Intel Core i7 processor, 16GB RAM, and 512GB SSD.
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5. Analysis of convergence

This section is devoted to investigating the analysis of convergence for the
method expressed in Section 4. Assume F (t, ϑ(t)) : [0, tf ]→ R is a continuous
function and satisfies condition

(18)
∥∥∥F (t, ϑ(t))− F

(
t, ϑ̂(t)

)∥∥∥
2
≤ F

∥∥∥ϑ(t)− ϑ̂(t)
∥∥∥
2
,

for every t ∈ [0, tf ] and ϑ, ϑ̂ ∈ R and the positive constant F .

Theorem 5.1. Assume ϑ(t) ∈ Cς+1[0, tf ] and ϑ∗(t) are the best approximation
of ϑ(t) in the space T, where

T = span {φ1(t), φ1(t), · · · , φm+1(t)} .
Then, we have the error bound

(19) ‖ϑ(t)− ϑ∗(t)‖2 ≤
N M1

(ς + 1)!
,

where N = maxr=0,1,...,ς+1

∣∣ϑ(r)(t)∣∣ and M1 =

√
t2ς+3
f

(2ς + 3)
.

Proof. Since ϑ(t) ∈ Cς+1[0, tf ], then

(20) ∃N > 0 : ∀t ∈ [0, tf ],
∣∣∣ϑ(r)(t)∣∣∣ ≤ N, r = 0, 1, . . . , ς + 1.

Using the Taylor expansion, we expand ϑ(t) as follows:

(21) ϑ(t) =

ς∑
r=0

1

r!

(
t
d

dt

)r
ϑ(t)

∣∣
(t)=0 +

1

(ς + 1)!

(
t
d

dt

)ς+1

ϑ(t)
∣∣∣(t)=(t̃) ,

such that t̂ ∈ [0, tf ]. Let

(22) ϑ̂(t) =

ς∑
r=0

1

r!

(
t
d

dt

)r
ϑ(t)

∣∣
(t)=(0) .

Thus, there is a function ϑ∗(t) ∈ T that satisfies the relation

‖ϑ(t)− ϑ∗(t)‖2 ≤
∥∥∥ϑ(t)− ϑ̂(t)

∥∥∥
2

=

∥∥∥∥∥ 1

(ς + 1)!

(
t
d

dt

)ς+1

ϑ(t̂)

∥∥∥∥∥
2

=

∫ tf

0

(
1

(ς + 1)!

(
t
d

dt

)ς+1

ϑ
(
t̂
))2

dt


1

2
.

(23)

Moreover, we have (
t
d

dt

)ς+1

ϑ(t̂) ≤ Ntς+1.(24)
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So, from relations (23) and (24), we obtain

∫ tf

0

(
1

(ς + 1)!

(
t
d

dt

)ς+1

ϑ(t̂)

)2

dt


1

2

≤

[∫ tf

0

(
N

(ς + 1)!
tς+1

)2

dt

]1

2

=
N

(ς + 1)!

√
t2ς+3
f

(2ς + 3)︸ ︷︷ ︸
M1

=
N M1

(ς + 1)!
.

(25)

Finally, using equations (25) and (23), we obtain

‖ϑ(t)− ϑ∗(t)‖2 ≤
N M1

(ς + 1)!
.

�

Corollary 5.2. Due to the above Theorem, we have

(26)
∥∥∥C0Dµ

t ϑ(t)− C
0D

µ
t ϑ
∗(t)

∥∥∥
2
≤ N M2,

in which

M2 =

√
t2ς−2µ+1
f

Γ(ς − µ+ 2)(2ς − 2µ+ 1)
.

Proof. The proof of this Corollary is similar to the above Theorem. Therefore,
we leave it. �

In the continuation, we consider the multi-order fractional problem given in
(1) in the following form:

(27)
C
0D

µ
t ϑ(t) +

n∑
i=1

ηi(t)
C
0D

αi
t ϑ(t) + ηn+1(t)ϑ(t)− f(t)︸ ︷︷ ︸

F (x,t,ϑ(t))

' 0.

Theorem 5.3. Let ϑ(t) and ϑ̂(t) be the analytical and approximation solutions
of Caputo fractional problem (27) , respectively. So, the following relation is
correct

(28) ‖ER(t)‖2 ≤
NM3

(ς + 1)!
,
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where M3 = (M2(ς + 1)! +M1) and ER(t) is the solution error, which is defined
as

ER(t) = ϑ(t)− ϑ̂(t).

Proof. By substituting ϑ̂(t) into the Caputo fractional problem (27), we obtain

(29)
C
0D

µ
t ϑ̂(t) + F

(
x, t, ϑ̂(t)

)
+ ER(t) ' 0.

Based on the problems expressed in (27) and (28), we get

(30) ‖ER(t)‖2 ≤
∥∥∥C0Dµ

t ϑ(t)− C
0D

µ
t ϑ̂(t)

∥∥∥
2

+
∥∥∥F (t, ϑ(t))− F

(
t, ϑ̂(t)

)∥∥∥
2
.

Moreover, using Assumption 5 and Theorem 5.1, we have

(31)
∥∥∥F (t, ϑ(t))− F

(
t, ϑ̂(t)

)∥∥∥
2
≤ F

∥∥∥ϑ(t)− ϑ̂(t)
∥∥∥
2
≤ FNM1

(ς + 1)!
,

in which F is a constant.
From relations (30) and (31) along with Corollary 5.2, we achieve

‖ER(t)‖2 ≤ NM2 +
N M1

(ς + 1)!
=

N

(ς + 1)!
(M2(ς + 1)! +M1)︸ ︷︷ ︸

M3

.

�

Remark 5.4. It is important to note that the error analysis and convergence
results established in this work provide a theoretical upper bound on the ap-
proximation error. While these bounds guarantee the convergence and reliabil-
ity of the proposed Chebyshev-cardinal method, they do not constitute a sharp
spectral estimate, which would provide a tighter, more exact characterization
of the error decay rate in practice.

Remark 5.5. While the preceding theoretical analysis provides a rigorous upper
bound on the approximation error, it is notably conservative. In the subsequent
numerical examples, we observe fast, exponential convergence. This behavior
occurs because Chebyshev cardinal functions inherently possess spectral ap-
proximation properties. When the exact solution of the fractional differen-
tial equation is sufficiently smooth, the numerical approximation leverages this
smoothness, leading to an exponential decay in the error that is much faster
than the algebraic decay suggested by the general theoretical upper bounds.

6. Numerical examples

In this section, we examine several numerical examples to determine the
accuracy and efficiency of the proposed method. To evaluate the accuracy of
the results, we employ the following formula:

(32) em(t) =
∣∣∣ϑ(t)− ϑ̃m(t)

∣∣∣ ,
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in which ϑ and ϑ̃m are the exact and approximate solutions, respectively. In
addition, the numerical convergence order (CO) of the suggested strategy is
calculated via the following relation:

CO =

∣∣∣∣∣∣∣∣
ln

(
ER(m2)

ER(m1)

)
ln

(
m2

m1

)
∣∣∣∣∣∣∣∣ ,

with m1 and m2 as the number of basis functions employed in the first and
second performances, respectively.

Example 6.1. In this example, we consider the following multi-order fractional
differential equation

C
0D

µ
t ϑ(t) + exp(t)C0D

α
t ϑ(t) + exp(−t)ϑ(t) = f(t),

t ∈ [0, 6], 1 < µ ≤ 2, 0 < α ≤ 1,

ϑ(0) = ϑ′(0) = 0,

in which

f(t) =
8!

Γ(9− µ)
t8−µ +

8!

Γ(9− α)
t8−α exp(t) + exp(−t)t8.

The exact solution to this fractional problem is u(t) = t8. This multi-order
fractional differential equation was solved using the proposed method in the
previous section. The absolute error for m = 10 and various values of µ, α,
and tf are provided in Figure 1. Moreover, the best choice is for m = 10. The
CPU time(Sec) of the method are reported in Table 1. According to Table 1, we
find that as the number of bases and time interval increase, the running time
becomes longer. The results clearly indicate the efficiency and high accuracy of
the proposed method.

Table 1. Report of CPU time for four different intervals of
[0, tf ] with m = 10 in Example 6.1.

m [0, tf ] CPU time
5 t ∈ [0, 2] 1.51s

t ∈ [0, 4] 2.31s
t ∈ [0, 6] 3.64s

10 t ∈ [0, 2] 5.36s
t ∈ [0, 4] 7.67s
t ∈ [0, 6] 9.56s

20 t ∈ [0, 2] 15.01s
t ∈ [0, 4] 30.54s
t ∈ [0, 6] 78.92s
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Figure 1. Graphs of the absolute error function for m = 10
over different intervals and for several fractional order values
(µ = 1.25, 1.5, 1.75, 1.95, α = 0.25, 0.5, 0.75, 0.95) in Exam-
ple 6.1.

Example 6.2. In this example, we consider the following multi-order fractional
differential equation:{

C
0D

µ
t ϑ(t) + sin(t)C0D

α1
t ϑ(t) + cos(t)C0D

α2
t ϑ(t) + t4ϑ(t) = f(t), t ∈ [0, 20],

ϑ(0) = ϑ′(0) = ϑ′′(0) = 0,

in which 2 < µ ≤ 3, 0 < α1 ≤ 1, 1 < α2 ≤ 2 and

f(t) =
6!

Γ(7− µ)
t6−µ +

6!

Γ(7− α1)
t6−α1 sin(t) +

6!

Γ(7− α2)
t6−α2 cos(t) + t10.

The exact solution to this fractional problem is u(t) = t6. This multi-order
fractional differential equation was solved using the proposed method in the
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previous section. The absolute error for m = 8 and various values of µ, αi (i =
1, 2), and tf are given in Figure 2. Also, the absolute error and approximate
solution for m = 8, µ = 2.25, α1 = 0.25, and α2 = 1.25 over the intervals
[0, 10] and [0, 20] are shown in Figures 3 and 4. Moreover, the best choice is
for m = 8. The results clearly demonstrate the efficiency and high accuracy of
the proposed method.
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Figure 2. Absolute error function (log-scale format) Graphs
for m = 8 over different intervals and for several
fractional order values (µ = 2.25, 2.5, 2.75, 2.95, α1 =
0.25, 0.5, 0.75, 0.95, α2 = 1.25, 1.5, 1.75, 1.95) in Example 6.2.

Example 6.3. In this example, we consider the following multi-order fractional
differential equation:

C
0D

µ
t ϑ(t) + exp(−t)C0D

α1
t ϑ(t) + cos(t)C0D

α2
t ϑ(t) + exp(t)C0D

α3
t ϑ(t)

+ sin(t)ϑ(t) = f(t),

ϑ(0) = ϑ′(0) = ϑ′′(0) = ϑ′′′(0) = 0,

such that t ∈ [0, 10], 3 < µ ≤ 4, 0 < α1 ≤ 1, 1 < α2 ≤ 2, 2 < α3 ≤ 3 and

f(t) =
5!

Γ(6− µ)
t5−µ +

7!

Γ(8− µ)
t7−µ

+

(
5!

Γ(6− α1)
t5−α1 +

7!

Γ(8− α1)
t7−α1

)
exp(−t)

+

(
5!

Γ(6− α2)
t5−α2 +

7!

Γ(8− α2)
t7−α2

)
cos(t)

+

(
5!

Γ(6− α3)
t5−α3 +

7!

Γ(8− α3)
t7−α3

)
exp(t) + sin(t)

(
t5 + t7

)
.
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Figure 3. Absolute error function (log-scale format) Graphs
for m = 8, µ = 2.25, α1 = 0.25 and α2 = 1.25 and over interval
[0, 10] in Example 6.2.
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Figure 4. Absolute error function (log-scale format) Graphs
for m = 8, µ = 2.25, α1 = 0.25 and α2 = 1.25 and over interval
[0, 20] in Example 6.2.

The exact solution to this fractional problem is ϑ(t) = t5 + t7. This multi-
order fractional differential equation was solved using the proposed method in
the previous section. The absolute error for m = 9 and various values of µ, α
and tf are presented in Figure 5. Moreover, the best choice is for m = 9. The
results clearly indicate the efficiency and high accuracy of the proposed method.
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Figure 5. Absolute error function Graphs for m = 9
over different intervals and for several fractional order val-
ues (µ = 3.25, 3.5, 3.75, 3.95, α1 = 0.25, 0.5, 0.75, 0.95, α2 =
1.25, 1.5, 1.75, 1.95, α3 = 2.25, 2.5, 2.75, 2.95) in Example 6.3.

Example 6.4. In this example, we consider the following fractional differential
equation {

C
0D

µ
t ϑ(t) + t4 ϑ(t) = f(t), t ∈ [0, 5], 0 < µ ≤ 1,

ϑ(0) = 1,

in which

f(t) = −t1−µ
15∑
r=0

(−1)rtr

Γ(r − µ+ 2)
+ t4 exp(−t).

The exact solution to this fractional problem is ϑ(t) = exp(−t). This multi-
order fractional differential equation was solved using the proposed method in
the previous section. The absolute error for m = 8 and various values of µ
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and tf are provided in Figure 6. Moreover, approximation solution and exact
solution are shown in Figure 7. Moreover, the best choice is for m = 10. The
ER and CO of the method for some values of t and m are summarized in Table
2. The results clearly indicate the efficiency and high accuracy of the proposed
method.
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Figure 6. Graphs of the absolute error function for m = 10
over different intervals and for several fractional order values
(µ = 0.25, 0.5, 0.75, 0.95) in Example 6.4.

Example 6.5. In this example, we consider the following multi-order fractional
differential equation{
C
0D

µ
t ϑ(t) + C

0D
α
t ϑ(t) + exp(−t)ϑ(t) = f(t), t ∈ [0, 3], 1 < µ ≤ 2, 0 < α ≤ 1,

ϑ(0) = ϑ′(0) = 0,
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Figure 7. Graphs of the approximation solution and exact
solution and error functions for m = 10 in Example 6.4.

Table 2. Values of absolute error (ER) and CO for µ = 0.25
in Example 6.4.

m t = 1 t = 2 t = 3 t = 4 t = 5
ER CO ER CO ER CO ER CO ER CO

4 4.7121E-1 - 5.0133E-2 - 2.197E-1 - 8.4166E-3 - 1.1279E-1 -
6 2.1193E-2 7.6496 7.9827E-3 4.5316 8.7144E-3 7.9595 1.1601E-3 4.8875 1.3900E-2 5.1635
8 7.4318E-6 27.6540 2.3109E-3 4.3091 1.0074E-3 7.5000 4.7155E-4 3.1293 1.9760E-3 6.7811
10 5.2170E-7 11.9050 3.6648E-6 28.8900 7.4823E-4 1.3329 4.9520E-5 10.1000 1.9672E-4 10.3390

in which

f(t) =
Γ(9 + µ+ α)

Γ(9 + α)
t8+α +

Γ(9 + µ+ α)

Γ(9 + µ)
t8+µ + exp(−t)t8+µ+α.



450 S. Mirshojaei, E. Shivanian, B. Ghayebi, S.J. Hosseini Ghoncheh

0 0.2 0.4 0.6 0.8 1

-40

-35

-30

-25

-20

-15

-10

-5
A

b
s
o
lu

te
 e

rr
o
r

m=4

m=6

m=8

m=10

(a) t ∈ [0, 1]

0 0.5 1 1.5 2 2.5 3

-40

-35

-30

-25

-20

-15

-10

-5

0

A
b
s
o
lu

te
 e

rr
o
r

m=4

m=6

m=8

m=10

(b) t ∈ [0, 3]

0 1 2 3 4 5

-40

-35

-30

-25

-20

-15

-10

-5

0

A
b
s
o
lu

te
 e

rr
o
r

m=4

m=6

m=8

m=10

(c) t ∈ [0, 5]

Figure 8. Graphs of the absolute error function for m =
4, 6, 8, 10 and µ = 0.25 over different intervals in Example 6.4.

The exact solution to this fractional problem is ϑ(t) = t8+α+µ. This multi-
order fractional differential equation was solved using the proposed method in
the previous section. The absolute error for m = 12 and various values of µ, α,
and tf are provided in Figure 9. Moreover, the best choice is for m = 12. The
results clearly indicate the efficiency and high accuracy of the proposed method.

Example 6.6. In this example, we consider the following fractional differential
equation {

C
0D

µ
t ϑ(t) + sin(t)ϑ(t) = f(t), t ∈ [0, 1], 0 < µ ≤ 1,

ϑ(0) = 0,

The exact solution to this fractional problem is ϑ(t) = ln(t+1). This fractional
differential equation was solved using the proposed method in the previous sec-
tion. The absolute error for m = 10 and various values of µ, with tf = 1
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Figure 9. Graphs of the absolute error function for m = 12
over different intervals and for several fractional order values
(µ = 1.5, 1.45, 1.35, 1.25, α = 0.5, 0.45, 0.35, 0.25) in Example
6.5.

are provided in Figure 10. The results clearly indicate the efficiency and high
accuracy of the proposed method.
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Figure 10. Graph of the approximation solution and exact
solution for m = 10 over interval [0, 1] in Example 6.6.

7. Conclusion

In this paper, a cardinal numerical method was presented to solve multi-
order fractional differential equations with Caputo derivatives. Shifted Cheby-
shev cardinal functions were utilized as basic functions. The corresponding
Caputo fractional derivative operator matrix for these cardinal functions was
computed. By approximating the unknown expression of the problem in terms
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of the shifted Chebyshev cardinal functions, applying their fractional deriva-
tive operator matrix, and using the collocation method, solving the equation at
hand was reduced to solving a system of algebraic equations. Finally, the ac-
curacy and efficiency of the proposed method were examined by solving several
numerical examples. The results indicate that the method presented in this
paper is an efficient and highly accurate approach to solving such multi-order
fractional differential equations. As future research direction, the basis func-
tions utilized in this paper can be utilized to solve fractional versions of various
applied problems, such as the Rosenau equation, Rosenau-Hyman equation,
Ginzburg-Landau equation, etc. Also, it is possible to modify the numerical
strategy provided in this study for the similar equations with other fractional
derivatives, such as ψ-Caputo derivative, Caputo-Hadamard derivative, and
tempered Caputo derivative.
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