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ABSTRACT. This paper introduces a novel double integral transform and
highlights its theoretical and practical significance in solving complex
mathematical problems. The fundamental definitions, key properties,
and its relationships with existing integral transforms are systematically
developed. The novelty of the proposed transform lies in its generalized
structure, which extends the classical Mellin framework and provides a
unified approach for handling a broader class of functions. Several appli-
cations are presented, including the derivation of Mellin transforms for
elementary functions and the solution of partial and fractional differen-
tial equations. In addition, a comparative analysis with existing gen-
eralized Mellin transforms is carried out to demonstrate the advantages
and efficiency of the proposed method. Finally, a comprehensive table of
transforms for functions frequently arising in mathematics, physics, and
engineering is provided to facilitate practical implementation.

Keywords: Mellin transform, Fractional partial differential equations, In-
tegral operator.
2020 MSC': Primary 44A15, 35R11, 26A33.

1. Introduction

Integral transforms have long been recognized as powerful mathematical tools
across diverse scientific and engineering disciplines, providing an elegant frame-
work for simplifying complex problems. By converting a given function f into a
transformed counterpart F' through a well-defined mathematical process, inte-
gral transforms often simplify intricate operations—such as solving differential
equations or evaluating convolutions—into manageable algebraic equations in
the transformed domain. Once the problem has been addressed in this sim-
plified domain, the solution can be mapped back to the original domain using
the inverse integral transform. This dual-process framework has proven instru-
mental in addressing a wide range of theoretical and applied problems.
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A variety of integral transforms have been developed over the years, in-
cluding the new general single, double, and triple conformable integral trans-
forms [13], the Sumudu transform [27], the N-transform [15], the Elzaki trans-
form [7], the Upadhyaya integral transform [23], a new general integral trans-
form [12], single, double and triple conformable integral transforms [1], the
Fractional Fourier transform [16], Fourier’s transform of fractional order [14], a
new Fractional Fourier Transform and convolution products [21], the fraction-
alization of Fourier sine and Fourier cosine transforms [20], and a generalized
fractional Fourier transform [18]. Each of these transforms is tailored to spe-
cific types of problems and possesses distinct properties. These tools have been
extensively studied and applied across various fields, with substantial contribu-
tions documented in the literature. Their versatility and effectiveness continue
to inspire research into their theoretical extensions and applications.

This paper is dedicated to the Mellin transform, a powerful integral trans-
form widely recognized for its utility in the study of special functions, differ-
ential equations, and fractional calculus [3]. The Mellin transform serves as
a crucial bridge between classical analysis and applied mathematics, playing
a pivotal role in connecting real analysis, complex analysis, and number the-
ory. Its distinctive property lies in converting multiplicative convolution into
simple addition, which greatly simplifies the analysis of various mathematical
problems. The transform has found applications across diverse fields including
financial markets [24], where it is employed for analyzing economic models and
risk assessment, probability theory [30], particularly in the study of probabil-
ity distributions and statistical inference, and mathematical physics [9,10, 28],
where it is utilized for solving boundary value problems, wave propagation,
and signal processing. Additionally, it has been successfully applied to mini-
max linear estimation on the half-line via Mellin transform [19], demonstrating
its significance in optimization theory. Recognizing the transform’s remarkable
versatility and broad applicability, researchers have proposed various general-
izations of the Mellin transform to broaden its applicability and address more
complex mathematical problems. These extensions include double and triple
Mellin transforms, fractional Mellin transforms, and their multidimensional
counterparts. These generalizations are particularly significant in the context
of fractional calculus, where they provide powerful tools for the analysis of
fractional differential equations and associated phenomena [4, 11,25, 26, 29].
Fractional calculus, which deals with derivatives and integrals of non-integer
order, has gained considerable attention in recent years due to its ability to
model complex phenomena in physics, engineering, and biology, and the gen-
eralized Mellin transforms play a crucial role in solving fractional differential
equations, establishing fundamental results, and exploring the properties of
fractional integral operators.

Motivated by the need for a unified approach to the existing generalizations
of the Mellin transform, in this study we introduce a new generalized dou-
ble Mellin integral transform that encompasses and extends previously defined
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transforms in the literature. The proposed transform provides a more compre-
hensive and flexible framework for addressing a broader class of mathematical
problems encountered in fractional calculus, engineering, and mathematical
physics. We investigate the theoretical properties of this new integral trans-
form, including its existence conditions, inversion formula, and convolution
theorems. Furthermore, we demonstrate its effectiveness in solving both par-
tial and fractional differential equations through illustrative examples, thereby
showcasing its potential as a powerful analytical tool in applied mathematics.

The structure of this paper is organized as follows. In Section 2, we in-
troduce the fundamental definitions and preliminary concepts that underpin
this study and lay the essential groundwork for the subsequent analysis. Sec-
tion 3 presents the formulation and rigorous proof of the principal theorems
and core properties associated with the proposed new generalized Mellin trans-
form, thereby establishing a solid theoretical framework for its validity and
applicability. In Section 4, we compute the transform for various elementary
functions to illustrate its analytical behavior and demonstrate its effectiveness
in relatively simple cases. Section 5 demonstrates several practical applica-
tions of the generalized Mellin transform to partial and fractional differential
equations, highlighting its capability in tackling complex mathematical mod-
els. Finally, Section 6 provides a comprehensive table summarizing the main
properties and operational formulas of the new transform, offering a convenient
reference for researchers and practitioners.

2. Elementary Definitions

In this section, we introduce same basic definitions that will be used through-
out the paper.

Definition 2.1. ( [2]) The Gamma and Beta functions defined as follows:
I'(z) = / * lemTdr,
0

(1) 1
B(u,v) :/O N1 — 1)y

Definition 2.2. ( [6]) The Laplace transform of a function f(7) is defined by

(2) L{f(T):s}= /OOO e f(7)dr,

provided that f(7) is piecewise continuous on every finite interval in [0, c0) and
of exponential order, i.e., there exist constants M, a > 0 such that

[f()] < MeT, 720,

and s > a.
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Definition 2.3. ( [6]) The Mellin transform of a function f(7) is defined by

(3) M{f(7):s} =F(s) = /00 571 f(r) dr,

0
provided that f(7) is locally integrable on (0, c0) and there exist real numbers
a < b such that

1
/ 77 ()| dr < 0o for o > a,
0
and -
/ 7 Hf(r)|dr < 00 for o < b,
1
where s = o +it. Hence, the Mellin transform exists in the strip a < R(s) < b.

Definition 2.4. ( [6]) The generalized Mellin and inverse Mellin transform
respectively defined as follows:

(4) MU 5} = Fla(s) = (o) [ O () dr,

0
and

Y+ico =18/ (g £ s
6)  MOMFa) = I0 = e [ Tl g,

- 2mi
Definition 2.5. ( [17]) The Riemann-Liouville fractional integral defined as
follows:

1 t
6 RLp o t:—/t— *=1f(r)d > 0.

() a—'t f() F(Oé) a( T) f(T) T, «

Definition 2.6. The Riemann-Liouville and Liouville-Caputo fractional deriva-
tives in [17] defined as follows respectively:

"D 1) = oy g ), (=) A
7 a
( ) Co — 1 ! _ . \ym—a—1 g(m)

aDt f(t) F(m _ a) (t T) f (T)dTa

where m — 1 <a <m, méeN.

3. New Generalized Double Mellin Integral Transform

In this section, we introduce the new generalized double Mellin integral
transform in two-dimensional as follows:

M2{f(uvv); (Tv 8)} = ,FD(f(T'),C(S)) = Mu[Mv[f(ua 'U); v = S]U - T]

8) = () /Ooc ut =t <¢(s) /OOO vC(s)_lf(u,v)dv> du
=60l [ [0 s o)dude,

0
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where £(r) and ((s) are the transform of function f(u,v) for u and v, respec-
tively.

Remark 3.1. If ¢(r) = 1,9(s) = 1 and £(r) = r,{(s) = s then, the new integral
transform is double Mellin transform.
) Ma[f (w,0); () = [ [ 1o ) dud
0Jo

The inverse new generalized double Mellin integral transform in two-dimensional
defined by following equation:
(10)

M HFp(E(r),¢(5))} = MIMGTHFD(E(r), C()]] = f(u,v)

_ 1 /“*m u s ¢ () /l’“* v () Fp(E(r), ¢(s))
(27Ti)2 a—1i00 (b(?”) b—ioco ¢(5)

where a and b are the real constants.

dsdr,

Definition 3.2. [5] The space X, is defined for some ¢ € R by
X.:={f:Ry = C; f(z)xt € L*(Ry)},
where L'(R, ), be the space of all (Lebesgue) measurable.

3.1. Function Spaces and Admissibility Conditions. To ensure the well-
posedness of the new generalized double Mellin transform, as well as the validity
of its inversion and operational properties, we specify the class of admissible
functions.

Let Ry = (0,00). For ¢1,co € R, we define the weighted Mellin-type space

(11) X e = {f 'R2 = C ‘ / / | f (u, )| w2 dudo < oo}
o Jo

This space generalizes the one-dimensional space X, introduced in Definition
3.1. Throughout this paper, the following assumptions are imposed:

(1) Existence of the transform. Let f(u,v) € X, ,. The parameters
&(r) and ((s) are chosen such that

(12) RE(r) =c1,  R(C(s)) = ca,

which guarantees the absolute convergence of the double integral in

(8).
(2) Admissible growth conditions. The function f(u,v) satisfies poly-
nomial growth bounds of the form

(13) |f(u,v)] < Cu®v?,  asu,v— 0 or oo,

for some constants C' > 0 and «, 8 € R, ensuring convergence of the
transform and its inverse.
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(3) Inversion validity. The inverse transform (10) holds for functions
f € X¢, ¢, whose transform Fp(§(r),((s)) is analytic in the vertical
strips

(14) c—0 < %(5(7”)) <c+ 51, o — 0y < éR(C(S)) < co + 52,

for some 01,02 > 0, and satisfies suitable decay conditions as |J(r)],
|S(s)| = o0.

(4) Differentiation under the integral sign. For the operational prop-
erties (e.g., Theorems 4.2 and 4.3), we assume that f(u,v) and its
partial derivatives up to the required order belong to X, .,, and that

(15) ug(T)f(u, v) = 0, U<(S)f(u, v) =0

as u,v — 0 and u,v — oo, ensuring that boundary terms vanish when
applying integration by parts.

(5) Relation to classical spaces. The space X, ., includes weighted L'-
spaces as special cases and is closely related to Mellin—Schwartz-type
spaces characterized by rapid decay in logarithmic variables.

4. Some Theorems and Properties of New General Double
Mellin Integral Transform

In this section we introduce some basic theorems and properties of new
general double Mellin integral transform.

Theorem 4.1. Suppose that Mz [f (u,v)] = Fp(&(r),((s)) and Mz [h (u,v)] =
Hp(E(r),((s)), then we have the following result:

(1) For constants A and B, we have:
(16) Mo [Af (u,v) £ Bh (u,v)] = AMy [f (u,v)] £ BMs [h(u,v)].

(2) For a,b> 0 we have:

am Ms [, b)) (r, 5) = TRELCLE))

(3) For a,b> 0, we have:
(18) Mo [ue® f(u,v)] (r,s) = Fp(&(r) + a,((s) +b).
(4) For a,b> 0 we have:

(19 Ma 1009 (r0) = 7 (S22, 02

a
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Proof. To proof of part (1) we use from definition (8), we get:
My [Af (u,v) £ Bh (u,v)]

— 4(r // wS=1 81 (A (u,v) + Bh (u,v)) dudv

(20) = Ap(r)v(s) // w11 (4 0) dudo
+ Bo(r / / 1S (0, v) dudw
=AM [f (u,v)] = BM; [h(u,v)].

For part of (2), we have:

(21) My [f(au,bv)] (r,s) = ¢(r)e(s) /O OO/OOO w711 £ (qu, b) dudw.

By substituting au = p, bv = g we have:

Mo [f(au, bv)] (r, ) = ai(r)bg(s)/o ) P77 (p,g) dpdg

) Foelr),¢(5)
TgEmpcsy
For part of (3), we have:
(23)
Mo [u 0,0)] () = 6)os) [ | a0 O ) dude

= Fp(&(r) +a,((s) + ).

Finally for part of (4), we have respectively:

(24) M [f(u“,vb)] (r,s) = gzﬁ(r)w(s)// ug(r)*va(S)*lf (u“,vb) dudv.
0Jo

Now, taking u® = p and v* = ¢, we get:

M [f(ua,vb)] (r,s) // €)=l Cs)=1 ¢ (u v )dudv
(25) - “—b LT v 0%
(r)

1 () L)
_ab]:D(a’b>'
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Theorem 4.2. Suppose Ms[f(u,v)] = Fp(&(r),{(s)), then we have the fol-
lowing equation:

(26)

My [8"+mf(u, v)

oumov™

L(E(r)T(<(s))
() =n)T'(¢(s) —m)

:| :(_1)n+mr ]:D(f(’l“)—n,C(s)_m),

where n,m € N.

Proof. To prove Theorem (4.2), we proceed by mathematical induction: For
n =1, we get:

(27)

24 - [ ()

:qg(r)w(s)/om/o uE (=1 6(5)- 16u (8 é:ffi ”)) dudv

=) u(s) [

0
0 (0™ f(u,v)
wE-1
(g ()

Using integration by part with respect to u, we have:

oM™ f(u,v)

Mz { Ou ™

]mm]wmwﬁ

x/ / uE(f‘)—QUC(S)—lmdudv
0 0 a’Um

LT
Fein 21

o0 o0 m
" / / W2, " F W) g
0 0 31}’"

and for m = 1 and using integration by part with respect to v, we get:

(20)
#iwn)] T ngto 200,
M2[ Oudv }__F( &(r) // w72
(2 L(&(r)T(¢(s)) —2,,6(s) =2 (u, v)dudv
P - DT - // f(v)dud
e DE)RE() .
‘(”rwm—m«®—n7“ Lo
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For n = k and m = k, we suppose the following equation is true:

(30)

OF e f (u,v L(E(r)T(¢(s
R

// (r)=(k+1) (&) =(k+1) £ (3 ) dudlw
—(cayereDEODTEE) 2 ey g ¢(s) — k).

For n =k + 1 and m = k + 1, we prove:

My [ak+1+k+1f(u7v)} o {3{ ok (akﬂf(u’v)) }]

Ouk+1oyk+1 Ou | Ouk Ovk+1

oF [O%tL f(u,v)
wb(r)=1,,¢(s)—1
// u {8uk ( Quk+1 )}dUdU'

(31)

By imposing integration by part with respect to u, we get:

(32)
:*r( ) / / W) =2C()-1 ;fk <ak;;{<g’v)>dudv
- w'fﬂréésﬂk o [

o [ 0%f(u,v)
5(7‘) (k 2) C(S) 1 ?
/ / < . ) dudv.
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By imposing integration by part with respect to v, we have:

ok+1+k+1 u,v
k2 TEM) LC5) s
=0 ) - ) ) = DO
- oous(r)—(kw)vq(s)_za f(u V) qude
X/O/O " dud
(33) — ()Rt I'(¢(r) T'(¢(s))

TEr) - (k+ D) T(C(s) - (k1))
o(r)p(s) / °0/0°° WSV~ (42) 69~ £ 1) dud

0
L(E(r)T'(¢(s))
L(E(r) = (k+ D)T(C(s) = (k+1))
X Fp(&(r) — (k+1),¢(s) = (k+1)).

_ (_1)k+k+2

]

Theorem 4.3. Suppose Ms|[f(u,v)] = Fp(&(r),{(s)), then we have the fol-
lowing equation:
(34)
gntm Tr r
Mo [aram EE LD () = (e HEQ AR )

Fp(&(r), C(s)),

where n,m € N.
Proof. To prove of above eqation, for n = m = 1 we have:

(35)
" [wazﬂu,v)] ot [T usso EI g,

Oudv
— H()(s) / 8 ( / £<r>§u (Wg”)du)d

By imposing integration by part with respect to u, we have:

(36)

M [u 828{52;“)] (r,5) = —€(r)o(r)(s) /0 °°/0°° st -1600 00 0) g,

_ DM+ e [ ggm=1 ([ e 0w Y) LN
NEO ”"”/o (/ o d>d'
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By integration by part with respect to v, we have:

(37)
e L
_ TEO+DPCE) +1) oy [T w1661 (o) dudo
e | [ f(u,v)dud
_ TEM+DTEs) +1) e
RGO GO AR

In which u¢( f(u,v) = 0 and v¢*) f(u,v) = 0asu — 0,0 — 0 and u — oo, v —
0.
For n = k,m = k, suppose the following equation be true:

(38)

SR )] e DE) FRTC() 1R) 2
Mo [ Oukdvk } (rys) = (=1) T(¢(r))T(C(s)) Fp(&(r),<(s))-

Forn=k+ 1 and m = k + 1, we prove:

M, [uk+1vk+1ak+mf(“’v)} (r,5)

8uk+18vk+1

H2 8/~c+kf(u v)
_ k1, kt1 )
=M: [u Y udw ( Aukdvk >} (r;s)

eeree 02 OFHRf (u,v)
— §(r)+k, C(s)+k ’
d)(r)w(s)/o/o u v Sud ( EER" >dudv

o] o] o 8k+k+1 ,
= (f)(T)w(S)/O Ptk (/0 ug(r)*‘k% (auk&{éﬁlv)> du) dv.

By taking integration by part with respect to u, we have:

(39)

(40)
MQ |:Uk+1’0

oo o g+k+1
=~ (€lr) + Bo(r)(s) [ oS ( / uﬁ(w—lwagﬁ’ﬁdv) du

0

= —(e) + Ro)uls) [ s ( [l (W) dv) au.

0

ak+k+2f(u U)
k )
o Oukt+1oyk+l }(r, )
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And by imposing integration by part with respect to v, we get:

(41)

FhA2 £ (y, 0
Mo k+1vk+1W:| (r,s)

X flu,v

= (=1*(&(r) + k(S // k=1 (o)t 18%]{; ) fudu
_(_1yk+k+2 L(E(r) + k)I(C(s) + k) s
=(=1) (&(r) +k)(C(s) + k) F(g(r))r(g(s)) Fp(&(r),¢(s))
e DEE) R D) + R+ )
Where we let that the first terms from the integration by part approach zero
asu — 0,v — 0 and u — oo, v — o0. O

Definition 4.4. The general double Mellin convolutions defined as follows:

W

coroe u v\ dddp

(@) oo = [T 5000 (5.2) FL
@)

(43) (7 oca)u) = [ OO/OOO F(ud, v0)g (9, 0) dddp.

Theorem 4.5. Suppose Ma[f(u,v)] = Fp(&(r),((s)), then we have the fol-
lowing result:

(1)
(44) Mz [(f *xg)(u,v)] (r,s) =

(2)

Fp(&(r), ¢(s))gp(1 = £(r), 1 = ¢(s))
o(r)y(s) '

Proof. According to definition of general double Mellin transform, we have:

(46)

Mo [(f #59)(u, [// £ (“Z) (wdﬂ (r, )
—b(r)b(s) /070 W€ =1,C() - UO/O 79, 0)g (g Z) djdj] dudv.

(45) Mz [(f oog)(u, v)] (r; s) =



A comprehensive study of the general double Mellin... — JMMR Vol. 16, No. 1 (2027) 157
3 : u (O — .
By substituting i = p and 5 = we have:

Mo [(F #g)(u,0)] (1, 5) =6(r)b(s) /oooooﬂé 1O £, g)dddo

(47) U/ p* g (p, q)dpdq}

Fp(&(r),{(s))Ip(E(r), ¢(s))
¢(r)i(s) '

Similarly, using new general double Mellin transform, we have:

(18)
Ma[(f 006)(u,0)] (1, 5) = Mo [ [ [ sneas .0 dﬁdg} (r,5)

s)// us(M=1ye)-1 {// fwd, vo)g (9, 0) dﬁdg] dudwv.
0o 0Jo

By substituting u¥ = p and vo = q, we get:

(49)
MZ [(f Oog)(uv ’U)] (7‘, 8)
= ¢(r)Y(s) /O/O P D7 (p, g)dpdg [/0 /0 974 o= g (9, o) dﬁd@]
Fp(&(r),((s))Gp(1 —&(r),1 —((s))
B(r)(s) '

Example 4.6. Solve the double integral equation

(50) /0/0 f (9, 0)k(ud, vo)dddo = g(u,v), wu,v >0,

where f(u,v) is unknown and k(u,v) and g(u,v) are given functions. Applica-
tion of the new general double Mellin transform with respect to u,v to equation
(50) combined with (45) gives

Fp(1 —&(r),1 - ¢(s))Kp(£(r),¢(s))
o(r)y(s)

which gives, replacing £(r) by 1 — &(r) and ((s) by 1 — ((s), we have
Fp(&(r),¢(s)) = ¢(r)(s)Gp(1 — &(r), 1 = ¢(s))Hp(&(r),C(r)),

= Gp(&(r), ¢(s)),

where
1

Kp(1—=¢(r),1=¢(s)

Hp(&(r), ¢(r) =
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The inverse general double Mellin transform combined with (45) leads to the
solution

£ 0) = My {o(r)(s)Gn (1 — (), 1 — () Hp (E(r), ()
- /O /O 9(9, Q)h(ud, vo)dddo,

provided h(u,v) = My {H(E(r),((s))} ewists. Thus, the problem is formally
solved.

If, in particular, Hp(&(r),¢(s)) = Kp(&(r),((s)), then the solution of (51)
becomes

(51)

(52) fluv) = / 7000909, o) k(ud, vo)dddo,

provided Kp(§(r),((s))Kp(1 —&(r),1 = ((s)) = 1.
Example 4.7. Solve the double integral equation

(53) L w00 (5.2) 5% = ntwo

where f(u,v) is unknown and g(u,v) and h(u,v) are given functions. Applica-
tions of the Mellin transform with respect to u,v gives

Fp(&(r), ¢(s)) = o(r)v(s)Hp(§(r), ((s))Kp(&(r), ((5)),

Kp(&(r),((s)) = m-

Inversion, by the convolution property (44) , gives the solution

flu,v) = My {o(r)d(s)Hp(€(r), C())Cn(E(r), ¢(5))}

(54) _ /07000 W0, o)k (Z Z) %df

Corollary 4.8. By imposing new general double inverse Mellin transform to
(49), we have the following result:
(f oog)(u, v)
P LT AL GREE)
2 o(r)i(s)

[ o

(55) o poo
/0 /0 f(ub, v0) g (9, 0) 49 dg

Fp(&(r),¢(s)) Gp(1 = §(r), 1 = ¢(s))
o(r)(s)
, we have:

Fp(&§(r),¢(s)gp(1 = §(r), 1 = ((s))
o(r)(s)

= M;? { } (u,v).

—Uu—v

If we assume that f(u,v) =e

(56) Lo [9(9, 0)] (w,v) =M21[ ]<u, ).
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Theorem 4.9. Suppose Ms[f(u,v)] = Fp(&(r),{(s)), then we have the fol-
lowing result:

M, [u’\v“/o/o Tﬂnﬁ’f(m'7 vn)g(T, n)den} (r,s)

_ FpE(r) + A ¢(s) +R)Gp(W+1-&(r) = Ao+ 1—((s) — k)
o(r)ip(s) '

Proof. According to definition of general double Mellin transform, we have:

(57)

Mo [uAv“ /00/00 7902 f (ur,vn) g(T,n) dr dn] (r,s)

// E(r)+A—1 Cs)+/{ 1

(58) x// 902 f (ur,vn) g(7,n) dr dn du dv
//// r)+A—1 C(s)—‘—n 1
x 908 f(ur,vn) g(r,n) dr dnydudo.

By substitution ur = p and vn = ¢, we have:

M, {u)‘v” / 700 7902 f (ur, vn)g(T, n)drdn] (r,s)

=p(r // peITATLGE TR g (p ) dpdg

[// =€) A oG-y (1 n)den}

1)+ AC(s) +R)Ip(I+1-E(r) = Ao+ 1—((s) — k)
o(r)(s) '

(59)

O

Theorem 4.10. (Parseval’s type property) Suppose Ma[f(u,v)] = Fp(&(r),{(s)),
then we have the following result:

M [f(u, )g(u,v)] )

b+ioco a+zoo
5w f ) SO0

x Fp(&(p),¢(q)) Gn(&(r) —€(p),¢(s) — ((g)) dpdg.
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Proof. By using the general double Mellin transform and inverse Mellin trans-
form, we have:

M2 [f(u7v) g(u,v)] (7’78)
= ¢(r)yY(s )/0/ us(M=1y50) 1 f(u,v) g(u, v) dudv

b+i00 pa+ico
oo [ e
47T27,2¢ 7“ ¢(5 b—iocos a—ioco

~4(@) f (p)v C(q)C( ) Fp(p,q) g(u,v)dudvdpdg

b+ico a—Hoo
- L Fole(p).¢(a)
X [QS (r)(s) / / us(M=EP) =108 =C(D)=1 gy 4y) dudv} dpdg
b+ico a+zoo
el Fol€(),C(0))

x Gp(&(r) — fp) ¢(s) = ¢(g)) dpdg.
]

Definition 4.11. [8] The Riemann-Liouville partial fractional integral defined
as follow:

(61) IO‘ Bf( // (u— 1) Hw —7)P L f(t, 7)dtdr.

Theorem 4.12. Suppose Mz[f( u,v)] = Fp(&(r),((s)), then we have the fol-
lowing result:

. T(-&0) - a)T(a) T =) = ATE)
Ma (50w 0) = == T T )
x Fo(E(r) +a, () + B).

Proof. By using the definition of (4.11) we have:

Ia Bf (u,v) // (v —7)P~Lf(t, T)dtdr

‘f@r‘(ﬁ) /0/0 u (1 - u> o (1= 2)7 pee

By taking L —¢and % = ¢, we obtain

(62)

BET2D £ (u,v) — ) (1 =9 f(ub, vi)dody
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Where the function of g(u,v) defined as follows:

1—w)* (1 —=2)"1 0<uv<l,
(03) olur) = {((J S w1,
By taking Mellin transform of g(u,v), we have:
(64)
Malg(u,v)] =Gp(E(r), ¢ / / W€ 1T g4 1) dudu

5) /0/0 W€ =1,CEO=1(1 )01 _ 4)P~Ldydo
=p(r)1(s) (/01 w1 — u)“_ldu> (/01 o711 — v)B_ldv>
=¢(r)Y(s)B*(&(r), a)B*(¢(s), B)
=¢(r)¥(s) 1

L(E(r))T(e) T(¢(s)T(B)
L(E(r) + o) T(C(s) +8)

Now using the definition of general double Mellin transform, (59) and (64),
we have:

a, B 1,1
My {}g,ldlgff(u,v)} =M, [I‘(Z);(B) /0/0 9(0,9) f (u, v9¥)dody

(65) _ Fp(&(r) +a,((s) +B)Gp(1 —&(r) —a,1 —((s) — B)
¢(r)ip(s)L()T(B)

_ A -4&(r) —a) (1= ¢(s) — B) Mt (s
- F(lff(r)) F(l*((s)) ]:D(g( )+ aC( )+ﬁ)

O

Definition 4.13. [22] The Riemann-Liouville and Liouville-Caputo partial
fractional derivative respectively defined as follow:

(66)
e f(u,v)
1 dm+n

— “re U — m—a—1 v—T n—BG—1 - T
- T(m—a)T(n— B) dumdon /a/b (u=1) ( ) f(t,7)dtdr,

DY f(u,v)

- St L, o0

dmtnf(t, T)
detm drm

dedr.
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Theorem 4.14. Suppose Ms[f(u,v)] = Fp(&(r),((s)), then we have the fol-
lowing result:

(67)
I —¢&(r) + o)l =¢(s) +5)
My | BEDYBE f(u,v)| =
» {50220 0) == A e
Proof. The relationship between integral and derivative Riemann-Liouville is
as follows

Fp(&(r) — o, ((s) = B).

m—+n
(68) FED50 F(uv) = T [BRL ™ F )]
We Suppose
(69) g(u,v) = oLy " flu,v).
Then, we have
o d™ g (u, v)
(70) }g,%Du,’gf(%U) = T durdor

Applying the general double Mellin integral transform on both side of equation
(70) and using theorem (4.2), we have

Ma 5052 (0] = Mo | LA
_ Ly TE )
L((r) —m)T(C(s) —n)
(71) x Gp(&(r) —m, ¢(s) —n)

_Pm+1-¢0)T(n+1-(s)
(1 —&(r) T —¢(s))
x Gp(§(r) —m, ((s) —n).
Now, by applying the general double Mellin integral transform to equation (69),
we have

Mafg(u,0)] = M [F5L 2" f(u.v)]
(72) N1—¢&(r)—m+a) T(A-C¢(s)—n+p)

T TO-¢) T ()
x Gp(&(r)+m—a, ((s) +n— ).
Taking &(r) — m instead of £(r) and ((s) — n instead of {(s) in equation (72),
and using in equation (71), we have

(73)
ripes . 1 D= €0) + )l(1 = ((s) + B)
M [B5P52 7o) =5 S ey

Fp(E(r) —a,¢(s) = B).
|
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Theorem 4.15. Suppose Ms[f(u,v)] = Fp(&(r),((s)), then we have the fol-
lowing result

(74)

M [o§D5E 0] = fr—i gy [ e =
dmtrf(t,T)
“amdr dtdr

_ T =) + ) T(1 = C(s) + 5)
I(1=&(r) T(1—<(s))
X Fp(&(r) —a, ((s) = B)-

Proof. Suppose that g(u,v) := dz;;ﬁ(ﬁ”) then, we have
(75)
M [O%Dgff(uvv)}: // (u—t)" v —7) o1

X g(u v) dt dT
= Mo [§h g (u,v)|

_ P —g(r)—m+a) TA-((s)—n+p)
(1 —¢(r)) (1 —¢(s))
x Gp(&(r)+m—a, ((s)+n—p5).

Now, we imposing the general double Mellin transform to both side of equation

. d™ f(uw)
9(u,v) == “gmqa—, we have

M [g(u,v)] =Gp(£(r),(s)) = Mo [(W]
(76) (- = (:)(E(T)))F((C((S)))_ -
_Dm+1-¢(r)l(n+1-((s)) M) — m. C(s) —n

A e T Gp(&(r) —m,((s) —n).

and taking £(r) + m — « instead of £(r) and ((s) + n — B instead of ((s) in
equation (76), and using in equation (75), we have

(77)

CDB Flu v :F(l —&(r) +a)l'(1 = ((s) + B)
Ma ySPLL )] =R g ¢ion

Gp(&(r) —m,((s) —n)

Fo(E(r) — o, ((s) = B).

O
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Corollary 4.16. Suppose Ms[f(u,v)] = Fp(&(r),((s)), then we have the fol-
lowing result
(78)

My {uo‘vﬂ (o%DSff(uw)ﬂ _ L1 =&(r)r'(—¢(s))

(1 —=¢(r) —a)l'(1 = ((s) = B)

5. Mellin Transform of Some Elementary Functions

]:D(g(r)v C(S))

In this section, we obtain the general double Mellin transform of some ele-
mentary functions

(1) Let f(u,v) = e %~ we have:
e—au—bv = o(r s > Oouf(r)—1UC(s)—1 e—au—bv wdv
My [ ] = oyt [ f dud
_ 9(r) ¥(s) L(E(r)) T(C(s))

o ab(m) ps(s)
(2) Let f(u,v) = m,a,b,c € R, we have:

(79)

Mz L - 1>c<ebv - 1>}

oo | / I e
-1

X Z e v Z e dudo

n=1 m=1

_ co(r)P(s) i L(E(r) i F(C(Sg)_

a&(r) pé(s) né() mé(s

n=1 m=1

(3) Let f(u,v) = m,a ,b,c € R, we have:

Mz L T 1>c<ebv ¥ 1>}
// e 1(ea"+1)c(eb”+1> v
oot [ i

% Z n+1 —nau Z(f]—)erl —mbv du dv

n=1 m=1
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(4) Let f(u, ’U) = m then we have:

! €(r)—1,,C(s)-1
M2[(1+u) n(1+4v)m } // TESOE (1+v) dudv
= w11 S L
= 6(r)y(s) / s / T
By taking u = T and v = —p we get:
! = E(r) =11 _ p\n—&(r)—1
Mo |:(1_|_u)n(1_|_v)m:| = ¢(7")¢(3)/0 13 (1-1%) dt

1
X/ P11 pym=¢)=1 g,
0

= o(r)P(s) BE(r), n —&(r) B(C(s), m = ((s)).
(5) Let f(u,v) = e~ @u+b) then according to (79) we have:

M [ _i(““"’b”)} = My [cos(au + bv) — isin(au + bv)]

// uf r)— l,UC(s i(au+bv)dudv
£(r)

_MP(S)TEMITC(s) _ d(r)w(s)T(Er))T(¢(s))i= i)

(m)ﬂ’ (ib)<(s) (a)€) (b)S(s)

_ o) ()T E(r)T(¢(s))
(@)™ (0)¢®)

(en(s115) - o3m (s03)) s (c05) - 3 c03)]-

Finally we have the following result:

o (r)(s)L(E(r)T(¢(s))
M [cos(au + bv)] = (@) (0)°

[cos (S(T)g cos (C(S)g) + sin (5(7“)%) sin (g(s)gﬂ )

{(sin (((s)%) cos (f(r)g) + cos (C(s)%) sin (5(7“)5)] .

5.1. Solutions of Fractional Differential Equations by Double Mellin
transform. In this section we consider

(80) Dgff(ua U) + E[f(u7 U)] = g(u, U)7

where Dg‘f denotes a fractional differential operator (in the sense of Riemann—
Liouville or Caputo), and L is a linear operator compatible with the transform.
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To solve the fractional differential equation (80), we employ the double gen-
eralized Mellin transform with respect to the variables u and v. Let Mo{-}
denote the double Mellin transform defined on the space X, ¢,. Applying this
transform to both sides of the equation yields

Mo D) fu, )} + Mo {L[f (u,0)]} = M2 {g(u, v)} .
Under suitable regularity conditions and transform compatibility, the fractional
differential operator Dgf is converted into an algebraic expression involving the
transform variables, typically in the form of multiplicative factors depending
on s and t. Similarly, the linear operator £ is mapped into an algebraic opera-
tor in the transform domain. Consequently, the original fractional differential
equation is reduced to an algebraic equation in the Mellin space:

D(s,t) F(s,t) = G(s,t),

where F(s,t) = Ma{f(u,v)}, G(s,t) = Ma{g(u,v)}, and P(s,t) represents
the combined symbol of the transformed operators. Solving for F'(s,t) gives

F(s,t) = gg:’g

Finally, the solution f(u,v) is obtained by applying the inverse double Mellin

transform: Gs.t)
-1 S5,
flu,v) = M; {@(s,t) } ,

provided that the inverse transform exists and the resulting expression satisfies
the required convergence conditions.

In the following, we clarify the conditions under which the formal solutions
obtained via the generalized double Mellin transform correspond to classical or
weak solutions of the considered fractional differential equations.

Proposition 5.1 (Existence of Transform Solution). Let f(u,v) € X¢, ., and
assume that the fractional differential equation (80). If g(u,v) € X¢, ., and the
transformed equation admits a unique solution Fp(£(r),((s)) in the transform
domain, then there exists a function f(u,v) given by the inverse transform (10).

Proof. Applying the generalized double Mellin transform to both sides reduces
the problem to an algebraic equation in the transform domain. Under the
stated assumptions, this equation admits a unique solution Fp. The result
follows from the inversion formula (10), provided the admissibility conditions
in the previous subsection are satisfied. O

Proposition 5.2 (Classical Solution). Assume that f(u,v) € C™"(R%) and
that its partial derivatives up to order m,n belong to X, c,.

If the inverse transform exists and the boundary terms vanish, i.e.,
(81) ug(’")f(u,v) — 0, vg(s)f(u,v) —0 asu,v— 0 and u,v — o0,

then the inverse transform yields a classical solution of the fractional differential
equation.
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Proof. The result follows by differentiating under the integral sign and using the
operational properties of the transform (Theorems 4.2 and 4.3). The vanishing
boundary conditions ensure the validity of integration by parts. O

Proposition 5.3 (Weak Solution). Let f € X, ., and assume that the trans-
formed solution Fp(&(r),((s)) exists and is locally integrable. Then f defines
a weak solution of the fractional differential equation in the sense that

(82) /O h /O  F(u0) 6w, v) dudv

satisfies the weak formulation for all test functions ¢ € C?(]Ri)

Proof. The proof follows from standard arguments in distribution theory, using
the fact that the transform maps convolution-type operations into algebraic
forms and preserves integrability under the stated conditions. O

Proposition 5.4 (Compatibility with Boundary and Initial Conditions). Let
the fractional differential equation be supplemented with boundary or initial
conditions of the form

(83) f(u,0) = fo(u),  f(0,v) = go(v),

or their fractional analogues.

If fo and g belong to appropriate weighted spaces and their transforms exist,
then the solution obtained via the generalized double Mellin transform satisfies
these conditions provided the inverse transform converges pointwise.

Proof. The result follows by applying the inverse transform and taking the
corresponding limits, using dominated convergence and the admissibility con-
ditions on f. O

5.2. Admissible Singularities and Stability of the Transform. In prac-
tical applications, particularly in fractional differential equations, the functions
under consideration may exhibit algebraic or logarithmic singularities at u = 0,
v = 0, or at infinity. In this subsection, we clarify the admissibility of such sin-
gular behaviors and their impact on the generalized double Mellin transform
and its inversion.

Algebraic singularities. Let f(u,v) satisfy

(84) flu,v) ~u= ™" aswu—0orv— 0,
for some o, B € R. Then f € X, ., provided that
(85) a < ey, B < co.

Under these conditions, the generalized double Mellin transform remains abso-
lutely convergent.
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Logarithmic singularities. If f(u,v) has logarithmic behavior of the form
(86) f(u,v) ~u™ v~ (log u)* (log v)™,

for integers k,m > 0, then the transform exists under the same conditions
a < c1, B < co. In this case, logarithmic factors lead to higher-order poles in
the transform domain.

Propagation to the transform domain. Algebraic singularities in the physical
domain correspond to pole-type singularities of Fp(£(r),{(s)) with respect to
&(r) and ¢(s). Logarithmic singularities generate multiple poles or derivatives of
simple poles. These features are consistent with the classical Mellin transform
theory.

Impact on inversion and stability. The inversion formula (10) remains valid
provided that the contour of integration lies within a strip where Fp(£(r), {(s))
is analytic. The presence of poles requires appropriate contour selection to
avoid singularities.

Moreover, the stability of the inversion process depends on the decay of

Fp(&(r),¢(s)) as [S(r)],|S(s)| — oo. Functions with admissible singularities
as described above typically yield transforms with sufficient decay to ensure
convergence of the inverse integral.
Remark. The above conditions show that weak algebraic and logarithmic sin-
gularities are admissible within the proposed framework and do not affect the
validity of the transform or its inversion, provided the parameters are chosen
within appropriate convergence strips.

6. Examples

In this section we want to use the general double Mellin transform on solving
some equation, the Mellin transforms of the functions are obtained using the
table 1.

Example 6.1. Consider the FEuler’s differential equation:

92 o
(87) xz% N px% + Qulz,y) = v(z, y).

Applying generalized double Meline transform and useing theorem (4.3) we
have:

(88) (€2(r) + (1 = P)E(r) + Q) Un(&(r), ¢(s)) = Vp(£(r), ((5))-
Consequently , the particular solution of (87) we get:

. 1 VD(f(r)’C(S))
(89) u(w,y) = M, {52(7,) + (1= P)¢(r)+ Q} '

Example 6.2. We consider the following equation

(90) ., +ud, + &, =0, 0<u<oo, 0<wv<l,
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With the following initial conditions

A 0<u<l,
0, u>1,

(91) ®(u,0) =0,P(u,1) = {

where X is constant.

By applying the generalized double Mellin transform we have:

M2 [UQCI)uu] + MZ [uq)u] + M2 [(bvv] = 07
Considering (4.3) we have,

(92) (). (5).0) + TEREDC). )

Applying the generalized double Mellin transform to the initial conditions we
have

=0.

(93) Eol6().0) =0, (e 1) = g
After solution of the equation (92) and using initial conditions (93), we have
(01) Fol6(r).€(6),0) = g ) sin(e(r)o)

By applying the inverse generalized general double Mellin transform (10), we

have
_ A [ a0 () sin(€(r)o) g (s)
®(uv)  2mi /G_ioo &(r)sin(&(r)) dr2m /b_ioo ¢(s) a

_Qmi A 70 ) i)

(95) 2mi sin(nm) sin(n)
_A > M(—l)”x*”” sin(nmv).
& n=1 n
where:
A(n): = lim £ (r).
( ) g(r)—mwg( )

Corollary 6.3. If we take A(n) =1 in equation (95), we have.

(96) B(u.v) = % S sinn)

Example 6.4. Consider the following boundary value problem of fractional
differential equation, for 0 < a, 8 < 1.

(97)  wtHH (GDOEAH f(u,v) + uof (GDLE flu,v) = flu,v).
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Applying general double Mellin transform and using (78) in equation (97),
we have

(YT
T =€) —a- )T —¢(s) —5-1)
(98) P —¢(r) T —¢(s)) M (s
T T =€) o) T —c(s) = m) Foltln), <)
— Ga(e(r), ().

Note that I'(1—§(r) —a) = (1— 5( )—a—1I'(1—=¢(r)—a—1),T'(1-((s)—B) =
(1=¢(s)=B—-1IA—((s) - 1), Therefore we have

Fp(&(r), ¢(s)) = G2 [(£(r), ¢(s))]
I —&(r) =) T(1 = C(s) = B)
(1 =&(r) T —=C(s) (1= &(r) —a)(1 = ¢(s) = )

= G2 [(€(r), C(s))] Ha [(1 = &(r), 1= ((5))]

By applying inverse Mellin transform, we get the solution of problem (97), as
following

(100) Fluw) = o(ils) [ [ gtutvo)h (9,0)dod,

0 JO
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TABLE 1. New general double Mellin integral transform

171

exp(—au — bv)

Ma[f(u,v)] = Fp(§(r),¢(s))

(r) Y (s) T'(E(r)) T(¢(s))
aﬁ(r) bs(s)
c co(r) ¥(s) <= TE(r) <= TK(s)
D)@ D EI RO 2 n€ D (o
c co(r) w(s) n+1 T(&(r))
G IDE@ T e 2D

1

( i( 1)m+1 r'(¢(s))
né&(r)

d(r) ¥ (s) B(E(T),m —

€(r)) B(¢(s), m = ((s))

mé&(s)

cos(au + bv)

SO YOTENTEL T,
aé(r) pe(s)

5(8(r) ) cos(S(s) 5)

B(r) P(s) L(£(r)) T(¢(s))

+ sin(E(T)%) sin(C(S)%) }

sin(au + bv) at(r) 5e(=) [ ( (S) )COS(S(’,‘)%)
+cos(¢(s)F) sin(€(n %) |
Fp(&(r),¢(s)
fau, bv) Za(m he(®)
*0® f(u, v) Fp(&(r) +a, ((s) +b)
9" f(u,v) n L&)
+aun (=1 m}b(f(ﬂ*m ¢(s)
" f(u,v) e TEMTEE) e e
oo (D™ e ey TP )~ () = m)
0" F(u,v) L TEm +n) e
u fun (=1) TE)) Fp(&(r), ¢(s))
wo™ "™ f(u,v) nim L(E(r) +n)T(¢(s) +m) - s
durou ey GO IO A
e Zoe). C0)) O (E(). )
(000 () ZlE0) S Solt — €. 1—CC)
F(1—-¢(r) —a)l(a) T(1-((s)—B)T(B)
RET2S f(u,v) Ta-em)  Ta-csy CPEmT
a, ((s) + B)
RLDS f(u,v) ra-¢(r)+a)rrd—¢(s) +8)

Dﬁ 5 f(u,v)

L= &(r) LA = <(s))

Fp(&(r) —a, ((s) = B)

PrA—-&rm+oT1-¢(s)+8)

T(L—£()T(1—((s) Fp(&(r) — o, ((s)

-8

uo‘vﬁ( D‘J ff(u v))

L1 —&(r) A =<(s)
r(1— 5(7") —a) F(l _ C(S) — ﬁ) -7:D(5( )» ¢(s))
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7. Conclusion

In this study, we developed a novel general double Mellin integral transform
and established its theoretical framework through rigorous definitions, struc-
tural properties, and operational rules. The proposed transform extends previ-
ously reported double Mellin formulations and unifies several existing variants
within a broader and more flexible analytical structure. By systematically de-
riving its linearity, scaling behavior, differentiation properties, and convolution-
type relations, we demonstrated that the new formulation preserves the essen-
tial analytical strengths of classical Mellin-type operators while significantly
enlarging their applicability to multi-variable problems.

A central contribution of this work lies in clarifying the relationship between
the proposed double transform and earlier generalized single Mellin transforms.
This connection ensures theoretical consistency while revealing how the new
operator naturally generalizes one-dimensional Mellin formulations to higher-
dimensional settings. Compared with existing generalized Mellin transforms,
the present approach offers enhanced adaptability for systems involving mul-
tiple independent variables, particularly in partial and fractional differential
equations where traditional analytical techniques may become restrictive or
cumbersome.

The practical effectiveness of the transform was illustrated through the deriva-
tion of Mellin transforms for various elementary functions and through repre-
sentative applications to partial and fractional differential equations. These ap-
plications demonstrate how complex differential models can be systematically
reduced to more tractable algebraic forms in the transform domain. Further-
more, Table 1 provides a comprehensive summary of the newly derived general
double Mellin transforms for functions frequently encountered in mathematics,
physics, and engineering. This table serves not only as a validation of the the-
oretical development but also as a practical reference tool that enhances the
usability and applicability of the proposed method across multiple disciplines.
From a broader perspective, the proposed general double Mellin integral trans-
form contributes meaningfully to the advancement of multidimensional inte-
gral transform techniques. As fractional calculus and multi-variable modeling
continue to play an increasingly important role in applied mathematics, engi-
neering analysis, plasma physics, and related scientific fields, the demand for
flexible and structurally robust transform methods becomes more pronounced.
The framework developed in this paper provides a solid analytical foundation
for addressing such challenges.

Several promising directions for future research emerge from this work. First,
establishing inversion theorems under more general conditions and extending
the transform to broader functional spaces would strengthen its theoretical
foundations. Second, investigating the applicability of the proposed trans-
form to nonlinear fractional systems and developing higher-dimensional exten-
sions such as triple and multi-fold Mellin-type transforms would expand its
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scope. Third, extending the double Mellin transform to fractional stochastic
PDEs would address real-world systems influenced by noise, while incorporat-
ing quantitative validation through error bounds and benchmark comparisons
would strengthen practical interpretability. Fourth, extending the transform to
control and optimization problems would broaden its applicability to decision-
making systems. Additionally, integrating the proposed transform with numer-
ical and hybrid analytical-computational techniques may further enhance its
effectiveness in modeling complex real-world phenomena.

Overall, the general double Mellin integral transform introduced in this work
represents a substantial contribution to the theory of integral transforms, of-
fering both theoretical enrichment and practical analytical capabilities for con-
temporary research in differential equations and applied mathematical sciences
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