/@@ Journal of Mahani Mathematical Research
Shahid Bahonar

University of Kerman

Print ISSN: 2251-7952 Online ISSN: 2645-4505

SCHATTEN CLASS TOEPLITZ OPERATORS ON BERGMAN
SPACES WITH ALMOST STANDARD WEIGHTS

K. ESMAEILT =~ ™2

Article type: Research Article
(Received: 26 January 2026, Received in revised form 08 May 2026)
(Accepted: 22 May 2026, Published Online: 22 May 2026)

ABsSTRACT. We study Schatten class Toeplitz operators on weighted Berg-
man spaces induced by almost standard radial weights on the unit disk.
We obtain a complete characterization of such operators generated by pos-
itive Borel measures. The characterization is given in terms of the Berezin
transform, integrability of localized averages with respect to the M&bius
invariant measure, and discrete summability over pseudohyperbolic lat-
tices.For Toeplitz operators generated by complex Borel measures, we
establish sufficient conditions for Schatten class membership in terms of
discrete lattice averages of the total variation, together with correspond-
ing norm estimates. As an application, we derive Schatten class bounds
for differences of such operators.
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1. Introduction

Let w : [0,1) — R be a positive, integrable function, extended radially to
the unit disk D by w(z) = w(|z]). The weighted Bergman space A2, consists of
analytic functions f on D satisfying

e = [ 17G)Pe()aAE) <o,

where dA denotes the normalized area measure. Under the assumptions consid-
ered in this paper, A2 is a closed subspace of L?(D,wdA) and hence a Hilbert
space; see, for example, [6,18].

Toeplitz operators on Bergman spaces form one of the central classes of
operators in function-theoretic operator theory. They provide a link between
analytic function spaces, measure-theoretic embedding problems, and operator
ideals. Given a finite positive Borel measure p on D, the associated Toeplitz
operator is formally given by

T, f(z) = / FOK2©) du(e),  fe A2,
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where K¢ denotes the reproducing kernel of A2.
For a finite complex Borel measure u on D, one may instead define T},
through the corresponding sesquilinear form. More precisely, whenever

(f.9) / £(2)3() dulz)

is bounded on A2 x A2, it induces a unique bounded Toeplitz operator T}, on
A2 via

(Tt g) a2 = / £(2)9() du(2).

In the positive-measure case, boundedness and compactness of Toeplitz oper-
ators are closely related to Carleson and vanishing Carleson measure conditions.
More precisely, in many Bergman-type settings, T}, is bounded, respectively
compact, if and only if u is an A2-Carleson, respectively vanishing Carleson,
measure; see [3,4,11,18].

A finer problem is to determine when T}, belongs to a Schatten class. This
question measures not only compactness, but also the rate at which the sin-
gular values of T}, tend to zero. Schatten class criteria therefore give a more
quantitative form of compactness and are useful in trace ideal theory, spectral
estimates, and the study of compact perturbations of Toeplitz-type operators.

For standard weights w,(2) = (1 — |2|?)%, Schatten class properties of pos-
itive Toeplitz operators were characterized by Luecking [11] and Zhu [17] in
terms of localized averages, Berezin transforms, and lattice summability con-
ditions. Related results were obtained for exponential-type weights by Lin and
Rochberg [10], and for radial weights satisfying doubling-type assumptions by
Peldez and Réttyé [13]. Further related and recent work on Schatten class prob-
lems for Toeplitz and related operators has been carried out in several weighted
Bergman-type settings, including large weighted Bergman spaces, exponential
weighted Bergman spaces, Bergman—Besov Hilbert spaces, Bergman spaces in-
duced by regular weights, and Fock-type spaces; see, for example, [2,5,9,14-16].

The aim of the present paper is to extend this circle of ideas to weighted
Bergman spaces induced by almost standard radial weights. A fundamental
obstacle in passing from standard weights to more general radial weights is the
lack of explicit formulas for the reproducing kernels. Many classical proofs de-
pend on sharp kernel asymptotics, and these arguments do not transfer directly
to the almost standard setting. To overcome this difficulty, we use pseudohy-
perbolic geometry, localized kernel estimates, Carleson measure techniques, and
lattice decompositions adapted to almost standard weights.

Recall that an almost standard weight is a radial weight w satisfying w(0) =
1, such that w is non-increasing and w(r)/(1 — r2)? is non-decreasing for some
0 > 0. This class contains the standard decreasing weights and their logarith-
mic perturbations, while still allowing enough control over local averages and
reproducing kernels. Moreover, for such weights one has

HP? C AP C A%,
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which situates these spaces between Hardy spaces and the standard weighted
Bergman scale.

Our first main result gives a complete characterization of Schatten p—class
Toeplitz operators induced by positive Borel measures on A2, for 1 < p < oo.
The characterization is expressed in several equivalent forms: in terms of the
Berezin transform, integrability of localized averages with respect to the M&bius
invariant measure, and discrete summability over pseudohyperbolic lattices.
Thus the classical Schatten class criteria for standard weighted Bergman spaces
are recovered as a special case and extended to the almost standard setting.

We also consider Toeplitz operators induced by complex Borel measures. In
this case, cancellations caused by the phase of the measure prevent a direct
extension of the positive-measure characterization in terms of total variation.
Nevertheless, we obtain sufficient Schatten class criteria formulated through
discrete lattice averages of the total variation, together with corresponding
norm estimates. As an application, we derive Schatten class bounds for differ-
ences of Toeplitz operators induced by complex measures. These estimates are
useful for studying perturbations of Toeplitz operators and for understanding
how cancellation phenomena affect trace ideal membership.

2. Preliminaries

Let D,(z) denote the Euclidean disk of radius r centered at z, and write
D, = D,(0). The pseudohyperbolic distance on D is defined by

_ I R
p&.2) =lec)l = |72
where ¢¢ is the Mdbius automorphism of I interchanging 0 and £. For £ € D
and 0 < r < 1, the pseudohyperbolic disk of center £ and radius r is

E¢r)={z€eD:p,z2) <r}.
It is well known that E(£,r) is a Euclidean disk with center % and radius

% (see, e.g., [18, Chapter 2]).

For £,z € D and 0 < r < 1, the following identities will be used repeatedly:
(117 —1z%)

) 5726]])’

(1) 1—pe(2)|” = 12 ;
z _(—1gP)
(2) 1 —&pe(z) = R

Moreover, for each 0 < r < 1 there exists a constant C' = C(r) > 1 such that
CTHA- ) <1-P <CO-[gf), 2 BEn).

A sequence {z,} C D is called an r-lattice if there exists v’ € (0,r) such
that

(i) p(zn, 2m) = 7' for all n # m,
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(ii)) {z,} is maximal among r'—separated subsets of D.
For such a sequence, the disks {E(z,,7’)} cover D, and for each p € (1/,1)
the family {E(zn,p)} has finite overlap. In particular, every point z € D
belongs to at most N(p) of the sets E(z,,p), where N(p) depends only on p
(cf. [18, Lemma 4.7]).
Throughout the paper, § > 0 denotes the structural constant associated
with the almost standard weight w, and we use the abbreviations

Wi(2) = (1= [2[*)2w(z),  LUn) = LUD,p).
We use A < B to mean A < CB for some constant C' > 0, and A < B if both
A < B and B < A hold.
The following properties of almost standard weights will be used frequently
(see, e.g., [7,8,12]):

Lemma 2.1. Let w be an almost standard weight and let r € (0,1), z € D,
and B > 9. Then

w(z)
/|1 e 40 = [
w(z )for all € € E(z,1);

(111) ||K;)||Ag = oo (Z) for z € D.
Lemma 2.2. Let w be an almost standard weight and let 0 < q < co. Then
for each r € (0,1) there exists C = C(r,w) > 0 such that
C
FEI S s [ IHOIW© dA©).  zeD, feHD)
[w](2) E(z,r)

Proof. Suppose r € (0,1), z € D, and f € H(D). Using identities (1) and (2),
and a change of variables, we obtain

FEl < / 1 0 02O dAE)

00( ) q
< T L, fOr )

Since w is almost standard, Lemma 2.1(ii) yields a constant C; = Cy(r,w) > 1
such that w(z) < Crw(§) for all £ € E(z,r). Therefore

rar <R L rereae

O

A positive Borel measure p on D is said to be a Carleson measure for A if
the inclusion A% — L9(u) is bounded.
Fix r € (0,1). We write

flo,r(2) = TG
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Theorem 2.3. Suppose that w is an almost standard weight, r € (0,1), and
{zn} is an r-lattice. Let p be a positive Borel measure on D, and let 1 < g < 0.
Then p is a Carleson measure for A% if and only if

SUp Lo, r(2n) < 00.

neN
In this case,

sup 119, ) = SUP Flur () = SUP s (20).
171l .ag <1 z€D neN

Proof. Necessity. Assume that p is a Carleson measure for A%. For each z € D
define . s
£.(6) = ( IZ\_) 7

w(z)t/a(1 — z£)o+2/
where § > 0 is the structural constant associated with the almost standardness
of w. Then

=Py
101" = ST s

Applying Lemma 2.1(i) with 8 = ¢é > §, we obtain
1% = [ 15:0(©) da©) <1

uniformly in z € D.
For £ € E(z,r) we have |1—z£| < 1—|2|? and w(§) < w(z) by Lemma 2.1(ii).

Hence 1 1
|fz(§)|q = (1 —|2]2)2w(2) - [W](Z)

Therefore,

_ w(E(r)
flor () = PR < /E O () < 1F gy < ISy, S 1T

where I, : AL — L%(u) is the embedding operator. Taking the supremum over
z € D yields

3) Sup fie,r(2) S Ll < oo
z€D

Sufficiency. Conversely, assume that

M = sup fiy, ,(2n) < c0.
neN

There exists ro € (0,7) such that D = J,, E(zn,70) and the family {F(zy,7)}
has bounded overlap. Choose r1 > 0 so that, whenever z € E(z,,7¢), one has

E(Z,Tl) C E(ZT“’/‘).
By Lemma 2.2, for z € E(z,,79),

If(2)|* < £ (©)]%w(€) dA(E) S

[W]C;Z) /E'(z,rl)
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where we use [w](z) =< [W](zn) on E(z,,70). Integrating over E(z,,ro) with
respect to du and using FE(z,,r9) C E(z,, 1), we get

o < BB
é%mvwwm>s[wm

<M [F(©)]w(§) dA(E).

E(zn,r)

/ ()| %w(€) dA(E)
E(zn,r)

Summing over n and using bounded overlap, we obtain

flL, < /
M <3

Hence p is a Carleson measure for AJ, and

LWWﬁMZA} |Fl%wdA < M|

Zn,T0) (Znﬂ')

(4) [ ]l? < SUp Feo,r(2n)-
neN
Combining (3) and (4) yields the asserted equivalences. O

Remark 2.4. The standard weights provide a useful special case. Let
wa(2) = (1 —[2]%)%, a>0.
Then
[wa](2) = (1= [2)*+2.
Thus Theorem 2.3 recovers the classical Carleson measure characterization for

the standard weighted Bergman spaces A = AZ : a positive Borel measure
is a Carleson measure for A4 if and only if

E(z,,r
gup LB G )
neN (1 —[zn[?)*
This is the usual pseudohyperbolic lattice formulation of the Carleson measure
condition for standard weighted Bergman spaces; see, e.g., [18, Chapter 7].

Let T be a compact operator on a separable Hilbert space H. Then there
exist orthonormal sequences {e, } and {f,,} in H and a sequence of nonnegative
numbers {\,,} decreasing to 0, such that

Tx:Z)\n(x,en)fn, x € H.

n=1

The numbers \,, = A, (T) are called the singular values of T.. For 0 < p < oo,
the Schatten p—class S, (H) consists of all compact operators T' on H such that
{A\(T)} € ¢P. The singular values admit the characterization

M(T) = inf{||T — K|| : rank K < n}, n>1.



Schatten class Toeplitz operators on Bergman spaces... — JMMR Vol. 15, No. 2 (2026) 517

In particular, finite rank operators belong to S,(H) for every p > 0, and
membership in S,(H) measures the rate at which the singular values of T' tend
to zero. If 1 < p < o0, Sp(H) is a Banach space with norm

- 1/p
1T, = (Z An(T)p> .

For 0 < p < 1, Sp(H) is a quasi-Banach space satisfying
1T+ 515 < 1715 + 11515

We refer to [18] for further properties of Schatten class operators.

3. Schatten class Toeplitz operators on weighted Bergman
spaces

In this section we characterize Schatten class membership of Toeplitz oper-
ators T}, on A2 for almost standard weights w and 1 < p < oo. The criteria are
given in terms of the Berezin transform and localized averages of the inducing
measure. We also record consequences for complex measures and differences of
Toeplitz operators.

We denote by
K2 (€)
k2 (&) = —2>— D

the normalized reproducing kernel. The Berezin transform of u (with respect
to w) is defined by

i (2) = (T ) 4n, = / k()2 du(¢),  zeD.

Finally, we denote by
dA(z)
(1—12[?)?
the Mobius invariant area measure on D.
We begin with auxiliary lemmas needed for the main characterization.

d\(z) =

Lemma 3.1. There exists 1o € (0,1) such that for each zg € D and each
z € E(z0,70),

12152 = (ks ()],
with constants independent of 2.

Proof. Fix zy € D and consider the closed subspace

M., = {f € AL+ f(z0) = 0}.

Let Py, denote the orthogonal projection from A2 onto M., and let K.,
be the reproducing kernel of M, .
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Since M, has codimension one, we have

Pugf=f- D0 Ko el

1K 1% =

Applying this identity to K¢ yields

KZ(20)
KY = KY_
=0 R (%

w

Evaluating at z gives
|KY (202

1K e = K2, (2) + 25—
152 %2

Z,20

= K2, (2) + |k, (2)”.

Since K¢, (2) > 0, this immediately yields the upper estimate
kS, (2)7 < K25 -

To obtain the lower bound, it suffices to show that there exist rg,vy € (0,1)
such that

(5) 152 %2 < VI 132, 2 € E(zo,70)-
Let S, : M., — A2 be defined by
Suf() = 12
Z— 20

Fix r1 € (0,1) to be chosen later. By arguing as in [10, Lemma 3.6] and using
Lemma 2.1(iii), there exists C7; = C;(w) > 0 such that

[ aet@Pe@aa@ < alsa sl [ de.
E(z0,r1) E(z0,71)

Since A is Mobius invariant, A(E(z,7m1)) = AME(0,71)) < co. Choosing r
sufficiently small so that C' := C1A\(E(0,r1)) < 1, we obtain

(1= OISz fll%2 < / |20 (2)Pw(2) dA(2).
D\E(Z(],’r’l)
For z € D\ E(29,71), pseudohyperbolic geometry yields |z — 29| = 1 — |20/,
and hence 12
S, fl1%e < _ Al M,
H OfHAi ~ (1 — |ZO|2)2’ f € 07

with a constant independent of zj.
Let UZ denote the point evaluation on M, at z. For f € M., we have

f(2) = (2 = 20)(82, /) (2)-
Thus
UZZO = (Z — ZO)LzSzoa

where L, denotes the point evaluation on A%. Therefore
IUZ < 1z =zl 1 L= 155 -
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Since ||S,, || < (1 — |20/?)7! and 2z € E(29,70) implies
|2 — 20| Sro(1 = |20/?),
we may choose g > 0 sufficiently small so that
IUZ I < yIL:l® = 7 1K 132, 2 € E(z0,70),

for some ~ € (0, 1).
Since K7, is the reproducing kernel of M.,
1K, %, = 1IUZ 1%,
and hence (5) holds.
Finally, since
K;J,zo(z) S ||K:z0||?433
combining this with (5) and the identity ||[K¥|[%. = K, (2) + |k% (2)]* yields
A= IEL % < k5 ()7, 2 € E(z0,70)
U

We shall use the following local averaging estimate for positive measures.

Lemma 3.2. Suppose that 0 < r < 1 and that p is a positive Borel measure
on D. Then there exists a constant C = C(r,w) > 0 such that

¢
[w](z)

Proof. Fix 0 < r < 1 and put R = tanh™'r. Let d denote the hyperbolic
metric on D, so that

W(E(zr) < L()mmamw&mmo, 2€D.

d(a,b) = tanh™* p(a, b).

Suppose that ( € E(z,r), equivalently d(z,{) < R. Let n be the midpoint of
the hyperbolic geodesic segment joining z and (. Then

d(zm) = d(Cm) = 3d(z,0) < o
Set
s = tanh(R/2).
Then 0 < s < r. If w € E(n,s), then d(w,n) < R/2. Hence, by the triangle
inequality,
d(w,z) < R, d(w,¢) < R.
Equivalently,
E(n,s) C E(z,r)NE((,T).
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Now fix z € D. By Tonelli’s theorem,

/ (B (E, 1)) wl€) dA(E) = /
E(z,r)

E(z,r)

- / ( / XE«W)(s)w(s)dA(s)) ().
D E(z,r)

If ( € E(z,r), then the preceding inclusion gives a point n = n(z, () € E(z,r)
such that

( [ xXeen(©au0)) w6)dace)

E(n,s) C E(z,r) N E(C 7).
Consequently,
[ xmen@w©dae = [ w©dae)
E(z,r) E(n,s)

Applying Lemma 2.1(ii), we have w(§) < w(n) for & € E(n,s). Using the
standard area estimate A(E(n,s)) < (1—|n|?)? (with constants depending only
on r), we obtain

/E A dAE) () (= o' = el

Since n € E(z,7), Lemma 2.1(ii), together with the standard estimate 1—|n|? =<
1 — |z|? on pseudohyperbolic disks, gives

[w](n) = [w](2),

with constants depending only on r and w.
Therefore, there exists ¢ = ¢(r,w) > 0 such that for all ( € E(z,r),

/ X (€ w(€) dAE) > c[w](2).
E(z,r)

Returning to the preceding identity and restricting to ¢ € E(z,r) (since the
integrand is nonnegative), we obtain

/1;( )u(E(éyr))W(é) dA(§) > c[wl(z) n(E(z,7)).

Rearranging gives the desired estimate.

Example 3.3. In the unweighted case w = 1, we have

Wi(z) = (1—12*)>
Thus Lemma 3.2 becomes

u(E(z,r>>s(1_cl;2)2 /| _ pEEN)aAEQ),  eD.



Schatten class Toeplitz operators on Bergman spaces... — JMMR Vol. 15, No. 2 (2026) 521

This is the unit-disk analogue of Zhu’s averaging estimate for positive mea-
sures on the unit ball with respect to Lebesgue volume measure; see, e.g., [17,
Lemma 6].

We shall also use the trace formula for trace class operators.

Lemma 3.4. IfT € S1(A2), then
(1) = [ (T2 KE) g (2) dAG).
D

Proof. The proof is standard and follows by expanding tr(7T") with respect to
an orthonormal basis and using absolute convergence. See [18, Chapter 1]. [

We next note that the lattice summability condition is independent of the
choice of lattice radius.

Lemma 3.5. Let 0 < r,s <1 and 0 < p < co. Assume that w is an almost
standard weight and let p be a finite positive Borel measure on . If {z,} is
an s-lattice in D such that

o0
E Mw S Z’I’L O07

then for every r—lattice {gm} n ]D) one has

oo

> (o (&m))” < o

m=1
The implicit constants depend only on r, s, p, and w.

Proof. By the covering and finite overlap properties of pseudohyperbolic lat-
tices, there exists an integer M = M(r s) such that for each m,

£m7 UEan]

for suitable indices n(m,1),...,n(m, M) Hence

gmv <Z:u anj)» ))

Dividing by [w](&,,) and using local comparablhty of [w] for points lying in a
fixed pseudohyperbolic neighborhood, we obtain
M
ﬁw’r(fm) S Zﬁw,é’('zn(m,j))‘
Jj=1
Using the elementary inequality
P

M M
Db D bj 20,
j=1 j=1
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with constants depending only on M and p, we get
M

(o (Em))? D (Blars (Zn(umog)))” -
j=1

Summing over m gives

M
Z(,U/wr gm p ZZ Mws Zn(m,j) )p'

m m j=1

Since {z,} is an s-lattice and {&,,} is an r—lattice, there exists L = L(r, s)
such that each disk E(z,, s) intersects at most L disks E (&, r). Consequently,
each index n appears among the indices n(m, j) for at most L pairs (m, ), and

therefore
Z/’I/W'I’gm <Z Mwszn
m
O

The following lemma provides a discrete estimate for localized averages of
78

Lemma 3.6. Let w be an almost standard weight and let u be a positive Borel
measure on D. Fiz r € (0,1), let {z,} be an r—lattice, and let 1 < p < co. If
Hw,r € LP(D,dN), then

oo

S (o () < / (o (2))7 dA(2).

n=1

Proof. By Lemma 3.2, for some positive constant C,

C
pECr) £ s [ e e aae).

Using [w](&) =< [w](2n) on E(z,,r) (Lemma 2.1), we obtain

P (2n) = “(ﬂ()” </ e

Since p > 1 and A(E(zn, 7)) = A(E(0,7)) < 0o, Hélder’s inequality yields
ForG) S [ (@) drGE)

Summing over n and using the bounded overlap of {E(z,,r)} gives the result.
O

Theorem 3.7. Let w be an almost standard weight, v a finite positive Borel
measure on D, and let 1 <p < co. Fixzr € (0,1). For an r-lattice {z,} in D,
the following conditions are equivalent:

(i) T, € Sp(Ai);

(i) fi, € LP(D, dN);
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(iii) .aw,r S LP(D,d/\);
(iV) Z (ﬁw,r(zn))p < o0.

n=1

Moreover,

1/p
||Tﬂpx||ﬁw|mx||ﬁw,r||mx(Z i (20)) > .

Proof. Since T, is positive on A2, its singular values coincide with its eigen-
values, and in particular

1Tl = ZM )P = tr(T7).

We now proceed to prove the equivalences.

(i)=(ii). Assume T, € S,(A2). Then T? € S1(A2). By [1, page 1017], for
any positive operator S on a Hilbert space and p > 1,

(SPx,z) > (Sz,x)P, l|lz]| = 1.
Applying this to S =T, and = = k¢, we obtain

(TRkZ K2) > i (2)P, z € D.

Lemma 3.4 and Lemma 2.1(iii) yield

1T = (T?) 2 / i (2)P dA(2),

and hence i, € L?(D, d\) with
[ ey axe) S I,
(ii)=-(iii). Let r9 € (0,1) be as in Lemma 3.1. Then
@)= [ RO du(©) £ (o)
E(z,r0)

80 [y ry € LP(D, dN). Fix r € (0,1) and choose an ro-lattice {z,}. There exist
p = p(r,ro) € (rg,1) and an integer M = M (r,rq) such that, for every z € D,

U E(zpn,10), I(z):={n: z € E(zn,p)}.
nel(z)

For n € I(z) we have z € E(z,,p), hence [w](z) < [w](z,) by Lemma 2.1(ii).

Therefore
R Z,T)
,Uw,r(z) = ( < Z :Uw ro Zn
Cwl(z) et
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Since p > 1 and [I(z)| < M, it follows that

(Hw,r(2))" S Z (Fo,ro (20))" -
nel(z)
Integrating with respect to dA and changing the order of summation, we have

/D () D) S S s an)) /{ dA(2)

zzn€l(z)}
S AE(0,0) Y (o (20))" -
n=1
By Lemma 3.6 (applied with » = rg), the last sum is finite, and therefore
f.r € LP(D,dN).
(iii)=(iv). This follows from Lemma 3.6.
(iv)=(i). Let {z,} be an r-lattice in . Write
Ap, = P r(Zn), and N*:={n: a, > 0}.

Indices outside N* do not contribute. We treat the cases p = 1 and p > 1
separately.

Step 1: Boundedness of T),. Since (a,) € ¢*, the sequence (a,) is bounded.
Applying Theorem 2.3 with ¢ = 2, we obtain that y is an A2-Carleson measure.
Hence T}, is bounded, i.e., T), € Soo(A2).

Step 2: The case p = 1. Let {e,,} be an orthonormal basis of A2. Using
Lemma 2.1(iii), we obtain

S emeen) = |

m D

(Z |em<z>|2> e
JALSE
D

1
= /D W du(z).

On each E(zp,r), local comparability yields [w](z) =< [w](2n), and therefore

oo

L ey = S HEGaT) J$ s

Hence T), € S1(A2).
Step 3: The case 1 < p < 0o. For ¢ € C, define a (finite) complex measure

dve = Z aﬁcfl XE(zn,r) Apb-
neN*
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The sum is well-defined since each point belongs to at most IV of the sets
E(zn,7). For each n € N*, aP~1 is an entire function of ¢. Fix ¢ with
0 <RC<1and let

No:={neN":a, > 1}.
For n ¢ Ny, aP®¢~! < qa; ', and

S @M Bz ) < Y an p(E ()

n¢ No n¢No

= > [wl(zn)

n¢No

Z [E o w(z) dA(2)

n¢No
< /Dw(z) dA(z) < oo.

On the other hand, since Ny is finite, there exists C,, > 0 such that abP®e-1 < Cu
for all n € Ny, and hence

S @M (B (20, 1)) < Cp (D) < .

n€Ng

A

Combining these estimates, we conclude that
vel(D) < Y b u(E (2, 1)) < oo
neN*

Thus for every ¢ with 0 < R¢ < 1, v, is a finite complex Borel measure,
depending holomorphically on (.
Let ¢ = it. Then |a?~!| = a;!. For each k,

vel(B(ze,m) <> ap ' w(E(zn,m) = > [wl(zn),
nel(k) nel(k)

where I(k) = {n : E(zn,7) N E(z,7) # 0}. Lattice geometry and almost
standardness give
[Wl(zn) < Clwl(zk),  [(K)] <N,
hence -
lvel,, . (2) < CN.

By Theorem 2.3, |v¢| is an A2-Carleson measure, and hence the operator Ty,
defined by

(T, f.9) = / F©FE dve(€)

is bounded on A2, with

My := sup [|T, || < oo.
RC=0
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Let ¢ = 1 +it. Then |a~!| = aP~!. For each k,

Vel(B(zr,m) < Y ab pl(Blza,r)) = D ab[w](za)-

nel(k) nel(k)

Using the decomposition of tr(7}, cl) over the lattice and changing the order of
summation, one obtains

(Tlo) = [ IK2 g diel(2)
> [ IR dclie)
E

kEN* (25,7)

S D IKS IR D ahlwl(za)
keN* nel(k)

=Y adlz=) Y IKL .
neN* k:nel(k)

Since |I(k)| < N and E(zk,7) N E(zn,7) # 0 implies || K¢, ||A2 = ||KY HAZ , we
conclude )
152 e S IES 1% = -

k:nezl(k) nAL T W) (za)
Hence 7}, is a positive trace class and

HTch\Hl = tr( Tll’d Z ay, < oo.

nenN*

by standard properties of singular values,

=T ) < te(T) S S ab.
neN*

Since [T,,.| < T},

1T

Consequently,
My := sup [T, |1 S E ab.
R¢=1 -

For fixed f,g € A2, the function ¢ — (T, f,g)42 is analytic on the open
strip and continuous on its closure. By complex interpolation theorem [18,
Theorem 2.6],

T,

Yi/p

€ Sp(A2)
and

1T,

1
olE S MPTIMy S b,
n
Note that aﬁ(l/p)A = a% =1, hence

dVl/p = Z XE(zn,r) dﬂ'
neN*
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Since { E(z,,r)} covers D, we have ) X gz, > 1 on D, and since the overlap
is bounded by N, we have ) Xg(.,,) < N on D. Therefore

dp < dviy, < Ndy,
and consequently, for f € A2,

(Tuf, ) < Ty, 1, F) < N(Tuf, f)-

That is,

TugTu SNT;U

1/p

as positive operators. We conclude that T}, € S,(A2) and

Il = 1T, 115 < ab.
n

Example 3.8. Let
wa(2) =1 =]z ax0,
and let
dpg(z) = (1= |2)7dA(z), B> -1
For each fized r € (0,1), the standard estimates for pseudohyperbolic disks give
pp(B(z,r)) = (1—|2*)7*2,

while
[wal(2) = (1 — |2*)*2,
Hence (1)
) z — BeEAET)) = (1 -z,
i (2) = PR < (L= )

Therefore, by Theorem 3.7,
T, € Sp(A2) <= I3, , € LP(D,dN).
Since d\(z) = dA(2)/(1 — |2]?)?, this is equivalent to

/ (1= |2)70=) d(z) < oo,
D

which holds if and only if
p(ﬂ - Oé) > 17
or, equivalently,
1
B>a+ —.
p
Thus, for the standard weights, Theorem 3.7 recovers the classical Schatten

class threshold for positive Toeplitz operators:

1
T,, € Sp(A2) ﬁ>a+5.
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This agrees with the known characterizations of Luecking and Zhu for standard
weighted Bergman spaces; see, e.g., [11,17].

We next extend the Schatten class inclusion obtained for positive measures
to Toeplitz operators induced by complex measures, obtaining a sufficient con-
dition in terms of the total variation. For a finite complex Borel measure p on
D, we write |u| for its total variation measure and define

= EE)
‘/JLMT(Z) - [w](z) ’ eD.

Theorem 3.9. Let w be an almost standard weight on D, 1 < p < oo, and
0 <r <1 Letuy bea finite complex Borel measure on D, and {z,} be an

r—lattice in D. If
—~ P
> (Il (20)) < o0,

n

then T,, € S,(A2) and

(6) 1T <3 (Il (2n)”

n

Proof. Write dyy = o d|u| with |o] = 1, |u|-a.e. Then the associated Toeplitz
operator admits the factorization

Ty = Ijy Mo 1y,
where I}, : A2 — L?(|p|) is the canonical embedding and M, is unitary on

L*(|u]). Moreover, T, = I7,I),. By Theorem 3.7 applied to the positive
measure |u|, the assumption

> (g, (20))? < 0

n

implies that T}, € S,(A2) and

112 = > (el (z0)P-

n

[l

Consequently I),,| € S2p, and by the ideal property of Schatten classes,
T € Sp(AL) and || Tully S 1ITjpu s,

which yields (6). O
Example 3.10. Let v be a finite positive Borel measure on D, and suppose
that

Z (Vi ,r(20))" < 0.
Let

dp = e dv
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for some constant 6 € R. Then |u| = v, and Theorem 3.9 implies that
Ty € Sp(A7)

with
ITE S S Pl (20))”
n
Moreover, since T, = €T, the operators T, and T, have the same singular
values. Therefore, Theorem 3.7, applied to the positive measure v = ||, shows
that in this constant-argument case the sufficient condition in Theorem 3.9 is
also necessary. Namely,

T, 8(42) = Y (Julu, () <o,

and the corresponding two-sided norm estimates hold.

Remark 3.11. The sufficient condition in Theorem 3.9 is not necessary for
general complex measures. Fix 0 < r < 1, and let {z,} be an r—lattice in D.
If ' € (0,r) is the separation constant in the definition of the lattice, then the
disks E(zn,r’'/2) are pairwise disjoint. Hence, by the local comparability of
almost standard weights,

;wws;é

Moreover, since Ts5, = K¥ ® K¢ and K — K% in A2 as b — a, we have
T5, — Ts, in the trace norm.
For each n, choose (,, € E(z,,r'/4) such that

w@MM@S/@@MMO<m-

(2n,7'/2) D

and
T - T || < L
Mo, = Tl < 3y
Then
W]zl Ts., — Ts,,, llsy <27
Define

p=> [w(z)(0:, = dc,)-
n
The measure p is finite, and since the atoms are pairwise distinct,

| = Z[M}(zn)(dzn +6¢.)-

n

Since (, € E(zn, ' /4), the atoms of |u| remain uniformly attached to the lattice
{zn}. Thus the finite overlap property and the local comparability of [w] imply

lul(E (2, 7)) < Clw](2k), k> 1.
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Equivalently,

sup |l (zr) < o0
k>1

By Theorem 2.3 with ¢ = 2, |u| is an A2—Carleson measure, and hence the
Toeplitz form induced by p is bounded.
On the other hand,

T = (=) (T, — Ts,,)

converges in Sy. Therefore T}, € S,(A2) for every 1 < p < co. However,

_ (B2, 7))

|p’|w,r(zn) - [W](Z»,J 2 1

for every n, and consequently

S (It (20)” = o0

n

Thus T}, € Sp(A2), whereas the discrete condition in Theorem 3.9 fails for |y|.
This shows that the condition in Theorem 3.9 is sufficient, but not necessary
in general.

Theorem 3.12. Let w be an almost standard weight on D, 1 < p < oo, and
0<r<1. Let p and v be finite complex Borel measures on D, and {z,} be an
r—lattice in D. If

(7) S (1=l (zn) < o0,

n

then T, — T, € Sp(A2%) and
— P
17, = Tl S (I = vl (z))

Proof. Set A = p—v. Then T, — T, = T). Assumption (7) and Theorem 3.7
applied to the positive measure |\| = |u — v| yield T} € S, and

1Tl = 37 (W )"

n

Applying Theorem 3.9 to A gives T) € S, and
T = TolI5 = IT5 < 1T 115,

which implies the desired estimate. O

Example 3.13. Let
wa(2) = (1~ [z[)*, a>0,

and let
dng(z) = (1= |2)7 dA(z), B> L
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Let o be a finite complexr measure for which T, is bounded, and set
dp = do + € dng, dv = do,
where 6 € R is fired. Then
p-v=¢%n5 and  |u—v| =1
As in the Example 3.8, for each fized r € (0,1),

Moo, (7)< (L= |27
Therefore condition (7) holds if and only if

1
B>a+ —.
p
In this case Theorem 3.12 gives
TM -1, = eingﬁ € SP(AEJQ)

Thus, for standard weights, the theorem recovers the classical Schatten class
threshold for differences whose inducing measure has constant argument:

1
T, —T, € Sp(Al ) ﬂ>a+5.

Remark 3.14. The condition in Theorem 3.12 is a sufficient condition expressed
in terms of the total variation of the difference measure u — v. If g — v has
constant argument, say d(u — v) = ¢ dr with 7 > 0, then

T, T, =e"T,.
Hence Theorem 3.7 applied to the positive measure 7 shows that, in this
constant-argument case, condition (7) is also necessary and the correspond-
ing two-sided norm estimates hold. For general complex difference measures,

however, cancellations in the phase of y — v are not detected by |u — v|, so it
is stated as a sufficient criterion.

We conclude by mentioning some possible directions for further study. It would
be natural to investigate whether the Schatten class characterizations obtained
here remain valid for broader classes of radial weights, or even for suitable non-
radial weights. Another challenging problem is to study the quasi-Banach range
0 < p < 1, for which the methods used in the present paper do not apply di-
rectly. One may also ask whether analogous results hold for weighted Bergman
spaces over higher dimensional domains, such as the unit ball. Finally, the
case of complex measures deserves further attention: while the present paper
provides sufficient conditions in terms of total variation, sharper necessary and
sufficient criteria would require a more precise understanding of the cancellation
phenomena caused by the phase of the measure.
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