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ABSTRACT. In the present paper, the right dc-Noetherianity for S-posets
is defined and studied. Some fundamental properties of right dc-Noetherian
S-posets are presented, and the relation of right dc-Noetherian S-posets
with sub S-posets, factor S-posets, products, and coproducts are stud-
ied. Finally, the relations between right po-Noetherian S-posets, right
dc-Noetherian S-posets and right Noetherian ordered pomonoids are in-
vestigated.
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1. Introduction

The concept of Noetherianity, which is a finiteness condition, is essential in
ring and module theory. Noetherian rings were introduced by Noether in the
early 1900s and have been extensively studied since then. Hotzel initiated the
study of right Noetherian semigroups in [10], and Kozhukhov further studied
them in [19]. These semigroups have been extensively studied in [4, 9, 20].
Noetherian acts were introduced by Normak in [21] and have been studied in
some papers [6,7,13-15,18].

In [11], the concept of weakly right po-Noetherian ordered semigroups was
introduced and has been studied in [24,26,27]. Also, right Noetherian ordered
semigroups were introduced and studied in [25], and in [16], right po-Noetherian
S-posets were defined and studied.

The present paper is devoted to introducing and studying the right dec-
Noetherian S-posets. An S-poset is called right dc-Noetherian if each down
closed sub S-poset of it has a finite generating set. In [26], it is concluded that
Noetherianity with respect to down closed right ideals (poideals) of S have a
natural behavior with respect to regular injectivity and that is why the author
studies right Noetherianity with respect to down closed sub S-posets instead of
general sub S-posets. It is proved that an S-poset is right dc-Noetherian if and
only if the ascending chain condition holds on its down closed sub S-posets,
equivalently, if the maximal condition holds on its down closed sub S-posets.
We present an alternative way of defining the right dc-Noetherian property
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using down closed cyclic sub S-posets. Also, we study the behavior of right
dc-Noetherianity with some constructions and clarify the relations between
right po-Noetherian and right dc-Noetherian S-posets. Finally, the relation
between right po-Noetherian S-posets and right Noetherian ordered pomonoids
is investigated.

To begin, we provide a brief overview of the definition and key algebraic
properties of the category of ordered semigroups and (right) S-posets that will
be used later. For further details, refer to [2,5,17].

Recall that a (right) S-act A is a set equipped with a map A: A x S — A,
called its action and S is a semigroup (or a monoid with identity 1), such that,
denoting A(a, s) by as, we have a(st) = (as)t, (and al = a) for all a € A, and
s,tesS.

A posemigroup is a semigroup S with a partial order < with the property
that s < t,s" <t imply ss’ < tt/, that is, the binary operation and the partial
order are compatible. A pomonoid is a posemigroup with an identity element.

A posemigroup S is called weak finitely generated if there exists a finite set
X C S such that for each element s € S, s < x125...x, Where xr1,s,...,T, €
X,neN.

A right poideal of a posemigroup S is a (possibly empty) subset I of § if
it is both a semigroup right ideal (IS C I) and a poset ideal (that is, a down
closed subset of S: a < b,b € I imply a € I).

Let S be a posemigroup and X C S. Then

<X>=|(XSY)Y={seS:3rxeX,IHteS s<uat}

is the smallest right poideal of S containing X, and it is referred to as the right
poideal of S generated by X. < X > is called finitely generated if X is finite,
and it is called principal if X is a singleton.

A poset A which is also an S-act over a posemigroup S, with the order-
preserving action X\ : A x S — A, where A x S considered as a poset with
componentwise order, is called a (right) S-poset. A sub poset B of an S-poset
A is called a sub S-poset of A if for each b € B,s € S, bs € B.

A possibly empty sub S-poset A of an S-poset B is said to be down closed
in B if for each a € A and b € B with b < a we have b € A.

Let S be a posemigroup and B be a down closed sub S-poset of an S-poset
A. Then X C A is called a generating set for B if B =< X >=| (XS!) =
{a € A: 3z € X,3s € St a < xs}. B is called finitely generated if it has a
finite generating set, and it is called cyclic if it has a singleton generating set.

A map between S-posets that is action and order preserving is called an
S-poset map.

A (right) S-act congruence v on an S-poset B, that is, an equivalence rela-
tion on B which is compatible with the S-action, for which the factor act B/«
has the structure of an S-poset and the canonical map B — B/« is an S-poset
morphism is called a (right) S-poset congruence. Let @« C B x B. One can
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define a relation <, on B as the following:
b<,V & b<bab) <..<bgab, <V,

for some natural number k and b1, b7, ..., b, b, € B. Then an S-act congruence
a on B is an S-poset congruence if and only if b <, V' <, b, for every b,b’' € B
implies bab’. A semigroup congruence « on a posemigroup S is called an order
congruence if it is an S-poset congruence on S where S is considered as an
S-poset.

Recall from [28] that the S-poset congruence «(X) on an S-poset B gener-
ated by X C B x B, is characterized as follows: ba(X)¥ if and only if b = b’
or there exist t1,ts, ..., tg, Wi, Wa,...,w; € ST such that

b < pit1, qit1 < pata, gata < pats, .., gt < s
bV < wuwy, viwy < ugwa, vawy < uzws, ..., viwy < b,
where (p;, i), (uj,v;) € XUX tfor 1 <i<kl1<j<lI

Each sub S-poset B C A defines the Rees congruence pg on A, by setting
appb if a,b € B or a = b. The resulting factor S-poset is denoted by A/B and
it is called the Rees factor S-poset of A by the sub S-poset B.

Recall from [25] that a posemigroup (or pomonoid) S is called right Noe-
therian if each right order congruence on S has a finite generating set.

Recall from [22] that Green’s relations £,R and J on a posemigroup are
given as follows: For two elements s,t € S, sLt if they generate the same
principal left poideal, that is | (S's) =] (S't), and sRt if they generate the
same principal right poideal, that is | (sS) =] (tS'). In a similar way, we
define Green’s relations on an S-poset A. For example, aRb if they generate
the same down closed cyclic sub S-poset, that is | (aS!) =] (bS!). Then the
R-class Rq,a € A, is the class of all elements b € A such that | (aS') ={ (bS?).

Green’s relation R defines a preorder < on an S-poset A, given by

a <g bl (aSh) ] (bSh).
The preorder <x induces a partial order on the set of R-classes of A given by

R, < Ry if and only if a <g b.

2. Right dc-Noetherian S-posets

In this section, the concept of weak right Noetherianity for S-posets is in-
troduced and some fundamental properties are presented. Equivalent charac-
terizations of right dc-Noetherian S-posets in terms of down closed cyclic sub
S-posets and the poset of R-classes are provided. Also, the behavior of right
dc-Noetherian S-posets with respect to sub S-posets, factor S-posets, products
and coproducts is studied.

Note that the definition of dc-Noetherian S-posets given here can be viewed
as a special case of the general notion of po-Noetherianity, where the finiteness
condition is restricted to down closed sub S-posets. We start with the following
theorem, which is proved similarly to Proposition 2.1 of [14].
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Theorem 2.1. Suppose A is an S-poset over a posemigroup S. Then the
following are equivalent:

(i) each down closed sub S-poset of A is finitely generated.

(ii) the ascending chain condition holds for down closed sub S-posets of
A; each infinite ascending chain By C By C ... of down closed sub
S-posets of A eventually terminates.

(iii) each non-empty set of down closed sub S-posets of A has a mazimal
element.

Definition 2.2. An S-poset A is called right dc-Noetherian if one of the equiv-
alent conditions in Theorem 2.1 holds.

Here, we establish a characterization of right dc-Noetherian S-posets based
on their down closed cyclic sub S-posets.

Theorem 2.3. The following are equivalent for an S-poset A:

(i) A is right dc-Noetherian.

(ii) A does not have any set of pairwise incomparable down closed cyclic
right sub S-posets, which is infinite, and the ascending chain condition
holds on down closed cyclic right sub S-posets.

(iii) the poset of R-classes of A contains no infinite strictly ascending chain
or infinite antichain (a subset of some poset consisting of pairwise in-
comparable elements).

Proof. (i) = (ii) It is clear by Theorem 2.1 that A fulfills the ascending chain
condition on down closed cyclic right sub S-posets.

We are going to prove that A does not contain an infinite set of pairwise
incomparable down closed cyclic right sub S-posets. Let’s assume the opposite
for the sake of contradiction.

Consider the set {| (a;S') : i € N} of pairwise incomparable down closed
cyclic right sub S-posets of A, which is infinite. Let B,, n € N, be the down
closed cyclic right sub S-posets of A generated by ai,...,a, (i.e. B, =]
({a1,...,a,}SY)). Now, if there exists some m < n,B,, = B,, then there
exists some i < m,a, €| (a;S'). Then i = m = n, as | (a;S*) and | (a,S?)
are incomparable. Therefore, we get an infinite strictly ascending chain of down
closed cyclic right sub S-posets of A,

BiCByC....

This contradicts the assumption.

(ii) = (i) Let A be not right dc-Noetherian and satisfy the ascending chain
condition on its down closed cyclic right sub S-posets. We find an infinite set
of pairwise incomparable down closed cyclic right sub S-posets of A.

Since A is not right de-Noetherian, there exists an infinite strictly ascending
chain of down closed right sub S-posets of A,

BicBC...
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Choose a; € By and for k > 2,a;, € By, — Bg_1. Now, since | (a;S') C Bj,a), €
By, — Bj,j < k, then the down closed cyclic right sub S-poset | (axS') is not
contained in any down closed cyclic right sub S-poset | (a;S h.

Let | (a,,S') be a maximal element of the set {/ (a;S*) : i € N}. Therefore,
any | (a;S'),j # r1 does not contain | (a,, S*). If this were not the case, then
there exists an infinite strictly ascending chain of down closed cyclic right sub
S-posets of A, which contradicts the hypothesis.

Denote a maximal element of the infinite set {] (a;S') : i > r; + 1} by
! (ar,S1). Tt follows that for any j > 71,5 # 72, | (a;S*) does not contain
1 (a,,SY). This means that, for any j that belongs to the set of natural
numbers, except for j = r9, | (a;S') does not contain | (a,,S'). This is
because any | (a;5'),j < r1, does not contain | (a,,S?).

Continuing in this way infinitely, we obtain an infinite set {} (a,,S*) : i € N}
of pairwise incomparable cyclic right sub S-posets of A.

(iii) < (i) Since the S-poset map {R, : a € A} — {| (aS') : a € A} from
the poset of R-classes of A into the poset of down closed cyclic right sub S-
posets of A, given by R, = {b € S :] (aS') =| (bS1)} = (aS'), is an order
isomorphism, the result follows. O

Corollary 2.4. Let A be a right S-poset with a finite number of R-classes.
Then A is right dc-Noetherian. Particularly, all finite right S-posets and all
right S-posets with no proper down closed sub S-poset are right dc-Noetherian.

Proposition 2.5. Every down closed sub S-poset of a right dc-Noetherian S-
poset is right dc-Noetherian.

Proof. Suppose B is a down closed sub S-poset of a right dc-Noetherian S-
poset A, and let B’ be a down closed sub S-poset of B. Since B is down closed
in A, we get that B’ is a down closed sub S-poset of A. Hence, B’ is finitely
generated since A is right dc-Noetherian. O

Proposition 2.6. Every factor S-poset of a right dc-Noetherian S-poset by an
S-poset congruence is right dc-Noetherian.

Proof. Assume that B is a down closed sub S-poset of A/6. Then a set B =
{a € A : [a]y € B} is a down closed sub S-poset of A and so it is generated
by some finite set X C A. We claim that B is generated by the finite set
Y = {[z]s : * € X}. To see this, let [aly € B. Then, a € B and so there
exist z € X and s € S! such that a < xs. Hence, [a]g < [x]gs €] (Y S1), as

required. U

Corollary 2.7. Let S be a pomonoid. Then Sg is right dc-Noetherian if and
only if each cyclic S-poset is right dc-Noetherian.

The following Proposition states some conditions under which the converse
of Proposition 2.6 holds.
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Proposition 2.8. Suppose A is an S-poset over a posemigroup S and <gC R
is an S-poset congruence on A. Then A is right dc-Noetherian if and only if
A/6 is right dc-Noetherian.

Proof. Tt is enough to show that the poset of cyclic down closed right sub S-
posets of A and the poset of cyclic down closed right sub S-posets of A/6 given
by | (aS') +{ ([a]eS?) are isomorphic. It is enough to show that | (a;S') C|
(a2S1) if and only if | ([a1]eSt) C{ ([az)eS!). We only prove the converse. Let
1 ([a1]eS*) € ([az]eS?) then [a1]g < [az]ps,s € ST, and so a1 <p ags. Hence
1 (a18Y) =/ (a288') Cl (azS?'), as required. O

The following theorem shows that the coproduct of a finite number of right
dc-Noetherian S-posets is also right de-Noetherian.

Theorem 2.9. The coproduct Ay [[ Az of right S-posets A1 and Ay is right
dc-Noetherian if and only if A1 and As are right de-Noetherian.

Proof. Necessity is clear by Proposition 2.5. For sufficiency, let B be a down
closed sub S-poset of A; [] A2. Then BN A; is a down closed sub S-poset of
Ay and BN Aj is a down closed sub S-poset of As. Hence there exist finite
subsets X; € BN A; and Xo C BN Ay such that BN A; = (X;5%) and
BN Ay =] (X581), since Ay and Ay are right de-Noetherian. It is easily seen
that B is generated by a finite set X; U X5. O

Theorem 2.10. Let B be a down closed sub S-poset of an S-poset A. Then A
is right dc-Noetherian if and only if B and A/B both are right dc-Noetherian.

Proof. It is enough to prove sufficiency. Let By C By C --- be an infinite
ascending chain of down closed sub S-posets of A. Put for each B;,i € N,
B! = B;N B and B; = {[b;] : b; € B} where for each element a € A, [a] denotes
an image of element a by the canonical homomorphism A — A/B. It is obvious
that B! and B, are down closed sub S-posets of B and A/B, respectively. So, we
get the infinite ascending chain B} C B C --- of down closed sub S-posets of
B and the infinite ascending chain B; C By C - -- of down closed sub S-posets
of A/B, respectively. Then there exist elements n’, 7 € N such that B, = B},
and By, = By for each m’,m € N;m’ > n/,m > f, since B and A/B are right
dc-Noetherian. Let n = max{n’,n}. Hence, for each m € N,m > n, B}, = B,
and B,, = B,. We claim that for each m € N,m > n, B,, = B,. Let b € B,,.
Then since b € B,, there exists ¥’ € B,, such that b = . Two cases may occur:

Case 1. If b € B then b € B],, = B}, and hence b € B,,.

Case 2. If b¢ B then b=/, and hence b = ' € B,,. O

Now, the behavior of right dc-Noetherianity with respect to Rees short exact
sequences are considered.

Recall from [12] that for S-posets A, B, and C, S-poset maps f : A — B,
and g : B — C, the sequence A 1 B4 C is called ezact at B if Iy =K, and
it is called a Rees short exact sequence if f is a regular monomorphism (a <
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a < fla) < f(a')), g is surjective, and Ty = ICy, where Zy = {(b,0’') € Bx B :
b<p, b'},0p=(f(A) x f(A))UAp and Ky = {(a,a’) € Ax A:g(a) < gla')}.

Theorem 2.11. In a Rees short exact sequence A ENY:ENYG! of S-posets, Bg
is right dc-Noetherian if and only if both As and Cs are right dc-Noetherian.

Proof. We only prove the sufficiency. The necessity follows from Proposition
2.5 and Proposition 2.6. Suppose

BiCBC...

is an ascending chain of down closed sub S-posets of B. Then, putting D; =

Dy CDyC ...
is an ascending chain of down closed sub S-posets of f(A) and
CicCyC...

is an ascending chain of down closed sub S-posets of C. Hence there exist
n1,ne € N such that for each m > ny, D,, = D,, and for each m > ng,Cy, =
Ch,. Put n = max{nj,na}. It is clear that for each m > n,D,, = D,, and
C,, = C,,. We claim that for each m > n, B,, = B,,. For, let b,, € B,,,. Two
cases may OCCUr:

Case 1. by, € f(A). Then by, € B,,Nf(A) = B, N f(A) and hence by, € B,.

Case 2. by, &€ f(A). Then g(b,) € g(Bm) <} ¢(Bn) =} g(B,), and
so g(bm) < g(b,) for some b, € B,. Hence (by,,b,) € Ky = Zy. Hence
bm = by, € By, by the hypothesis. 0

Proposition 2.12. Let S be a posemigroup and {A; : i € I} be a family of
S-posets each with a minimal element 0; € A;. If A =[];c; Ai (A= [lic; As)
1s Tight dc-Noetherian, then I is finite and each A; is right dc-Noetherian.

Proof. Suppose A = [[,.; A; is right dc-Noetherian and suppose by the con-
trary, that I’ is an infinite subset of elements of I which are distinct. Put
A}, = Tlie; Ci such that for i € I';i < n,C; = A; and for i € I',i > n, or
i€ I',C; = {6;}. Then we have a strictly ascending chain of down closed sub
S-posets of A
Al CcAyC...,

which contradicts with right dc-Noetherianity of A. Hence in case I is infinite,
A can not be right dc-Noetherian.

Now, let all but a finite number of A;’s be trivial and let, without loss of
generality, for each i > n, A; = {0;} be a trivial S-poset. Put 4], = [],.,, A,
which is a one-element S-poset, and so A = A1 [[---[[ An]] Ant1. Hence, T
could be considered as a finite set. The rest of the proof is clear. 0

Corollary 2.13. Let S be a posemigroup. Then A =[]\, A; (A=11", A;)
1s Tight dc-Noetherian if and only if each A; is right dc-Noetherian.
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3. Right Noetherianity and its relation with right dc-Noetherianity
for S-posets

Recall from [16] that an S-poset A is called right po-Noetherian if each S-
poset congruence on A is finitely generated. In this section, we show that each
right po-Noetherian S-poset is right dc-Noetherian and by giving a counterex-
ample it is shown that the converse does not hold in general. Similar to the
theory of rings and modules, it is shown that a pomonoid S is right Noetherian
if and only if every finitely generated S-poset is right po-Noetherian.

Proposition 3.1. Suppose A is an S-poset. Then A is right dc-Noetherian
whenever it is right po-Noetherian.

Proof. Suppose B is a down closed sub S-poset of A and pp is the Rees right
congruence on A. Then for some finite set X C B x B, pp is generated by X,
since A is right po-Noetherian. We prove that the set

Y={x€B:(x,y) € X for somey € B},

which is finite, generates B. Let a be an element of B, and choose an element
b of B such that a # b. Then appb, and so there exists a chain

a < c181,d181 < c252,d2sg < €383, ..., dp S, < b;

b < pit1, qit1 < pata, qata < psts, ..., gmlm < a,
where (¢;,d;) €,(pj,q;) € XUX ! for i = 1,2,..,n;5 = 1,2,...,m and
51,52, .0, 8n,t1, 12, .., by € S. Particularly, for some x € Y and s € S*,
a < zs. O

By the following example, similar to Example 3.1 in [9], it is shown that
weak right Noetherianity does not imply right Noetherianity.

Example 3.2. Suppose G is a non-weak finitely generated abelian pogroup and
x,0 are elements disjoint from elements of G. Let So = G, 51 = {zg : g €
G}, 52 = {2%g: g € G},S3 = {23}, 54 = {0} (here 22,23 are merely symbols).
Let S = |J{S: : 0 < i < 4}. Define a multiplication and an order on S that
extends those of G as follows:

g(xzh) = x(gh) = (zh)g,

g(x?h) = 2*(gh) = (¢*h)g,

gr® = a® = 2%,

(29)(xh) = 22(gh) = (xh)(xg), (v)(s>h) = 2® = (4h)(zg),

(zg)a® = 0 = 2 (ag),

(2g)(a?h) = 0 = (2°h)(2"g),

(z%g)a® = 0 = 2°(ag),

2323 =0=0s = s0 for all s € S,

and g1 < 2'ga,i = 1,2, if and only if g1 < go.

The only right poideals of S are < 0 >, < x® > < 2?2 >, < z > and S, and
hence S is a right dc-Noetherian pomonoid. We claim that r(z?) = {(u,v) :

w& 8
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2?u = 2%v} is a non-finitely generated right S-poset congruence on S. On the

contrary, suppose r(x?) is generated by the set

H = {(a1,p1),- -, (ar, Br)}-

Consider g € G with g # 1g. Then, since (xg,x) € r(z?) and xg # z, there
exists an H-sequence

zg < c151,d1s1 < 282, . .., dps, <,

r < pity, qits < pata, ..o gmim < 29
with (ci,d;), (pj,q;)) € HUH™ for i = 1,2,..nmj = 1,2,...,m and
81,89, ey Spst1,to, sty € S. It is concluded, by the construction of S, that
each pair (c;,d;) is of the form (xh;, xk;) where hi,k; € G and each s; € G.
One thus obtains that g < hlkl_l .. hnk Y. This means that G is weak finitely
generated, which is a contradiction. Therefore, v(x?) is not finitely generated.

Proposition 3.3. A right Noetherian S-poset A over a finite posemigroup S
is finite.

Proof. Let A = |J;cyaiS*. For each n € N, let B, be a cyclic sub S-posets of
A generated by ay,...,a, (ie. B, =] ({ai,...,a,}S')). Now we can consider
the following ascending chain of down closed sub S-posets of A,

BicBC....

For some m < n,B,, = B, as A is right dc-Noetherian. Since S is finite,
A= U;L:l a;S" is finite. o

Recalling from [8] that in the theory of rings and modules, a ring R is right
Noetherian if and only if every finitely generated right R-module in Noetherian
(that is, it satisfies the ascending chain condition on its submodules), we prove
the analogue of this result for S-posets.

Recall from [23] that an S-poset A which is isomorphic to a quotient S-poset
of a finitely generated free S-poset by a finitely generated S-poset congruence
is called finitely presented.

Theorem 3.4. Fach finitely generated S-poset over a right Noetherian pomonoid
S is finitely presented and right po-Noetherian.

Proof. Let A be a finitely generated S-poset over a right Noetherian pomonoid
S. Then by [1], A & F(X)/0, where F(X) is a free S-poset on a finite set
X C A and 6 is a right S-poset congruence on F(X). Then by Proposition
2.7 (iii) of [16] and right Noetherianity of S, A is finitely presented. Hence A
is isomorphic to a quotient S-poset of a finitely generated free S-poset by a
finitely generated right S-poset congruence. Therefore, an S-poset A is right
po-Noetherian by Proposition 2.7 (iii) and Lemma 2.3 (ii) of [16]. O

Corollary 3.5. A pomonoid S is right Noetherian if and only if each finitely
generated S-poset is right po-Noetherian.
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