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ABSTRACT. Transportation problems are widely used decision making
models in logistics, production, and supply chain management. In real
world applications, the input parameters such as costs, supplies, and de-
mands are often uncertain or imprecise, making classical crisp formu-
lations inadequate. To address this challenge, this study proposes a
fuzzy multi choice goal programming (FMCGP) model enhanced with
fuzzy function approximation techniques. Unlike previous works, where
fuzzy transportation problems are treated using direct defuzzification or
ranking approaches, our method integrates fuzzy least-squares linear re-
gression and a fuzzy binary polynomial approximation to represent and
approximate multi choice fuzzy goals flexibly. This dual approach al-
lows the decision maker to simultaneously handle multiple fuzzy objec-
tives and constraints within a unified framework. A key feature of the
proposed methodology is that all comparisons between fuzzy and crisp
values are evaluated using the necessity measure with a degree of 0.8, en-
suring mathematically consistent and practically interpretable inequality
relations. To demonstrate the model’s applicability, we present a case
study of a transportation planning problem under uncertainty. The nu-
merical experiments illustrate how the proposed approach outperforms
existing fuzzy transportation methods in terms of solution feasibility, in-
terpretability, and computational efficiency. The results confirm that the
FMCGP model with fuzzy function approximation provides a powerful
and flexible tool for decision-making under uncertainty, offering improved
accuracy and robustness compared with classical fuzzy transportation ap-
proaches. In addition, the framework is general enough to be extended
to other types of fuzzy optimization problems beyond transportation.

Keywords: Fuzzy Transportation Problem, Multi-Choice Goal Program-
ming, Fuzzy least squares linear approach.
2020 MSC: 90C29, 90C70, 90B06, 41A10.

1. Introduction

The transportation problem (TP) is widely recognized as one of the key
decision-making and optimization matters with numerous applications in real-
world scenarios. As a special case of linear programming problems, TP aims to
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determine the optimal distribution of goods from various sources to specified
destinations, such that the total transportation cost is minimized and the de-
mand requirements are fulfilled. The classical transportation problem was first
presented and formulated by Hitchcock [11], and later by Koopmans [15]. Since
then, numerous studies have been conducted on this subject. Researchers such
as Mahapatra et al. [17], Midya and Roy [22], [21], and Maity and Roy [19]
have investigated various facets of this problem and proposed diverse models
for its optimization.

In addition to the aforementioned studies, several recent contributions have
enriched the literature on fuzzy and multi-objective transportation problems.
Roy et al. [26] investigated a multi-objective two-stage grey transportation
problem using utility functions. Rivaz et al. [24] applied fuzzy goal program-
ming to multi-objective transportation problems. Ebrahimnejad [9] proposed a
simplified approach for solving fuzzy transportation problems with generalized
trapezoidal fuzzy numbers. Allahdadi and Rivaz [1] presented new results on
rough interval linear programming with applications to scheduling and fixed-
charge transportation problems. Finally, Ebrahimnejad and Verdegay [10] de-
veloped an efficient computational method for transportation problems based
on type-2 intuitionistic fuzzy numbers. These studies highlight different ap-
proaches to handling uncertainty in transportation problems and complement
the present work.

Fuzzy set theory has been presented as an effective tool for dealing with un-
certainty in optimization problems. Since the parameters of the transportation
problem, such as costs, supply, and demand, may be associated with uncer-
tainty, the classical transportation problem is extended into a fuzzy transporta-
tion problem (FTP) using fuzzy numbers. This approach can assist decision-
makers in making better decisions in real-world scenarios where accurate infor-
mation is not available [22], [21], [19], [25].

In the present study, the fuzzy objective function and the TP destination
demands are represented as triangular fuzzy numbers. These expectations are
presented in a multi-choice format, and the decision-maker must, in alliance
with the set conditions, allocate goods in such a way that the maximum profit
is achieved and the destinations’ demand can be fulfilled. Our proposed model
involves fuzzy allocation, where decision variables are represented as fuzzy num-
bers. Furthermore, allocation at each node may not be mandatory and depends
on the best fitness of the problem. In cases where allocation to a specific cell
is not necessary, a deterministic zero priority goal is set. This model is solved
using a multi-choice fuzzy goal programming approach, which can provide new
insights into solving fuzzy transportation problems.

In real-world applications, parameters such as costs, supplies, and demands
are often uncertain, making fuzzy set theory an effective tool to capture this
imprecision. Goal programming (GP) provides a robust framework for solving
multi-objective decision-making problems where competing goals must be bal-
anced. However, classical GP models become challenging when the objectives
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and constraints themselves are fuzzy and when multiple goal levels must be
considered simultaneously. To address these challenges, this paper proposes a
multi-choice fuzzy goal programming model combined with two complementary
solution techniques:

(i) a fuzzy least-squares linear regression method.

(ii) a fuzzy binary polynomial approximation for multi-choice goals.

This integration allows decision-makers to compare fuzzy and crisp parameters
using the necessity measure (degree 0.8), ensuring both mathematical rigor and
practical feasibility.

The concept of goal programming was first introduced by Charnes et al. [7]
in the 1970s and has since become one of the primary approaches in decision-
making analysis. This approach enables decision-makers to maximize the achie-
vement of various goals in accordance with their priorities and requirements.
Extensive research has been conducted in the field of goal programming, with
authors such as Li et al. [16] and many others contributing to the development
of various models and techniques in this field. These studies encompass in-
vestigations of different resource allocation methods, sensitivity analysis, and
performance evaluation in multi-objective settings [5,12,23,27].

Additionally, in light of the uncertainties that may arise in objective setting,
studies have also been conducted in the field of multi-choice goal programming.
Researchers such as Chang [6] and Maity [20] have investigated the modeling of
fuzzy objectives and their integration into goal programming methods. These
approaches help decision-makers make better decisions under conditions of un-
certainty.

In the end, goal programming, as a robust analytical tool, can be applied
across various fields—including resource management, production planning,
transportation, and other sophisticated decision-making areas. This method
not only assists decision-makers in moving closer to their objectives but also
facilitates the evaluation and comparison of different alternatives.

The present study is an attempt to formulate a fuzzy goal programming
(FGP) problem in which the decision variables are defined as multi-choice fuzzy
numbers. In this model, the objective function is designed to incorporate mul-
tiple fuzzy goals, thereby allowing the decision-maker to consider various goals
that may be ambiguous or uncertain. In this approach, the formulated model is
solved using a multi-choice fuzzy goal programming method. One of the main
advantages of utilizing multi-choice fuzzy numbers is that they provide more
flexibility in both setting objectives and allocating resources.

The proposed model not only aids in selecting the optimal goal related to the
objective function but also allows for optimal allocation of resources to various
cells or units. This process involves identifying and prioritizing different goals,
determining desirable values, and then finding the optimal resource allocation.
Overall, by presenting a theoretical and practical framework to address sophis-
ticated decision-making problems under uncertainty or ambiguity, the present
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study can assist decision-makers make better decisions across various fields, in-
cluding resource management, production, and planning. By integrating goal
programming theories with fuzzy number theory, this approach offers a robust
tool for analyzing and solving multi-objective problems in real-world scenarios.

In real-world scenarios, particularly in optimization, uncertainty is a com-
mon phenomenon. One of the significant classes of optimization problems
influenced by uncertainty is the transportation problem (TP). Owing to its
unique characteristics, TP has garnered considerable attention across various
fields, including supply chain management and urban planning. Investigation
and analysis of ambiguous conditions and uncertainties in real-world trans-
portation problems are among the most important and practical topics for
researchers such as Ebrahimnejad [8] and Kaur and Kumar [14], [13]. Their
studies demonstrate that key parameters such as costs, supply, and demand
are often influenced by variable and imprecise factors. Consequently, many
researchers have employed these parameters as imprecise variables or interval
values.

However, in these studies [8], [14], [13], the concept of uncertainty is the-
oretically incorporated into the proposed models. These approaches are not
primarily viewed as a practical approach for transportation problems and of-
ten fail to effectively address the real-world challenges.

Maity and Kumar [18] introduced and addressed fuzzy transportation prob-
lems using an alternative approach. Although their method employed multi-
objective programming and a goal programming framework to address TP,
it was found to be of low efficiency in solving sophisticated transportation
problems. The key contributions and novel aspects of this research can be
summarized as follows:

e Integration of fuzzy least-squares regression with multi-choice goal pro-
gramming

We develop a unified framework that combines the fuzzy least-squares linear
regression technique with a Fuzzy multi-choice goal programming (FMCGP)
model. This integration enables simultaneous handling of multiple fuzzy goals
while maintaining mathematical rigor in the optimization process.

e Fuzzy binary polynomial approximation for multi-choice goals

- We introduce a fuzzy binary polynomial approach to approximate multi-
choice fuzzy parameters on the right-hand side of constraints. This method
enhances the accuracy and flexibility of goal representation compared to clas-
sical fuzzy GP approaches.

e Necessity-based comparison for fuzzy-crisp inequalities

- All comparisons between fuzzy numbers and crisp values are carried out
using the necessity measure with a necessity degree of 0.8, ensuring valid and
consistent inequality handling throughout the model.

e Transportation example
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- We apply the proposed methodology to a practical transportation invest-
ment problem, demonstrating improved feasibility and solution quality com-
pared to existing methods in the literature.

Collectively, these innovations provide a significant step forward in solving
fuzzy transportation problems and distinguish the present study from our pre-
vious works.

The overall structure of this paper is organized as follows. In Section 1, the
introductory concepts are presented. Section 2 gives an account of the fuzzy
transportation problem and analyzes this problem under real-world conditions.
In Section 3, a mathematical model for the fuzzy transportation problem is
introduced using a multi-choice fuzzy goal programming approach. Section 4
is dedicated to solving the proposed model by employing fuzzy binary polyno-
mials and the fuzzy least squares linear regression. Finally, Section 5 solves a
numerical example of a transportation problem and compares the results with
those obtained from approach [18], and finally analyzes the results.

2. Fuzzy Transportation

The FTP model, with its novel approach, can be recognized as an effective
tool for addressing sophisticated transportation problems under uncertainty.
By focusing on fuzzy decision variables and optimizing customer demands,
this model can assist decision-makers in achieving better outcomes in supply
chain management. This novel approach may serve as a foundation for further
research on fuzzy transportation and its applications in real-world scenarios.

This model is distinguished not only by its innovative approach in defining
fuzzy decision variables but also by its specific focus on customer needs and the
expected quantities of goods, thereby offering enhanced capabilities compared
to classical models. This innovation has the potential to significantly impact
decision-making in transportation and supply chain management, paving the
path for future research.

The transportation planning problem is generally formulated as follows [18]:

. m n
mm 2z = Zi:l Zj:l CijTij,

n < -
1 L1 i S @ i=1L2,...,m,
D1 Tij > by j=12,...,n,
zi; =20 i=1,2,....,m, j=1,2,...,n.

where z;; denotes the decision variable representing the good transported from
source % to destination j and c;; is the transportation cost from source 7 to
destination j per unit of goods. Additionally, a; and b; represent the supply
quantity at source i and the demand at destination j respectively. It is im-
portant to note that the feasibility condition for the transportation problem is

that:
m n
Z a; Z Z bj.
i=1 j=1



462 Z. Arami, M. Arabameri, H. Mishmast Nehi

That means the total supply across all sources must be greater than or equal
to the total demand across all destinations.

In practical real-world applications, there may be situations where the ex-
pectations in the allocation cells of the transportation problem are considered
as fuzzy goals. In such cases, the fuzzy transportation problem is formulated
as follows [18]:

min z=73) ", Z;;l CijTij,

(2) s.t. Z?:l iijﬁai = 1,2,...,m,
S Tii2b; i=1,2,....n,
Tij >0, i=1,2,...,m, j=12,...,n,

where the variables ¢;;, a; and b; are defined as in model (1), and z;; are con-
sidered as triangular fuzzy numbers in the following form z;; = (l;;, mij;,74;),
i=1,2,...,m, j=12,...,n.

2.1. Fuzzy Transportation Using a Goal Programming Approach. Mu-
1ti-Choice Goal Programming (MCGP) is a robust approach in decision-making
literature that enables decision-makers (DMs) to set multiple goal levels for
each objective. In other words, in MCGP, each objective may have several
goal levels, which can be defined either quantitatively or qualitatively. This
approach allows decision-makers to strike a balance among multiple objectives
instead of solely optimizing a single one, thereby making better decisions.

Multi-choice goal programming problem was first introduced by Chang [6].
As mentioned before, in such problems, the decision-maker is allowed to set
several goal levels for each objective. In real-world scenarios, where precise
information about the problem might be unavailable, multiple fuzzy choices
are employed for each objective.

The fuzzy multi-choice goal programming (FMCGP) problem is formulated
as follows:

min S, wi (ks + pr),

s.t. zk(x)—i—pk—nk:g;,
ﬁze{ﬁé,gﬁ,...,ﬁfj},k:1,2,...,K,r:LQ,...,R,C,
z e F,

where Z¥(z), k = 1,2,..., K denotes the k—th objective function, and F is
the feasible region. In order for the objective function in model (3) to be
minimized, the distance of each objective function z*(x) from the fuzzy goal
9p, 7 =1,2,..., R, k =1,2,..., K corresponding to this objective function
should be minimized.

The mathematical model presented in this section provides a comprehensive
framework for solving the goal-based transportation problem under fuzzy deci-
sion variables. By employing FMCGP, decision-makers can strike a good bal-
ance among various objectives and achieve sustainable economic, social and en-
vironmental outcomes. The fuzzy transportation problem with multiple fuzzy
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goals for each objective is formulated as follows:

min Zszl wi (N + pr),
~] m n ~ =~r
st ZR(@) =31, > i=1 Tij + Pk — Mk = G

(4) gi € {ﬁi,ﬁ,...,ﬁfjf}7 k=1,2,....,K,r=1,2,... Ry,
Zn:1 5z’j,sai, 1= 1,2,...,m,

Zi:/]_ '%Uzb_ﬂ .7 = 17 27 ceey Ny

T; >0, i=1,2...,m, j=12.. n
To solve the model (4), we first reformulate the MCGP model to a multi-choice
goal programming model. In this process, auxiliary variables 1, and pj are
employed, and the model (4) is reformulated as follows:

min 3750, wi ok + ),
st. Zx(2) + 6 — pr = Gjs

) Ghe{ahat . T, k=12 K r=12 R,
Sy T Sai i=1,2,...,m,
Doy Tig2b; j=1,2,...,n,
z;; > 0, i=1,2,....m, j=1,2,...,n.

The weights are specified by the decision-makers, and it is assumed that they
satisfy the normalization condition 22:1 wg = 1. The auxiliary variables 7y,
pr representing the positive and negative deviations from the k-th objective
function, must be minimized. wy is the weight corresponding to the k—th
objective function, for which varying positive values are determined according
to the decision-maker’s priority for the respective objective function.

To solve model (5), the constraints that have multi-choice fuzzy parameters
on the right-hand side must first be transformed. For this purpose, the right-
hand side of these constraints is approximated by a fuzzy function, thereby
converting the problem into a typical fuzzy transportation problem. To ap-
proximate the right-hand side of the constraints, the fuzzy least squares method
and a polynomial approach with fuzzy binary variables are employed, each of
which is introduced in Section 3.

3. Solving the Proposed Model with Fuzzy Function Approx-
imation
In the present study, to solve model (5), we first construct the ordered pairs

{(1, @%) , (2, @%) et (Rkjfj’“)} based on the fuzzy values on the right-hand

side of the fuzzy constraints. In practice, the decision maker specifies an ordi-
nal ranking of the multi-choice goal levels according to preference or priority.
These ordered levels are mapped to integer indices r = 1,2, ..., Ry to facilitate
the construction of a binary polynomial or least-squares approximation. This
approximation captures the trend of goal preferences and enables a continu-
ous representation that can be optimized within the fuzzy goal programming
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framework. Different orderings may yield different approximations; this flex-
ibility reflects the subjective nature of multi-choice decision making. Then,
using the fuzzy binary approach and the fuzzy least squares method, we ap-
proximate the given polynomial points py(z) for k =1,2,..., K which satisfies
the following condition:

(6) 5]‘3(70):527 k:1,2,...,K77’:1,2,...,Rk.

3.1. Fuzzy Binary Polynomial Approach. Chang first introduced a binary
polynomial based on the number of multi-choice parameters. A similar polyno-
mial is required for the fuzzy scenario. The only difference between the fuzzy
and deterministic approaches is that in the fuzzy method, the coefficients of
the polynomial are fuzzy numbers, which results in the polynomial being fuzzy.
In this approach, the set of multi-choice fuzzy parameters is replaced by a con-
tinuous fuzzy binary function [2—4].

In [3,4], this polynomial is expressed for various numbers of choices. Since
In the present study-and particularly in the numerical example-the fuzzy pa-
rameters on the right-hand side of the constraints are specified with two, three,
or four fuzzy choices, this polynomial is introduced for these choices. Readers
interested in a greater number of choices may consult [3,4].

Case 1: Rk=2. In this case, we consider the ordered pairs {(1,5,1) , (2,2}%)}
and the function py(z) is formulated as follows:

(7) Pr(2) = G(1 - 2) + Giz,

where z is a binary variable taking the values 0 and 1.

Case 2: Rk=3. In this case, to construct the binary polynomial py(z) the
ordered pairs {(1,@%) , (2,@%) , (3,5,?;)} and the binary variables 21, 25 are re-

quired. In this case, the polynomial py(z) is defined in two different ways.
(8) Pe(2) = (1= 21)(1 = 22)g; + (1 = 21) 2203 + 21 (1 — 22)3p,

Where the binary variables z1, zo satisfy the condition z; + zo < 1. Alter-
natively, the polynomial pr(z) can be defined for binary variables with the
condition z7 + z9 > 1 as follows:

9) pr(z) = (1 — 21)2204 + (1 — 22)21G7 + 212203

Case 3: Rk=4. In this case, the ordered pairs {(1,’9“,%) , (2@%) , (3,@2) , (4, §,§)}
are required to construct the binary polynomial py(z). Since there are four
ordered pairs, binary variables 21, zo are employed, giving the following formu-
lation

(10)  Pu(2) = 21229, + (1 — 21)22G; + 21(1 — 22)Gp + (1 — 21)(1 — 22) G-
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Now, model (5) can be reformulated as follows:

min S35 wi(pr + 7x),
st Zp(w) +mr — pr = Pr(2),

D1 Ty Sai i=1,2,...,m,
(11) Yit1 TiZb; j=1,2,....n,
Zkle’f = 17
z=0,1,
zi; >0, i=1,2,...,m, j=1,2,...,n.

3.2. Fuzzy Least-Squares Linear Regression. The least squares linear re-
gression is one of the most fundamental techniques in numerical analysis and
statistics, used to find the best linear approximation for a given set of data.
This method seeks to minimize the sum of the squared deviations between the
observed values and those predicted by the function. Here, we intend to in-
troduce this approach to handle multiple fuzzy choices; to that end, Table 1 is
considered for values k =1,2,..., K.

TABLE 1. Data Points for the Fuzzy Least Squares Linear
Regression Method.

r 1 2 3 Rk
AR g

The objective is to find a first-degree polynomial (line) py(z) based on the
data in Table 1 such that the distance between the line and the data points is
minimized. To achieve this, assuming that py(z) = aok + a1kz, we define the
error F as follows:

Ry
(12) E:Z@-&Ok—alkrﬂ k=1,2,...,K.
r=1

The necessary and sufficient condition for minimizing E is that its fuzzy de-
rivative with respect to the fuzzy variables a1 and agg equals zero. In such a
case, for k = 1,2, K, we have:

oF - - -
8~7 =0= agx (Zf:k] 7") + a1k (27{21 rg) = Zf:kl 7"9127
Aok
(13)
OF - ~ -
Pr. = 0= el +aw (Zf& 7”) =S g,
a1k

In Equation (13), the derivative is taken in the sense of fuzzy differentiation,
which follows the extension principle for fuzzy-valued functions. Specifically, we
consider the fuzzy error function E as a mapping from crisp decision variables to

OF
fuzzy numbers and use the generalized Hukuhara derivative. Setting e 0
aok
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and ;E—E = 0 provides the necessary and sufficient conditions to minimize the
fuzzy sclfflared deviation. This approach guarantees that the fuzzy regression
coeflicients agx and ay; yield the least-squares.

By solving this system of equations for the fuzzy variables a1, and agg the
fuzzy polynomial py(z), which minimizes the squared distance from the data,
is obtained. The coefficients ag, and a1 may take positive or negative fuzzy
values depending on the underlying data. A positive fuzzy slope aij indicates
a direct relationship between the index r and the fuzzy goal levels g;. In con-
trast, a negative fuzzy slope implies an inverse relationship. Interpreting these
signs allows decision-makers to understand whether the goal levels increase or
decrease over time. After constructing the polynomial py(z), the model (5) is
reformulated as follows:

min Z][::l wi(pr + M),
st. Zi(z) + e — pr = Pr(2),

Sy T Sai i=1,2,...,m,
(14) 2%1 T;j2b; j=1,2,...,n,
Zk:lwk::la
Z:172a"'7Rk7
Zi; >0, i=1,2,....,m, j=12...,n

Model (14) is then solved using LINGO software with a minimum degree of
necessity of 0.8. Then, it applies a branch-and-bound procedure combined with
linear programming techniques to obtain the optimal allocation of resources.
This procedure ensures that all fuzzy decision variables satisfy the required
feasibility levels while minimizing the weighted deviation in the multi-choice
goals. The reported solution in Table 4 reflects the best compromise between
the fuzzy profit objectives and the transportation constraints.

In the following, to evaluate the proposed methods, the example from [18]
will be solved using these approaches and then the resulting outcomes will be
compared and analyzed. Additionally, the advantages and disadvantages of
the methods introduced in this paper and the method presented in [18] will be
addressed.

4. Numerical Example

Example 4.1. In this study, all comparisons between fuzzy and crisp quanti-
ties are performed using the necessity measure with degree 0.8, ensuring math-
ematically consistent and practically interpretable inequalities. The benchmark
example adapted from [18] is employed only as an illustration of feasibility, and
not as a direct superiority test, since the underlying problem formulations dif-
fer. Instead, the comparative analysis in Section 4 focuses on evaluating the
proposed methods in terms of their feasibility, computational effort, and inter-
pretability. In particular, the fuzzy binary polynomial approach and the fuzzy
least-squares regression method are contrasted: the former provides a discrete
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choice representation of multi-choice goals, while the latter offers a continuous
approzimation. This dual perspective highlights the flexibility of the proposed
framework and its ability to accommodate different decision-making require-
ments under uncertainty.

Three investors, namely Fy, Fy, and F3 intend to invest in two sites, A
and B. The investment amounts for these investors are specified in a fuzzy
manner, and appropriate planning must be conducted based on these amounts
as well as the required constraints. The investment unit for each investor is
as follows: Fy has 1000 units, Fo has 1100 units, and F3 has 1200 units. The
investment sites also have constraints; specifically, site A requires a minimum
investment of 1600 units, while site B requires a minimum investment of 1650
units. Therefore, for each investor, it is essential to determine the optimal
distribution of their available capital between the two sites, ensuring that both
the minimum investment thresholds at each site are met and the investor’s
overall capital constraints are observed [18].

The constraints are as follows: an investor cannot invest more than their
total available capital across sites A and B. Table 2 presents the investment
amounts at the destinations (which are multi-choice fuzzy parameters).

TABLE 2. Required Amounts (in Units) and Deviations at the
Sites.

A B

Fy | (675,700,725) | (940,980, 1020)
(800, 850, 900)

(980, 1050, 1120)
(575, 600, 625)

I, | (750,800,850) | (475,500, 525)
(610, 650,690) | (370,400,430)
(570, 600, 630)
F5 | (790,850,910) | (525,550,575)
(650,700,750) | (420,450, 480)

(950, 1050, 1150)

In this problem, the positive and negative deviations are assumed to be iden-
tical. If no allocation is made at a particular node, an explicit zero allocation
might occur; meaning that at each node there is an explicit zero choice that is
not shown in Table 2, as this table only lists the nonzero values. The expected
profit from the investment policy per 100 units of the destination is provided in
Table 3.

Investors expect their profit to be no more than 170 units and no less than 150
units. Thus, it can be argued that the allocations at the sites are multi-choice
fuzzy numbers. Based on the discussion above and the information provided in
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TABLE 3. Profit Derived from Investment (per 100 units)

A | B
Fy 145140
F5 15.016.0
F3 15550

Tables 2 and 3, the above problem is formulated as follows:

min 2z = 4.5211 + 2%12 + 5To1 + 62> + 5.5231 + 5T39,
s.t. Ty + %1251000,

T31 + T22.51200,

T31 + 73251100,

Z11 + To1 + T3221600,

T12 + Tz + 3221650,

7,20, i=1,23 j=1,2

Using the proposed method, model (15) is then reformulated as follows:

min 0.16m11 + 0.16n12 4+ 0.17n91 + 0.17n99 + 0.17ng3; + 0.17n39,

s.t.

(16)

Y11 + 11 — p1 = {(675,700,725), (800, 850, 900), (980, 1050,
1120), (575, 600, 625)},

Y12 + ni2 — p12 = (940,980, 1020),

y21 + no1 — p21 = {(750, 800, 850), (610, 650, 690)} ,

Yoz + Mi2s — paz = {(475, 500, 525), (370, 400, 430), (570, 600,
630)},

Y1 + ma1 — a1 = {(790,850,910), (650, 700, 750)} ,

Yo + nga + g2 = {(525, 550, 575), (420, 450, 480), (950, 1050,
1150)}

4.5y11 + 4y12 + 5y21 + 6y22 + 5.5y31 + Syz2 > 150,

4.5y11 + 5y12 + 5y21 + 6y22 + 5.5y31 + Syz2 < 170,

y11 + y12 < 1000,

Y21 + y22 < 1200,

Y31 + y32 < 1100,

Y11 + Y21 + y31 > 1600,

Y12 + Y22 + Y32 > 1650.

To solve model (16) using the fuzzy binary polynomial approach, the multi-
choice fuzzy parameters on the right-hand side of the constraints are approx-
imated with a fuzzy binary polynomial that satisfies (11). In doing so, model
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(16) is reformulated as follows:

min
s.t.

0.16n11 + 0.16m12 + 0.17Tng; + 0.17n95 + 0.17n31 + 0.17n3o,

Y11 + 11 — P11 = (—5352122 + 22529 + 40521 + 575, —600z1 29+
25029 + 45021 + 600, —67021 22 + 27529 + 495271 + 625),

Y12 + n12 — p12 = (940, 980, 1020),

Y21 + No1 — P21 = (610 + 14023, 650 + 15023, 690 + 1602’3),

Y22 + Nog — P22 = (—4652425 + 37024 + 57025, —5002425 + 40024
+600z5, —5352425 + 43024 + 63025),

Y31 + ns1 — ps1 = (650 + 14026, 700 + 15026, 750 + 160z2),

Y32 + Nn32 — P32 = (—8452’72:8 + 4202’7 + 9502:8, —9502728 + 45027
+10502g, —105527258 + 48027 + 115023),

4.5y11 + 4y12 + 5y21 + 6y22 + 5.5y31 + dys2 > 150,

4.5y11 + 4y12 + dy21 + 6ya2 + 5.5y31 + dyz2 < 170,

y11 + y12 < 1000,

Y21 + y22 < 1200,

Y31 + ys2 < 1100,

z4+ 25 < 1,

zr 428 < 1,

Y11 + y21 + ys1 = 1600,

Y12 + Y22 + Y32 > 1650,

z=0,1,1=1,2,...,8.
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The model presented above is then solved using LINGO software with a mini-
mum necessity degree of 0.8, and the resulting outputs are presented in Table

(4).

To solve model (16) using the fuzzy least squares linear approach, we approxi-
mate the multi-choice fuzzy parameters on the right-hand side of the constraints
with a fuzzy linear polynomial whose coefficients are determined by solving sys-

tem (1

min
s.t.

4). In doing so, model (16) is reformulated as follows:

0.16n11 + 0.16n12 + 0.17ng; 4+ 0.17n99 + 0.17n31 + 0.17n3o,

Y11 +N11 — P11 = (7875 — 12211,825 — 10211, 862.5 — 8211),

Y12 + 12 — n1a = (940,980, 1020),

Y21 + ng1 — P21 = (890 — 140221, 950 — 150221, 1010 — 160221),

Y22 + Nog — P22 = (3433 + 47.52’22, 400 + 50222, 423.3 + 52.5222),

Y1 + 131 — par = (930 — 140231, 1000 — 150231, 1070 — 160231),

Y32 + N3z — P32 = (2066 + 212.5232, 183.3 + 250232, 160+
287.5232),4.5y11 + 4y12 + 5y21 + 6y22 + 5.5y31 + Sysz2 > 150,

4.5y11 + 4y12 + 5y21 + 6y22 + 5.5y31 + Syz2 < 170,

y11 + Y12 < 1000,

Y21 + Y22 < 1200,

y31 + y32 < 1100,

Y11 + Y21 + Y31 > 1600,

Y12 + Y22 + Y32 > 1650,

211 = O, 1, 2,3, 221 = O7 1, 229 = O7 1, 2, Z31 = 0, 1, Z32 = 0, 1, 2.
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The model presented above is then solved using LINGO software with a min-
imum necessity degree of 0.8, and the results are presented in Table 4. The
results obtained from the proposed method in this paper, as well as those from
the method in [18], are shown in Table 4.

TABLE 4. Model’s Solution Using the Our Proposed Method
and the Method of [19].

Y11 Y12 | Y21 | Y22 | Y31 Y32
[18] Article 1000 | O | 610|590 | O 1100

Binary method 84 916 | 776 | 424 | 740 | 360
Least squares method | 228 | 772 | 682 | 518 | 740 | 360

Example 4.2. In this example, four investors intend to allocate their capi-
tal across three investment sites. The investment amounts and corresponding
limits for each investor are represented as fuzzy triangular numbers, reflecting
the inherent uncertainty in both supply and demand. Similarly, the required
amounts at each site and the profit values per 100 investment units are pro-
vided as fuzzy data in Tables 5 and 6. As in the previous case, the decision-
maker must determine an optimal allocation that satisfies all fuzzy constraints
while mazimizing the overall return. However, compared with the first example,
the present model involves four investors and three destinations, resulting in a
higher-dimensional decision space and a more complexr fuzzy structure.

TABLE 5. Required Amounts (in Units) and Deviations at the
Sites.

A B C

(600, 700,800) | (950, 1000,1050) | (500, 600, 700)
Fy | (500,600,700) | (700,800,900) | (700,800,1000)
(800,900, 1000)
(600, 650, 700) | ( ) | (650,700, 750)
Fy | (900,950,1000) | (450,500,550) | (950,1000,1050)
(550, 600,650) | (850,900, 950)
( )
9

300, 400, 500

750, 850, 950

(800, 850,900) | (900, 1000, 1100) | (1000, 1100, 1200)
F3 | (650,700,750) (800,900, 1000)

(750, 800, 850)

(600, 650,700) | (850,900, 950) (500, 600, 700)
Fy | (750,800,850) | (950,1050,1150) | (700,800, 900)

(700, 800,900) | (900, 1000, 1100)
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In this study, it is assumed that the positive and megative deviations are
equal in magnitude. When no allocation is assigned to a specific node, it is
interpreted as a zero allocation. This zero value is not explicitly displayed in
the tables, since only the nonzero fuzzy allocation options are reported.

TABLE 6. Profit Derived from Investment (per 100 units).

A|B|C
il 5 6 7
| 554565
F31 4|5 | 6
Fy| 716 65

Based on the information provided in Tables 5 and 6, the above problem is
formulated as follows:

To1 + T + T23 < 1800,

T31 + T3z + T33 < 2100,

Ta1 + Tao + T3 < 1500,

T13 + Tog + X33 + T43 > 2100,
55”‘ >0,1=1,2,3,4, j=1,2,3.

Using the proposed method, model (17) is then reformulated as follows:

min 0.1n1; 4+ 0.05n12 4 0.1n13 4+ 0.05n21 4 0.1n22 4+ 0.05n23+
0.1n31 + 0.05n32 + 0.1n33 4+ 0.1n41 + 0.1n42 + 0.1143,
st. yi1 +na1 — pu1 = {(600, 700, 800), (500, 600, 700), (800, 900, 1000)},
Y12 + n12 — prz = {(950, 1000, 1050), (700, 800, 900)},
13 + mis — pis = {(500, 600, 700), (700, 800, 1000)},
y21 + n21 — p21 = {(600, 650, 700), (900, 950, 1000), (550, 600, 650)},
Yz + 2z — paz = (300,400, 500), (450, 500, 550), (850, 900, 950),
(750, 850, 900)},
ya23 + n23 — p23 = {(650, 700, 750), (950, 1000, 1050) },
ys1 + na1 — ps1 = {(800,850,900), (650, 700, 750), (750, 800, 850)},
Y32 + nz2 — ps2 = (900, 1000, 1100),
yss + n3s — pas = {(1000, 1100, 1200), (800, 900, 1000)},
ya1 + na1 — pa1 = {(600, 650, 700), (750, 800, 850)},
Y2 + naz — paz = {(850, 900, 950), (950, 1050, 1150), (700, 800, 900)},
yas + nas — pas = {(500, 600, 700), (700, 800, 900), (900, 1000, 1100)},
y11 + y12 + y13 < 2000,
Y21 + Y22 + y23 < 1800,
Y31 + y32 + y33 < 2100,
Ya1 + yaz + ya3 < 1500,
Y11 + y21 + y31 + ya1 < 2500,
Y12 + Y22 + Y32 + yaz > 2200,
Y13 + Y23 + y33 + ya3 < 2100.



472 Z. Arami, M. Arabameri, H. Mishmast Nehi

In this method, the multi-choice fuzzy parameters on the right-hand side of
the constraints were approrimated using the fuzzy binary polynomials. The
coefficients of these polynomials are fuzzy numbers, while the binary variables
represent the possible choices associated with each parameter. The reformulated
model was then solved using the fuzzy goal programming framework, and the
obtained results are presented in Table 7 (Binary method column).

min 0.1n11 + 0.05n12 + 0.1n13 + 0.05m21 + 0.1n22 + 0.05n23 + 0.1n31+
0.05n32 4+ 0.1n33 + 0.1n41 + 0.1n42 + 0.1n43,
st.  y11 +nil —pi1 = (600 + 20021 — 10022 — 70021 22, 700 4+ 20021 — 10022

—8002’122, 800 —+ 20021 — 10022 — 9002122),

Y12 + ni2 — p12 = (950 — 25023, 1000 — 20023, 1050 — 105023),

Y13 + n1z — p13 = (500 + 20024, 600 + 20024, 700 4 30024),

Y21 + N21 — P21 = (550 + 35025 + 35026 — 9002526, 600 4 35025 + 35026
—9502526, 650 + 35025 + 35026 — 10002526),

Y22 + n22 — p22 = (750 + 10027 — 30028 — 5502728, 850 + 5027 — 35028
—5502’728, 950 + 02’7 — 4002’8 — 5502728),

Y23 + n23 — p23 = (650 + 30029, 700 4 30029, 750 + 30029),

y31 +n3l —p3l = (650 + 100210 4+ 100211 — 750210211, 700 + 100210+
100211 — 800210211, 750 + 100219 + 100211 — 85021102’11)7

Y32 + n32 — pa2 = (900, 1000, 1100),

Y33 + N33 — P33 = (1000 — 2002127 110 — 2002’127 1200 — 200212),

Ya1 + Na1 — Pa1 = (600 + 150213, 650 + 150213, 700 + 152’13),

Ya2 + N4z — Paz = (700 + 150214 + 250215 — 950214215, 800 + 150214+
250215 — 1050,2142157 900 + 1502’14 + 250215 — 11502’14215),

Ya3 + M43 — Pa3 = (500 + 400216 + 200217 — 900216217, 600 + 400216+
200217 — 1000216217, 700 + 400216 + 200217 — 1100216217),

zi € {0,1}, 1=1,2,...,17,

y11 + y12 + y13 < 2000,

Y21 + Y22 + y23 < 1800,

Y31 + ys2 + ys3 < 2100,

Ya1 + ya2 + yaz < 1500,

Y11 + Y21 + y31 + ya1 < 2500,

Y12 + Y22 + Y32 + ya2 < 2200,

Y13 + Y23 + y33 + ya3 < 2100,

21+ 22 < 1,

25 +26 < 1,

z10 + 211 <1,

214 + 215 < 1,

z16 + 217 < 1.

In the second method, the fuzzy multi-choice parameters were approrimated
through a first-degree fuzzy polynomial derived by the least squares approach.
The coefficients of the polynomial were determined determined to minimize
minimize the total squared deviation between the observed fuzzy data and the ap-
proximated function. This transformation simplified the structure of the model
while preserving its fuzzy nature. The corresponding results of this approach
are also reported in Table 7 (Least squares method column). Both models were
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solved with a minimum necessity degree of 0.8.

min 0.1n1; + 0.05n12 + 0.1n13 4+ 0.05n21 + 0.1n22 4+ 0.05n23 + 0.1n31+
0.05m32 + 0.1n33 4+ 0.1n41 + 0.1n42 + 0.1n43,

s.t. Y11 +N11 — P11 = (433.3 + 10021, 533.3 + 10021,633.33 + 10021),
Y12 + niz2 — p12 = (950 — 25022, 1000 — 20022, 1050 — 15022),
Y13 + niz — p13 = (500 + 20023, 600 + 20023, 700 + 30023),
Y21 + n21 — p21 = (466.67 + 15024, 516.67 4+ 15024, 566.67 + 15024),
Y22 + na2 — p22 = (125 + 20025, 200 + 20025, 275 + 20025),
Y23 + na2s — p23 = (650 + 30026, 700 + 30026, 750 + 30026 ),
Y31 + na1 — p31 = (566.67 + 10027, 616.67 4+ 10027, 666.67 + 10027),
Y32 + ns2 — p32 = (900, 1000, 1100),
Y33 + naz — p3z = (1000 — 200zs, 1100 — 2002g, 1200 — 2002zs),
ya1 + na1 — pa1 = (600 + 15029, 650 + 15029, 700 + 150z29),
Ya2 + N4z — paz = (566.67 4+ 125210, 666.67 + 125210, 766.67 + 125210),
Ya3 + N43 — Paz = (300 + 200211,400 + 200211, 500 + 200,211)7
21,R4,27,211, 212 = 0, 1, 2,
Z2,23,%26, %9, 210 = 0, 1,
zZ5 = 07 1, 2, 37
y11 + y12 +y13 < 2000,
Y21 + Y22 + y23 < 1800,
y31 + y32 + y33 < 2100,
ya1 + ya2 + ya3 < 1500,
Y11 + Y21 + Y31 + ya1 > 2500,
Y12 + Y22 + Y32 + ya2 > 2200,
Y13 + Y23 + Y33 + ya3 > 2100.

P

TABLE 7. The Solution of the Model Using the Proposed
Methods.

Yi1 | Y12 | Y13 | Y31 | Y32 | Y33 | Y21 | Y22 | Y23 | Y41 | Y42 | Y43
Binary method 580 | 840 | 580 | 690 | 530 | 880 | 590 | 490 | 690 | 640 | 420 | 800
Least squares method | 640 | 780 | 580 | 613 | 545 | 690 | 606 | 185 | 780 | 640 | 646 | 213

The obtained results are compared and analyzed in the conclusion.

5. Conclusion

The present study developed an advanced fuzzy multi-choice goal program-
ming model for solving transportation and resource allocation problems under
uncertainty. By integrating fuzzy set theory with goal programming, the pro-
posed framework successfully captured the inherent imprecision in real-world
decision environments where supply, demand, and profit parameters cannot
be expressed deterministically. Two fuzzy function approximation approaches
based on the fuzzy binary polynomial and the fuzzy least-square method were
employed to handle the multi-choice fuzzy parameters. The binary polynomial
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method offered a flexible representation of discrete fuzzy choices, while the
least-squares linear approach provided a smoother and computationally sim-
pler approximation of fuzzy data. Both techniques were implemented with a
necessity degree of 0.8, ensuring solution reliability within an acceptable con-
fidence range. The numerical investigations, including both the initial and the
extended examples, demonstrated the consistency and adaptability of the pro-
posed model. When the dimensionality of the problem increased by additional
investors and destinations, the model preserved its feasibility and yielded inter-
pretable results that satisfied all fuzzy constraints. The comparison of results
between the two examples revealed that variations in the fuzzy structure of the
data significantly influence the final allocation pattern, yet both approaches
produced coherent and stable solutions. This confirms that the model effec-
tively adapts to different system complexities and uncertainty levels. Overall,
the findings validate that the proposed fuzzy multi-choice goal programming
framework provides a reliable and generalizable tool for real-world transporta-
tion and investment planning problems. Its capability to balance multiple fuzzy
objectives and maintain constraint satisfaction under uncertainty highlights its
potential for practical decision-support applications in logistics, production,
and financial planning. Future research may extend this framework by in-
corporating intelligent optimization algorithms or hybrid fuzzy techniques to
enhance performance in large-scale or dynamic problems.
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