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Abstract. We study Schatten class Toeplitz operators on weighted Berg-

man spaces induced by almost standard radial weights on the unit disk.

We obtain a complete characterization of such operators generated by pos-
itive Borel measures. The characterization is given in terms of the Berezin

transform, integrability of localized averages with respect to the Möbius

invariant measure, and discrete summability over pseudohyperbolic lat-
tices.For Toeplitz operators generated by complex Borel measures, we

establish sufficient conditions for Schatten class membership in terms of
discrete lattice averages of the total variation, together with correspond-

ing norm estimates. As an application, we derive Schatten class bounds

for differences of such operators.
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1. Introduction

Let ω : [0, 1) → R be a positive, integrable function, extended radially to
the unit disk D by ω(z) = ω(|z|). The weighted Bergman space A2

ω consists of
analytic functions f on D satisfying

‖f‖2A2
ω

=

∫
D
|f(z)|2ω(z) dA(z) <∞,

where dA denotes the normalized area measure. Under the assumptions consid-
ered in this paper, A2

ω is a closed subspace of L2(D, ω dA) and hence a Hilbert
space; see, for example, [6, 18].

Toeplitz operators on Bergman spaces form one of the central classes of
operators in function-theoretic operator theory. They provide a link between
analytic function spaces, measure-theoretic embedding problems, and operator
ideals. Given a finite positive Borel measure µ on D, the associated Toeplitz
operator is formally given by

Tµf(z) =

∫
D
f(ξ)Kω

z (ξ) dµ(ξ), f ∈ A2
ω,
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where Kω
z denotes the reproducing kernel of A2

ω.
For a finite complex Borel measure µ on D, one may instead define Tµ

through the corresponding sesquilinear form. More precisely, whenever

(f, g) 7→
∫
D
f(z)g(z) dµ(z)

is bounded on A2
ω ×A2

ω, it induces a unique bounded Toeplitz operator Tµ on
A2
ω via

〈Tµf, g〉A2
ω

=

∫
D
f(z)g(z) dµ(z).

In the positive-measure case, boundedness and compactness of Toeplitz oper-
ators are closely related to Carleson and vanishing Carleson measure conditions.
More precisely, in many Bergman-type settings, Tµ is bounded, respectively
compact, if and only if µ is an A2

ω–Carleson, respectively vanishing Carleson,
measure; see [3, 4, 11,18].

A finer problem is to determine when Tµ belongs to a Schatten class. This
question measures not only compactness, but also the rate at which the sin-
gular values of Tµ tend to zero. Schatten class criteria therefore give a more
quantitative form of compactness and are useful in trace ideal theory, spectral
estimates, and the study of compact perturbations of Toeplitz-type operators.

For standard weights ωα(z) = (1 − |z|2)α, Schatten class properties of pos-
itive Toeplitz operators were characterized by Luecking [11] and Zhu [17] in
terms of localized averages, Berezin transforms, and lattice summability con-
ditions. Related results were obtained for exponential-type weights by Lin and
Rochberg [10], and for radial weights satisfying doubling-type assumptions by
Peláez and Rättyä [13]. Further related and recent work on Schatten class prob-
lems for Toeplitz and related operators has been carried out in several weighted
Bergman-type settings, including large weighted Bergman spaces, exponential
weighted Bergman spaces, Bergman–Besov Hilbert spaces, Bergman spaces in-
duced by regular weights, and Fock-type spaces; see, for example, [2,5,9,14–16].

The aim of the present paper is to extend this circle of ideas to weighted
Bergman spaces induced by almost standard radial weights. A fundamental
obstacle in passing from standard weights to more general radial weights is the
lack of explicit formulas for the reproducing kernels. Many classical proofs de-
pend on sharp kernel asymptotics, and these arguments do not transfer directly
to the almost standard setting. To overcome this difficulty, we use pseudohy-
perbolic geometry, localized kernel estimates, Carleson measure techniques, and
lattice decompositions adapted to almost standard weights.

Recall that an almost standard weight is a radial weight ω satisfying ω(0) =
1, such that ω is non-increasing and ω(r)/(1− r2)δ is non-decreasing for some
δ > 0. This class contains the standard decreasing weights and their logarith-
mic perturbations, while still allowing enough control over local averages and
reproducing kernels. Moreover, for such weights one has

Hp ⊂ Apω ⊂ A
p
δ ,
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which situates these spaces between Hardy spaces and the standard weighted
Bergman scale.

Our first main result gives a complete characterization of Schatten p–class
Toeplitz operators induced by positive Borel measures on A2

ω, for 1 ≤ p < ∞.
The characterization is expressed in several equivalent forms: in terms of the
Berezin transform, integrability of localized averages with respect to the Möbius
invariant measure, and discrete summability over pseudohyperbolic lattices.
Thus the classical Schatten class criteria for standard weighted Bergman spaces
are recovered as a special case and extended to the almost standard setting.

We also consider Toeplitz operators induced by complex Borel measures. In
this case, cancellations caused by the phase of the measure prevent a direct
extension of the positive-measure characterization in terms of total variation.
Nevertheless, we obtain sufficient Schatten class criteria formulated through
discrete lattice averages of the total variation, together with corresponding
norm estimates. As an application, we derive Schatten class bounds for differ-
ences of Toeplitz operators induced by complex measures. These estimates are
useful for studying perturbations of Toeplitz operators and for understanding
how cancellation phenomena affect trace ideal membership.

2. Preliminaries

Let Dr(z) denote the Euclidean disk of radius r centered at z, and write
Dr = Dr(0). The pseudohyperbolic distance on D is defined by

ρ(ξ, z) = |ϕξ(z)| =
∣∣∣∣ ξ − z1− ξ̄z

∣∣∣∣ , ξ, z ∈ D,

where ϕξ is the Möbius automorphism of D interchanging 0 and ξ. For ξ ∈ D
and 0 < r < 1, the pseudohyperbolic disk of center ξ and radius r is

E(ξ, r) = {z ∈ D : ρ(ξ, z) < r}.

It is well known that E(ξ, r) is a Euclidean disk with center (1−r2)ξ
1−r2|ξ|2 and radius

(1−|ξ|2)r
1−r2|ξ|2 (see, e.g., [18, Chapter 2]).

For ξ, z ∈ D and 0 < r < 1, the following identities will be used repeatedly:

1− |ϕξ(z)|2 =
(1− |ξ|2)(1− |z|2)

|1− ξz|2
;(1)

1− ξϕξ(z) =
(1− |ξ|2)

1− ξz
.(2)

Moreover, for each 0 < r < 1 there exists a constant C = C(r) > 1 such that

C−1(1− |ξ|2) ≤ 1− |z|2 ≤ C(1− |ξ|2), z ∈ E(ξ, r).

A sequence {zn} ⊂ D is called an r–lattice if there exists r′ ∈ (0, r) such
that

(i) ρ(zn, zm) ≥ r′ for all n 6= m,
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(ii) {zn} is maximal among r′–separated subsets of D.

For such a sequence, the disks {E(zn, r
′)} cover D, and for each ρ ∈ (r′, 1)

the family {E(zn, ρ)} has finite overlap. In particular, every point z ∈ D
belongs to at most N(ρ) of the sets E(zn, ρ), where N(ρ) depends only on ρ
(cf. [18, Lemma 4.7]).

Throughout the paper, δ > 0 denotes the structural constant associated
with the almost standard weight ω, and we use the abbreviations

[ω](z) = (1− |z|2)2ω(z), Lq(µ) = Lq(D, µ).

We use A . B to mean A ≤ CB for some constant C > 0, and A � B if both
A . B and B . A hold.

The following properties of almost standard weights will be used frequently
(see, e.g., [7, 8, 12]):

Lemma 2.1. Let ω be an almost standard weight and let r ∈ (0, 1), z ∈ D,
and β > δ. Then

(i)

∫
D

ω(ξ)

|1− zξ|β+2
dA(ξ) � ω(z)

(1− |z|2)β
;

(ii) ω(ξ) � ω(z) for all ξ ∈ E(z, r);
(iii) ‖Kω

z ‖2A2
ω
� 1

[ω](z) for z ∈ D.

Lemma 2.2. Let ω be an almost standard weight and let 0 < q < ∞. Then
for each r ∈ (0, 1) there exists C = C(r, ω) > 0 such that

|f(z)|q ≤ C

[ω](z)

∫
E(z,r)

|f(ξ)|qω(ξ) dA(ξ), z ∈ D, f ∈ H(D).

Proof. Suppose r ∈ (0, 1), z ∈ D, and f ∈ H(D). Using identities (1) and (2),
and a change of variables, we obtain

|f(z)|q ≤ 1

πr2

∫
Dr

|f ◦ ϕz(ξ)|q dA(ξ)

≤ C0(r)

(1− |z|2)2

∫
E(z,r)

|f(ξ)|q dA(ξ).

Since ω is almost standard, Lemma 2.1(ii) yields a constant C1 = C1(r, ω) ≥ 1
such that ω(z) ≤ C1 ω(ξ) for all ξ ∈ E(z, r). Therefore

|f(z)|q ≤C(r, ω)

[ω](z)

∫
E(z,r)

|f(ξ)|qω(ξ) dA(ξ).

�

A positive Borel measure µ on D is said to be a Carleson measure for Aqω if
the inclusion Aqω ↪→ Lq(µ) is bounded.

Fix r ∈ (0, 1). We write

µ̂ω,r(z) =
µ(E(z, r))

[ω](z)
, z ∈ D.
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Theorem 2.3. Suppose that ω is an almost standard weight, r ∈ (0, 1), and
{zn} is an r-lattice. Let µ be a positive Borel measure on D, and let 1 < q <∞.
Then µ is a Carleson measure for Aqω if and only if

sup
n∈N

µ̂ω,r(zn) <∞.

In this case,

sup
‖f‖Aqω≤1

‖f‖qLq(µ) � sup
z∈D

µ̂ω,r(z) � sup
n∈N

µ̂ω,r(zn).

Proof. Necessity. Assume that µ is a Carleson measure for Aqω. For each z ∈ D
define

fz(ξ) =
(1− |z|2)δ

ω(z)1/q(1− z̄ξ)δ+2/q
,

where δ > 0 is the structural constant associated with the almost standardness
of ω. Then

|fz(ξ)|q =
(1− |z|2)qδ

ω(z) |1− z̄ξ|qδ+2
.

Applying Lemma 2.1(i) with β = qδ > δ, we obtain

‖fz‖qAqω =

∫
D
|fz(ξ)|qω(ξ) dA(ξ) � 1,

uniformly in z ∈ D.
For ξ ∈ E(z, r) we have |1− z̄ξ| � 1−|z|2 and ω(ξ) � ω(z) by Lemma 2.1(ii).

Hence

|fz(ξ)|q �
1

(1− |z|2)2ω(z)
=

1

[ω](z)
.

Therefore,

µ̂ω,r(z) =
µ(E(z, r))

[ω](z)
�
∫
E(z,r)

|fz(ξ)|q dµ(ξ) ≤ ‖fz‖qLq(µ) ≤ ‖Iµ‖
q‖fz‖qAqω . ‖Iµ‖

q,

where Iµ : Aqω → Lq(µ) is the embedding operator. Taking the supremum over
z ∈ D yields

(3) sup
z∈D

µ̂ω,r(z) . ‖Iµ‖q <∞.

Sufficiency. Conversely, assume that

M := sup
n∈N

µ̂ω,r(zn) <∞.

There exists r0 ∈ (0, r) such that D =
⋃
nE(zn, r0) and the family {E(zn, r)}

has bounded overlap. Choose r1 > 0 so that, whenever z ∈ E(zn, r0), one has

E(z, r1) ⊂ E(zn, r).

By Lemma 2.2, for z ∈ E(zn, r0),

|f(z)|q ≤ C

[ω](z)

∫
E(z,r1)

|f(ξ)|qω(ξ) dA(ξ) .
1

[ω](zn)

∫
E(zn,r)

|f(ξ)|qω(ξ) dA(ξ),
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where we use [ω](z) � [ω](zn) on E(zn, r0). Integrating over E(zn, r0) with
respect to dµ and using E(zn, r0) ⊂ E(zn, r), we get∫

E(zn,r0)

|f(z)|q dµ(z) .
µ(E(zn, r0))

[ω](zn)

∫
E(zn,r)

|f(ξ)|qω(ξ) dA(ξ)

≤M
∫
E(zn,r)

|f(ξ)|qω(ξ) dA(ξ).

Summing over n and using bounded overlap, we obtain

‖f‖qLq(µ) ≤
∑
n

∫
E(zn,r0)

|f |q dµ .M
∑
n

∫
E(zn,r)

|f |qω dA .M‖f‖q
Aqω
.

Hence µ is a Carleson measure for Aqω, and

(4) ‖Iµ‖q . sup
n∈N

µ̂ω,r(zn).

Combining (3) and (4) yields the asserted equivalences. �

Remark 2.4. The standard weights provide a useful special case. Let

ωα(z) = (1− |z|2)α, α ≥ 0.

Then

[ωα](z) = (1− |z|2)α+2.

Thus Theorem 2.3 recovers the classical Carleson measure characterization for
the standard weighted Bergman spaces Aqα = Aqωα : a positive Borel measure µ
is a Carleson measure for Aqα if and only if

sup
n∈N

µ(E(zn, r))

(1− |zn|2)α+2
<∞.

This is the usual pseudohyperbolic lattice formulation of the Carleson measure
condition for standard weighted Bergman spaces; see, e.g., [18, Chapter 7].

Let T be a compact operator on a separable Hilbert space H. Then there
exist orthonormal sequences {en} and {fn} in H and a sequence of nonnegative
numbers {λn} decreasing to 0, such that

Tx =

∞∑
n=1

λn〈x, en〉fn, x ∈ H.

The numbers λn = λn(T ) are called the singular values of T . For 0 < p < ∞,
the Schatten p–class Sp(H) consists of all compact operators T on H such that
{λn(T )} ∈ `p. The singular values admit the characterization

λn(T ) = inf{‖T −K‖ : rankK < n}, n ≥ 1.
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In particular, finite rank operators belong to Sp(H) for every p > 0, and
membership in Sp(H) measures the rate at which the singular values of T tend
to zero. If 1 ≤ p <∞, Sp(H) is a Banach space with norm

‖T‖p =

( ∞∑
n=1

λn(T )p

)1/p

.

For 0 < p < 1, Sp(H) is a quasi-Banach space satisfying

‖T + S‖pp ≤ ‖T‖pp + ‖S‖pp.

We refer to [18] for further properties of Schatten class operators.

3. Schatten class Toeplitz operators on weighted Bergman
spaces

In this section we characterize Schatten class membership of Toeplitz oper-
ators Tµ on A2

ω for almost standard weights ω and 1 ≤ p <∞. The criteria are
given in terms of the Berezin transform and localized averages of the inducing
measure. We also record consequences for complex measures and differences of
Toeplitz operators.

We denote by

kωz (ξ) =
Kω
z (ξ)

‖Kω
z ‖A2

ω

, z, ξ ∈ D,

the normalized reproducing kernel. The Berezin transform of µ (with respect
to ω) is defined by

µ̃ω(z) = 〈Tµkωz , kωz 〉A2
ω

=

∫
D
|kωz (ξ)|2 dµ(ξ), z ∈ D.

Finally, we denote by

dλ(z) =
dA(z)

(1− |z|2)2

the Möbius invariant area measure on D.
We begin with auxiliary lemmas needed for the main characterization.

Lemma 3.1. There exists r0 ∈ (0, 1) such that for each z0 ∈ D and each
z ∈ E(z0, r0),

‖Kω
z ‖2A2

ω
� |kωz0(z)|2,

with constants independent of z0.

Proof. Fix z0 ∈ D and consider the closed subspace

Mz0 := {f ∈ A2
ω : f(z0) = 0}.

Let PMz0
denote the orthogonal projection from A2

ω onto Mz0 , and let Kω
z,z0

be the reproducing kernel of Mz0 .
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Since Mz0 has codimension one, we have

PMz0
f = f − f(z0)

‖Kω
z0‖

2
A2
ω

Kω
z0 , f ∈ A2

ω.

Applying this identity to Kω
z yields

Kω
z,z0 = Kω

z −
Kω
z (z0)

‖Kω
z0‖

2
A2
ω

Kω
z0 .

Evaluating at z gives

‖Kω
z ‖2A2

ω
= Kω

z,z0(z) +
|Kω

z (z0)|2

‖Kω
z0‖

2
A2
ω

= Kω
z,z0(z) + |kωz0(z)|2.

Since Kω
z,z0(z) ≥ 0, this immediately yields the upper estimate

|kωz0(z)|2 ≤ ‖Kω
z ‖2A2

ω
.

To obtain the lower bound, it suffices to show that there exist r0, γ ∈ (0, 1)
such that

(5) ‖Kω
z,z0‖

2
A2
ω
≤ γ ‖Kω

z ‖2A2
ω
, z ∈ E(z0, r0).

Let Sz0 : Mz0 → A2
ω be defined by

Sz0f(z) =
f(z)

z − z0
.

Fix r1 ∈ (0, 1) to be chosen later. By arguing as in [10, Lemma 3.6] and using
Lemma 2.1(iii), there exists C1 = C1(ω) > 0 such that∫

E(z0,r1)

|Sz0f(z)|2ω(z) dA(z) ≤ C1‖Sz0f‖2A2
ω

∫
E(z0,r1)

dλ(z).

Since λ is Möbius invariant, λ(E(z0, r1)) = λ(E(0, r1)) < ∞. Choosing r1
sufficiently small so that C := C1λ(E(0, r1)) < 1, we obtain

(1− C)‖Sz0f‖2A2
ω
≤
∫
D\E(z0,r1)

|Sz0f(z)|2ω(z) dA(z).

For z ∈ D \E(z0, r1), pseudohyperbolic geometry yields |z − z0| & 1− |z0|2,
and hence

‖Sz0f‖2A2
ω
.

‖f‖2A2
ω

(1− |z0|2)2
, f ∈Mz0 ,

with a constant independent of z0.
Let Uzz0 denote the point evaluation on Mz0 at z. For f ∈Mz0 , we have

f(z) = (z − z0)(Sz0f)(z).

Thus
Uzz0 = (z − z0)LzSz0 ,

where Lz denotes the point evaluation on A2
ω. Therefore

‖Uzz0‖ ≤ |z − z0| ‖Lz‖ ‖Sz0‖.



Schatten class Toeplitz operators on Bergman spaces... – JMMR Vol. 15, No. 2 (2026) 519

Since ‖Sz0‖ . (1− |z0|2)−1 and z ∈ E(z0, r0) implies

|z − z0| . r0(1− |z0|2),

we may choose r0 > 0 sufficiently small so that

‖Uzz0‖
2 ≤ γ ‖Lz‖2 = γ ‖Kω

z ‖2A2
ω
, z ∈ E(z0, r0),

for some γ ∈ (0, 1).
Since Kω

z,z0 is the reproducing kernel of Mz0 ,

‖Kω
z,z0‖

2
A2
ω

= ‖Uzz0‖
2,

and hence (5) holds.
Finally, since

Kω
z,z0(z) ≤ ‖Kω

z,z0‖
2
A2
ω
,

combining this with (5) and the identity ‖Kω
z ‖2A2

ω
= Kω

z,z0(z) + |kωz0(z)|2 yields

(1− γ)‖Kω
z ‖2A2

ω
≤ |kωz0(z)|2, z ∈ E(z0, r0).

�

We shall use the following local averaging estimate for positive measures.

Lemma 3.2. Suppose that 0 < r < 1 and that µ is a positive Borel measure
on D. Then there exists a constant C = C(r, ω) > 0 such that

µ(E(z, r)) ≤ C

[ω](z)

∫
E(z,r)

µ(E(ξ, r))ω(ξ) dA(ξ), z ∈ D.

Proof. Fix 0 < r < 1 and put R = tanh−1 r. Let d denote the hyperbolic
metric on D, so that

d(a, b) = tanh−1 ρ(a, b).

Suppose that ζ ∈ E(z, r), equivalently d(z, ζ) < R. Let η be the midpoint of
the hyperbolic geodesic segment joining z and ζ. Then

d(z, η) = d(ζ, η) =
1

2
d(z, ζ) <

R

2
.

Set

s = tanh(R/2).

Then 0 < s < r. If w ∈ E(η, s), then d(w, η) < R/2. Hence, by the triangle
inequality,

d(w, z) < R, d(w, ζ) < R.

Equivalently,

E(η, s) ⊂ E(z, r) ∩ E(ζ, r).
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Now fix z ∈ D. By Tonelli’s theorem,∫
E(z,r)

µ(E(ξ, r))ω(ξ) dA(ξ) =

∫
E(z,r)

(∫
D
χE(ξ,r)(ζ) dµ(ζ)

)
ω(ξ) dA(ξ)

=

∫
D

(∫
E(z,r)

χE(ζ,r)(ξ)ω(ξ) dA(ξ)

)
dµ(ζ).

If ζ ∈ E(z, r), then the preceding inclusion gives a point η = η(z, ζ) ∈ E(z, r)
such that

E(η, s) ⊂ E(z, r) ∩ E(ζ, r).

Consequently, ∫
E(z,r)

χE(ζ,r)(ξ)ω(ξ) dA(ξ) ≥
∫
E(η,s)

ω(ξ) dA(ξ).

Applying Lemma 2.1(ii), we have ω(ξ) � ω(η) for ξ ∈ E(η, s). Using the
standard area estimate A(E(η, s)) � (1−|η|2)2 (with constants depending only
on r), we obtain∫

E(η,s)

ω(ξ) dA(ξ) � ω(η) (1− |η|2)2 = [ω](η).

Since η ∈ E(z, r), Lemma 2.1(ii), together with the standard estimate 1−|η|2 �
1− |z|2 on pseudohyperbolic disks, gives

[ω](η) � [ω](z),

with constants depending only on r and ω.
Therefore, there exists c = c(r, ω) > 0 such that for all ζ ∈ E(z, r),∫

E(z,r)

χE(ζ,r)(ξ)ω(ξ) dA(ξ) ≥ c [ω](z).

Returning to the preceding identity and restricting to ζ ∈ E(z, r) (since the
integrand is nonnegative), we obtain∫

E(z,r)

µ(E(ξ, r))ω(ξ) dA(ξ) ≥ c [ω](z)µ(E(z, r)).

Rearranging gives the desired estimate.
�

Example 3.3. In the unweighted case ω ≡ 1, we have

[ω](z) = (1− |z|2)2.

Thus Lemma 3.2 becomes

µ(E(z, r)) ≤ C

(1− |z|2)2

∫
E(z,r)

µ(E(ξ, r)) dA(ξ), z ∈ D.
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This is the unit-disk analogue of Zhu’s averaging estimate for positive mea-
sures on the unit ball with respect to Lebesgue volume measure; see, e.g., [17,
Lemma 6].

We shall also use the trace formula for trace class operators.

Lemma 3.4. If T ∈ S1(A2
ω), then

tr(T ) =

∫
D
〈TKω

z ,K
ω
z 〉A2

ω
ω(z) dA(z).

Proof. The proof is standard and follows by expanding tr(T ) with respect to
an orthonormal basis and using absolute convergence. See [18, Chapter 1]. �

We next note that the lattice summability condition is independent of the
choice of lattice radius.

Lemma 3.5. Let 0 < r, s < 1 and 0 < p < ∞. Assume that ω is an almost
standard weight and let µ be a finite positive Borel measure on D. If {zn} is
an s–lattice in D such that

∞∑
n=1

(
µ̂ω,s(zn)

)p
<∞,

then for every r–lattice {ξm} in D one has
∞∑
m=1

(
µ̂ω,r(ξm)

)p
<∞.

The implicit constants depend only on r, s, p, and ω.

Proof. By the covering and finite overlap properties of pseudohyperbolic lat-
tices, there exists an integer M = M(r, s) such that for each m,

E(ξm, r) ⊂
M⋃
j=1

E(zn(m,j), s)

for suitable indices n(m, 1), . . . , n(m,M). Hence

µ(E(ξm, r)) ≤
M∑
j=1

µ(E(zn(m,j), s)).

Dividing by [ω](ξm) and using local comparability of [ω] for points lying in a
fixed pseudohyperbolic neighborhood, we obtain

µ̂ω,r(ξm) .
M∑
j=1

µ̂ω,s(zn(m,j)).

Using the elementary inequality M∑
j=1

bj

p

.
M∑
j=1

bpj , bj ≥ 0,
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with constants depending only on M and p, we get

(µ̂ω,r(ξm))
p .

M∑
j=1

(
µ̂ω,s(zn(m,j))

)p
.

Summing over m gives∑
m

(µ̂ω,r(ξm))
p .

∑
m

M∑
j=1

(
µ̂ω,s(zn(m,j))

)p
.

Since {zn} is an s–lattice and {ξm} is an r–lattice, there exists L = L(r, s)
such that each disk E(zn, s) intersects at most L disks E(ξm, r). Consequently,
each index n appears among the indices n(m, j) for at most L pairs (m, j), and
therefore ∑

m

(µ̂ω,r(ξm))
p .

∑
n

(µ̂ω,s(zn))
p
<∞.

�

The following lemma provides a discrete estimate for localized averages of
µ.

Lemma 3.6. Let ω be an almost standard weight and let µ be a positive Borel
measure on D. Fix r ∈ (0, 1), let {zn} be an r–lattice, and let 1 ≤ p < ∞. If
µ̂ω,r ∈ Lp(D, dλ), then

∞∑
n=1

(µ̂ω,r(zn))
p .

∫
D

(µ̂ω,r(z))
p
dλ(z).

Proof. By Lemma 3.2, for some positive constant C,

µ(E(zn, r)) ≤
C

[ω](zn)

∫
E(zn,r)

µ(E(ξ, r))ω(ξ) dA(ξ).

Using [ω](ξ) � [ω](zn) on E(zn, r) (Lemma 2.1), we obtain

µ̂ω,r(zn) =
µ(E(zn, r))

[ω](zn)
.
∫
E(zn,r)

µ̂ω,r(ξ) dλ(ξ).

Since p ≥ 1 and λ(E(zn, r)) = λ(E(0, r)) <∞, Hölder’s inequality yields

(µ̂ω,r(zn))
p .

∫
E(zn,r)

(µ̂ω,r(ξ))
p
dλ(ξ).

Summing over n and using the bounded overlap of {E(zn, r)} gives the result.
�

Theorem 3.7. Let ω be an almost standard weight, µ a finite positive Borel
measure on D, and let 1 ≤ p <∞. Fix r ∈ (0, 1). For an r–lattice {zn} in D,
the following conditions are equivalent:

(i) Tµ ∈ Sp(A2
ω);

(ii) µ̃ω ∈ Lp(D, dλ);
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(iii) µ̂ω,r ∈ Lp(D, dλ);

(iv)

∞∑
n=1

(µ̂ω,r(zn))
p
<∞.

Moreover,

‖Tµ‖p � ‖µ̃ω‖Lp � ‖µ̂ω,r‖Lp �

( ∞∑
n=1

(µ̂ω,r(zn))
p

)1/p

.

Proof. Since Tµ is positive on A2
ω, its singular values coincide with its eigen-

values, and in particular

‖Tµ‖pp =
∑
k

λk(Tµ)p = tr(T pµ).

We now proceed to prove the equivalences.

(i)⇒(ii). Assume Tµ ∈ Sp(A2
ω). Then T pµ ∈ S1(A2

ω). By [1, page 1017], for
any positive operator S on a Hilbert space and p ≥ 1,

〈Spx, x〉 ≥ 〈Sx, x〉p, ‖x‖ = 1.

Applying this to S = Tµ and x = kωz , we obtain

〈T pµkωz , kωz 〉 ≥ µ̃ω(z)p, z ∈ D.

Lemma 3.4 and Lemma 2.1(iii) yield

‖Tµ‖pp = tr(T pµ) &
∫
D
µ̃ω(z)p dλ(z),

and hence µ̃ω ∈ Lp(D, dλ) with∫
D
µ̃ω(z)p dλ(z) . ‖Tµ‖pp.

(ii)⇒(iii). Let r0 ∈ (0, 1) be as in Lemma 3.1. Then

µ̂ω,r0(z) �
∫
E(z,r0)

|kωz (ξ)|2 dµ(ξ) . µ̃ω(z),

so µ̂ω,r0 ∈ Lp(D, dλ). Fix r ∈ (0, 1) and choose an r0–lattice {zn}. There exist
ρ = ρ(r, r0) ∈ (r0, 1) and an integer M = M(r, r0) such that, for every z ∈ D,

E(z, r) ⊂
⋃

n∈I(z)

E(zn, r0), I(z) := {n : z ∈ E(zn, ρ)}.

For n ∈ I(z) we have z ∈ E(zn, ρ), hence [ω](z) � [ω](zn) by Lemma 2.1(ii).
Therefore

µ̂ω,r(z) =
µ(E(z, r))

[ω](z)
.
∑
n∈I(z)

µ̂ω,r0(zn).
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Since p ≥ 1 and |I(z)| ≤M , it follows that

(µ̂ω,r(z))
p .

∑
n∈I(z)

(µ̂ω,r0(zn))
p
.

Integrating with respect to dλ and changing the order of summation, we have∫
D

(µ̂ω,r(z))
p
dλ(z) .

∞∑
n=1

(µ̂ω,r0(zn))
p
∫
{z:n∈I(z)}

dλ(z)

≤ λ(E(0, ρ))

∞∑
n=1

(µ̂ω,r0(zn))
p
.

By Lemma 3.6 (applied with r = r0), the last sum is finite, and therefore
µ̂ω,r ∈ Lp(D, dλ).

(iii)⇒(iv). This follows from Lemma 3.6.

(iv)⇒(i). Let {zn} be an r–lattice in D. Write

an := µ̂ω,r(zn), and N∗ := {n : an > 0}.

Indices outside N∗ do not contribute. We treat the cases p = 1 and p > 1
separately.

Step 1: Boundedness of Tµ. Since (an) ∈ `p, the sequence (an) is bounded.
Applying Theorem 2.3 with q = 2, we obtain that µ is an A2

ω–Carleson measure.
Hence Tµ is bounded, i.e., Tµ ∈ S∞(A2

ω).

Step 2: The case p = 1. Let {em} be an orthonormal basis of A2
ω. Using

Lemma 2.1(iii), we obtain∑
m

〈Tµem, em〉 =

∫
D

(∑
m

|em(z)|2
)
dµ(z)

=

∫
D
‖Kω

z ‖2A2
ω
dµ(z)

�
∫
D

1

[ω](z)
dµ(z).

On each E(zn, r), local comparability yields [ω](z) � [ω](zn), and therefore∫
D

1

[ω](z)
dµ(z) �

∞∑
n=1

µ(E(zn, r))

[ω](zn)
=

∞∑
n=1

µ̂ω,r(zn) =
∑
n∈N∗

an <∞.

Hence Tµ ∈ S1(A2
ω).

Step 3: The case 1 < p <∞. For ζ ∈ C, define a (finite) complex measure

dνζ :=
∑
n∈N∗

apζ−1n χE(zn,r) dµ.
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The sum is well-defined since each point belongs to at most N of the sets
E(zn, r). For each n ∈ N∗, apζ−1n is an entire function of ζ. Fix ζ with
0 ≤ <ζ ≤ 1 and let

N0 := {n ∈ N∗ : an ≥ 1}.
For n /∈ N0, ap<ζ−1n ≤ a−1n , and∑

n/∈N0

ap<ζ−1n µ(E(zn, r)) ≤
∑
n/∈N0

a−1n µ(E(zn, r))

=
∑
n/∈N0

[ω](zn)

.
∑
n/∈N0

∫
E(zn,r)

ω(z) dA(z)

.
∫
D
ω(z) dA(z) <∞.

On the other hand, since N0 is finite, there exists Cµ > 0 such that ap<ζ−1n ≤ Cµ
for all n ∈ N0, and hence∑

n∈N0

ap<ζ−1n µ(E(zn, r)) ≤ Cµ µ(D) <∞.

Combining these estimates, we conclude that

|νζ |(D) ≤
∑
n∈N∗

ap<ζ−1n µ(E(zn, r)) <∞.

Thus for every ζ with 0 ≤ <ζ ≤ 1, νζ is a finite complex Borel measure,
depending holomorphically on ζ.

Let ζ = it. Then |apζ−1n | = a−1n . For each k,

|νζ |(E(zk, r)) ≤
∑

n∈I(k)

a−1n µ(E(zn, r)) =
∑

n∈I(k)

[ω](zn),

where I(k) = {n : E(zn, r) ∩ E(zk, r) 6= ∅}. Lattice geometry and almost
standardness give

[ω](zn) ≤ C[ω](zk), |I(k)| ≤ N,
hence

|̂νζ |ω,r(zk) ≤ CN.

By Theorem 2.3, |νζ | is an A2
ω–Carleson measure, and hence the operator Tνζ

defined by

〈Tνζf, g〉 =

∫
D
f(ξ)g(ξ) dνζ(ξ)

is bounded on A2
ω, with

M0 := sup
<ζ=0

‖Tνζ‖ <∞.
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Let ζ = 1 + it. Then |apζ−1n | = ap−1n . For each k,

|νζ |(E(zk, r)) ≤
∑

n∈I(k)

ap−1n µ(E(zn, r)) =
∑

n∈I(k)

apn[ω](zn).

Using the decomposition of tr(T|νζ |) over the lattice and changing the order of
summation, one obtains

tr(T|νζ |) =

∫
D
‖Kω

z ‖2A2
ω
d|νζ |(z)

=
∑
k∈N∗

∫
E(zk,r)

‖Kω
z ‖2A2

ω
d|νζ |(z)

.
∑
k∈N∗

‖Kω
zk
‖2A2

ω

∑
n∈I(k)

apn[ω](zn)

=
∑
n∈N∗

apn[ω](zn)
∑

k:n∈I(k)

‖Kω
zk
‖2A2

ω
.

Since |I(k)| ≤ N and E(zk, r) ∩ E(zn, r) 6= ∅ implies ‖Kω
zk
‖2A2

ω
� ‖Kω

zn‖
2
A2
ω
, we

conclude ∑
k:n∈I(k)

‖Kω
zk
‖2A2

ω
. ‖Kω

zn‖
2
A2
ω
� 1

[ω](zn)
.

Hence T|νζ | is a positive trace class and

‖T|νζ |‖1 = tr(T|νζ |) .
∑
n∈N∗

apn <∞.

Since |Tνζ | ≤ T|νζ |, by standard properties of singular values,

‖Tνζ‖1 = tr(|Tνζ |) ≤ tr(T|νζ |) .
∑
n∈N∗

apn.

Consequently,

M1 := sup
<ζ=1

‖Tνζ‖1 .
∑
n

apn.

For fixed f, g ∈ A2
ω, the function ζ 7→ 〈Tνζf, g〉A2

ω
is analytic on the open

strip and continuous on its closure. By complex interpolation theorem [18,
Theorem 2.6],

Tν1/p ∈ Sp(A
2
ω)

and

‖Tν1/p‖
p
p .M

p−1
0 M1 .

∑
n

apn.

Note that a
p(1/p)−1
n = a0n = 1, hence

dν1/p =
∑
n∈N∗

χE(zn,r) dµ.
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Since {E(zn, r)} covers D, we have
∑
n χE(zn,r) ≥ 1 on D, and since the overlap

is bounded by N , we have
∑
n χE(zn,r) ≤ N on D. Therefore

dµ ≤ dν1/p ≤ N dµ,

and consequently, for f ∈ A2
ω,

〈Tµf, f〉 ≤ 〈Tν1/pf, f〉 ≤ N〈Tµf, f〉.
That is,

Tµ ≤ Tν1/p ≤ NTµ,
as positive operators. We conclude that Tµ ∈ Sp(A2

ω) and

‖Tµ‖pp � ‖Tν1/p‖
p
p .

∑
n

apn.

�

Example 3.8. Let

ωα(z) = (1− |z|2)α, α ≥ 0,

and let

dµβ(z) = (1− |z|2)β dA(z), β > −1.

For each fixed r ∈ (0, 1), the standard estimates for pseudohyperbolic disks give

µβ(E(z, r)) � (1− |z|2)β+2,

while

[ωα](z) = (1− |z|2)α+2.

Hence

µ̂βωα,r(z) =
µβ(E(z, r))

[ωα](z)
� (1− |z|2)β−α.

Therefore, by Theorem 3.7,

Tµβ ∈ Sp(A2
ωα) ⇐⇒ µ̂βωα,r ∈ L

p(D, dλ).

Since dλ(z) = dA(z)/(1− |z|2)2, this is equivalent to∫
D

(1− |z|2)p(β−α) dλ(z) <∞,

which holds if and only if

p(β − α) > 1,

or, equivalently,

β > α+
1

p
.

Thus, for the standard weights, Theorem 3.7 recovers the classical Schatten
class threshold for positive Toeplitz operators:

Tµβ ∈ Sp(A2
ωα) ⇐⇒ β > α+

1

p
.
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This agrees with the known characterizations of Luecking and Zhu for standard
weighted Bergman spaces; see, e.g., [11, 17].

We next extend the Schatten class inclusion obtained for positive measures
to Toeplitz operators induced by complex measures, obtaining a sufficient con-
dition in terms of the total variation. For a finite complex Borel measure µ on
D, we write |µ| for its total variation measure and define

|̂µ|ω,r(z) =
|µ|(E(z, r))

[ω](z)
, z ∈ D.

Theorem 3.9. Let ω be an almost standard weight on D, 1 ≤ p < ∞, and
0 < r < 1. Let µ be a finite complex Borel measure on D, and {zn} be an
r–lattice in D. If ∑

n

(
|̂µ|ω,r(zn)

)p
<∞,

then Tµ ∈ Sp(A2
ω) and

(6) ‖Tµ‖pp .
∑
n

(
|̂µ|ω,r(zn)

)p
.

Proof. Write dµ = σ d|µ| with |σ| = 1, |µ|–a.e. Then the associated Toeplitz
operator admits the factorization

Tµ = I∗|µ|MσI|µ|,

where I|µ| : A2
ω → L2(|µ|) is the canonical embedding and Mσ is unitary on

L2(|µ|). Moreover, T|µ| = I∗|µ|I|µ|. By Theorem 3.7 applied to the positive

measure |µ|, the assumption∑
n

(|̂µ|ω,r(zn))p <∞

implies that T|µ| ∈ Sp(A2
ω) and

‖T|µ|‖pp �
∑
n

(|̂µ|ω,r(zn))p.

Consequently I|µ| ∈ S2p, and by the ideal property of Schatten classes,

Tµ ∈ Sp(A2
ω) and ‖Tµ‖p . ‖T|µ|‖p,

which yields (6). �

Example 3.10. Let ν be a finite positive Borel measure on D, and suppose
that ∑

n

(ν̂ω,r(zn))
p
<∞.

Let

dµ = eiθ dν
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for some constant θ ∈ R. Then |µ| = ν, and Theorem 3.9 implies that

Tµ ∈ Sp(A2
ω)

with

‖Tµ‖pp .
∑
n

(ν̂ω,r(zn))
p
.

Moreover, since Tµ = eiθTν , the operators Tµ and Tν have the same singular
values. Therefore, Theorem 3.7, applied to the positive measure ν = |µ|, shows
that in this constant-argument case the sufficient condition in Theorem 3.9 is
also necessary. Namely,

Tµ ∈ Sp(A2
ω) ⇐⇒

∑
n

(
|̂µ|ω,r(zn)

)p
<∞,

and the corresponding two-sided norm estimates hold.

Remark 3.11. The sufficient condition in Theorem 3.9 is not necessary for
general complex measures. Fix 0 < r < 1, and let {zn} be an r–lattice in D.
If r′ ∈ (0, r) is the separation constant in the definition of the lattice, then the
disks E(zn, r

′/2) are pairwise disjoint. Hence, by the local comparability of
almost standard weights,∑

n

[ω](zn) .
∑
n

∫
E(zn,r′/2)

ω(ξ) dA(ξ) ≤
∫
D
ω(ξ) dA(ξ) <∞.

Moreover, since Tδa = Kω
a ⊗ Kω

a and Kω
b → Kω

a in A2
ω as b → a, we have

Tδb → Tδa in the trace norm.
For each n, choose ζn ∈ E(zn, r

′/4) such that

ζn /∈ {zk : k ≥ 1}

and

‖Tδzn − Tδζn ‖S1
<

2−n

1 + [ω](zn)
.

Then

[ω](zn)‖Tδzn − Tδζn ‖S1
< 2−n.

Define

µ =
∑
n

[ω](zn)(δzn − δζn).

The measure µ is finite, and since the atoms are pairwise distinct,

|µ| =
∑
n

[ω](zn)(δzn + δζn).

Since ζn ∈ E(zn, r
′/4), the atoms of |µ| remain uniformly attached to the lattice

{zn}. Thus the finite overlap property and the local comparability of [ω] imply

|µ|(E(zk, r)) ≤ C[ω](zk), k ≥ 1.
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Equivalently,

sup
k≥1
|̂µ|ω,r(zk) <∞.

By Theorem 2.3 with q = 2, |µ| is an A2
ω–Carleson measure, and hence the

Toeplitz form induced by µ is bounded.
On the other hand,

Tµ =
∑
n

[ω](zn)
(
Tδzn − Tδζn

)
converges in S1. Therefore Tµ ∈ Sp(A2

ω) for every 1 ≤ p <∞. However,

|̂µ|ω,r(zn) =
|µ|(E(zn, r))

[ω](zn)
≥ 1

for every n, and consequently∑
n

(
|̂µ|ω,r(zn)

)p
=∞.

Thus Tµ ∈ Sp(A2
ω), whereas the discrete condition in Theorem 3.9 fails for |µ|.

This shows that the condition in Theorem 3.9 is sufficient, but not necessary
in general.

Theorem 3.12. Let ω be an almost standard weight on D, 1 ≤ p < ∞, and
0 < r < 1. Let µ and ν be finite complex Borel measures on D, and {zn} be an
r–lattice in D. If ∑

n

(
̂|µ− ν|ω,r(zn)

)p
<∞,(7)

then Tµ − Tν ∈ Sp(A2
ω) and

‖Tµ − Tν‖pp .
∑
n

(
̂|µ− ν|ω,r(zn)

)p
.

Proof. Set λ = µ − ν. Then Tµ − Tν = Tλ. Assumption (7) and Theorem 3.7
applied to the positive measure |λ| = |µ− ν| yield T|λ| ∈ Sp and

‖T|λ|‖pp �
∑
n

(
|̂λ|ω,r(zn)

)p
.

Applying Theorem 3.9 to λ gives Tλ ∈ Sp and

‖Tµ − Tν‖pp = ‖Tλ‖pp . ‖T|λ|‖pp,
which implies the desired estimate. �

Example 3.13. Let

ωα(z) = (1− |z|2)α, α ≥ 0,

and let

dηβ(z) = (1− |z|2)β dA(z), β > −1.
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Let σ be a finite complex measure for which Tσ is bounded, and set

dµ = dσ + eiθ dηβ , dν = dσ,

where θ ∈ R is fixed. Then

µ− ν = eiθηβ and |µ− ν| = ηβ .

As in the Example 3.8, for each fixed r ∈ (0, 1),

η̂βωα,r(z) � (1− |z|2)β−α.

Therefore condition (7) holds if and only if

β > α+
1

p
.

In this case Theorem 3.12 gives

Tµ − Tν = eiθTηβ ∈ Sp(A2
ωα).

Thus, for standard weights, the theorem recovers the classical Schatten class
threshold for differences whose inducing measure has constant argument:

Tµ − Tν ∈ Sp(A2
ωα) ⇐⇒ β > α+

1

p
.

Remark 3.14. The condition in Theorem 3.12 is a sufficient condition expressed
in terms of the total variation of the difference measure µ − ν. If µ − ν has
constant argument, say d(µ− ν) = eiθ dτ with τ ≥ 0, then

Tµ − Tν = eiθTτ .

Hence Theorem 3.7 applied to the positive measure τ shows that, in this
constant-argument case, condition (7) is also necessary and the correspond-
ing two-sided norm estimates hold. For general complex difference measures,
however, cancellations in the phase of µ − ν are not detected by |µ − ν|, so it
is stated as a sufficient criterion.

We conclude by mentioning some possible directions for further study. It would
be natural to investigate whether the Schatten class characterizations obtained
here remain valid for broader classes of radial weights, or even for suitable non-
radial weights. Another challenging problem is to study the quasi-Banach range
0 < p < 1, for which the methods used in the present paper do not apply di-
rectly. One may also ask whether analogous results hold for weighted Bergman
spaces over higher dimensional domains, such as the unit ball. Finally, the
case of complex measures deserves further attention: while the present paper
provides sufficient conditions in terms of total variation, sharper necessary and
sufficient criteria would require a more precise understanding of the cancellation
phenomena caused by the phase of the measure.
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