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Abstract. This study explores the connections among various degrees
of chaos within dynamical systems defined on uniform spaces, concentrat-

ing on subsets where the trajectories of multiple points display irregular

or ’scrambled’ behavior behavior as time progresses. Our investigation
centers on two primary frameworks: distributional chaos and Li–Yorke

chaos. We initially address the circumstances under which the presence

of a chaotic set containing n points, guarantees the existence of a chaotic
set with m points, where 2 ≤ m < n. We prove that under a condition

called DC, a distributionally topological 2-scrambled set is a distribution-

ally topological n-scrambled. Although the forward direction is typically
valid, establishing the reverse implication necessitates additional hypothe-

ses, which we delineate.
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1. Introduction

A topological dynamical system is represented by a pair (X,T ), where X is a
compact Hausdorff space (or, more generally, a uniform space) and T : X → X
is a continuous transformation. Given an initial point x ∈ X, its orbit under
the action of T is the sequence x, T (x), T 2(x), . . ., which describes its evolution
over time.
Two distinct points x and y in X are said to form a scrambled pair if their
orbits display a particular pattern of instability: they repeatedly approach each
other arbitrarily closely and also diverge to a significant extent, and this occurs
infinitely often. While iterating T in parallel across all points, the orbits of x
and y alternately converge and separate across infinitely many time intervals,
becoming indistinguishable at times and clearly apart at others.
A set in which every pair of distinct points is scrambled is called a scrambled set.
When such a set is uncountably large, the system is termed Li-Yorke chaotic.
This foundational concept of chaos, introduced in 1975 by Li and Yorke, has
inspired extensive subsequent research.
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This idea naturally extends to more than two points. A set is called an n-
scrambled set if the orbits of any n distinct points within it collectively exhibit
this alternating pattern of convergence and divergence. Systems containing
uncountable n-scrambled sets are described as Li-Yorke n-chaotic. This gen-
eralization leads to various refined notions of chaos, including mean Li–Yorke
chaos and distributional chaos, which are central to the present investigation.
In dynamical systems research, the amount or intensity of chaos is frequently
associated with the size of a scrambled set. For two prominent types of chaos
(Li-Yorke chaos and distributional chaos), a fundamental and natural question
arises: how large can these scrambled sets actually be?
The study of scrambled sets is not merely a mathematical curiosity; it has deep
motivations and practical applications.
From a theoretical perspective, understanding the maximal possible size and
structural complexity of scrambled sets helps us quantify chaos. It answers the
question: how chaotic can a system be? Moreover, the transition from pairwise
scrambling to n-scrambling reveals a hierarchy of chaos, which may correspond
to emergent collective behavior in high-dimensional systems.
Some important applications of scrambled sets are listed here:

• Neural networks and population dynamics: In coupled map lat-
tices or neural networks, the presence of n-scrambled sets indicates that
n distinct initial states can remain indistinguishable at certain times
while diverging at others. This models phenomena such as synchro-
nization and desynchronization in biological oscillators.

• Cryptography and pseudorandom number generation: Chaotic
maps with large scrambled sets are used to generate pseudorandom se-
quences. Higher-order scrambling (n-scrambling) may enhance security
against statistical attacks.

• Economics and climate modeling: In multi-agent systems or en-
semble forecasts, the existence of n-scrambled sets implies that even for
large groups of trajectories, prediction remains fundamentally limited
in the long term.

Thus, characterizing when n-scrambled sets exist, and how they relate across
different n, has direct implications for modeling complex systems where inter-
actions among multiple agents or components matter.
This question has been thoroughly explored for systems defined on an interval.
For instance, research has demonstrated the existence of a continuous map on
an interval that possesses a distributionally scrambled set occupying almost the
entire space in terms of Lebesgue measure (since every distributionally scram-
bled set is also a Li-Yorke scrambled set). However, there exists a limitation:
on an interval, a Li-Yorke scrambled set cannot be so pervasive as to constitute
a residual set [9].
This restriction, however, does not hold for more general topological spaces.
Indeed, there exist dynamical systems in which the entire space itself acts
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as a Li-Yorke scrambled set. Yet, for the stronger condition of distributional
chaos, a fundamental boundary exists: within a compact dynamical system, the
whole space can never be a distributionally scrambled set [9]. An equivalent
formulation of this result is that no nontrivial, compact, and invariant subset
can be entirely distributionally scrambled.
While the theory of distributional chaos is well-developed for compact metric
spaces, its extension to uniform spaces presents significant challenges. Key
innovations of this work include:

(1) The generalization of n-scrambled set theory from metric to uniform
spaces, which allows analysis of non-metrizable systems arising in func-
tional analysis and topological dynamics;

(2) The introduction of the density condition (DC) as a sufficient criterion
for the equivalence of different orders of distributional chaos;

(3) The first systematic investigation of iteration invariance for distribu-
tional n-chaos in uniform spaces.

Unlike the metric case, where distance functions provide natural quantitative
measures, uniform spaces require a purely entourage-based framework. Our
results show that while some properties (e.g., inheritance from n-chaos to m-
chaos) transfer directly, others require additional assumptions unique to the
uniform setting. Beyond mere size, the specific properties of a scrambled set
reveal deeper layers of chaotic behavior. Previous studies have identified and
examined scrambled sets with special characteristics, such as being transitive,
invariant, or extremal.
This background motivates a compelling new line of inquiry: can a scrambled
set that is already known to be very large also exhibit these special proper-
ties? For example, in non-compact systems, where the entire space can serve
as a distributionally scrambled set, is it possible for this same set to also be
extremal, transitive, or even possess a stronger mixing property? Investigat-
ing these questions promises to significantly enrich our understanding of the
intricate structure underlying distributional chaos.
A pivotal issue explored in this manuscript pertains to the interconnection
among distinct hierarchical tiers of chaos: given a system that demonstrates
chaos involving n points (i.e., n-chaos), does it necessarily follow that chaos
involving a smaller number of points, say m points, where m < n, is also
present? Although it is broadly recognized that n-chaos entails m-chaos for
m < n, the reverse direction does not hold in general. We investigate the
precise hypotheses under which these varying chaos levels become equivalent.
A further principal objective of this paper is to identify criteria that ensure
the existence of such chaotic sets. Prior research has revealed links between
chaotic dynamics and several systems attributes, including entropy, transitivity,
and the density of periodic points. For instance, positive topological entropy
frequently indicates the presence of distributional chaos.
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A robust theory of topological dynamics is fundamentally grounded in the
premise that the phase space is not only metric but also compact. The majority
of general findings related to chaotic behavior (including those associated with
positive entropy) are obtained under this compactness assumption [10,11,17].
However, there is often a practical and theoretical need to examine dynamical
systems on more general topological spaces that may not be metrizable. A
substantial difficulty emerges because many core concepts in topological dy-
namics are formulated using notions of distance between points or sets. In the
absence of a metric, such distance-based constructs cannot be defined without
imposing additional structure beyond the topology itself. This impediment can
be circumvented by considering completely regular topological spaces endowed
with a uniformity. A uniformity furnishes a coherent, topological method for
gauging proximity between points, effectively acting as a generalization of a
metric.
The generalization of dynamical concepts from metric to uniform spaces has
constituted an active research frontier. Das and collaborators [4] extended
foundational definitions such as expansivity for topological dynamical systems
from metric to uniform topological spaces. In our earlier research [15], we
formulated and examined topological analogs of weak rigidity and sensitivity,
providing equivalent descriptions for uniform rigidity. We subsequently proved
[16] that a topologically transitive dynamical system must be either sensitive
or almost equicontinuous.
More recently [2], we successfully extended the notions of entropy points, ex-
pansivity, and the shadowing property to uniform spaces, revealing a connec-
tion between the topological shadowing property and positive uniform entropy.
Shah and associates [13] showed that a topologically shadowing, mixing, and
expansive system on a totally bounded uniform space possesses the topolog-
ical specification property. We also demonstrated [1] that systems with er-
godic shadowing are topologically chain transitive, and that numerous chain
transitive properties of a topological dynamical system are preserved under
iteration [3].
In a notable contribution, Good and Maćıas [6] furnished equivalent characteri-
zations and established the iteration invariance of various shadowing definitions
within the setting of compact uniformities, thereby generalizing previous results
from the compact metric case. Their work was later advanced in [7]. Good et
al. [5] further explored diverse shadowing properties in the compact uniform
context. For a more comprehensive overview of results pertaining to shadow-
ing, transitivity, and chain properties, we direct the reader to [11, 12, 14] and
the references cited therein.
In this paper, we generalize well-established theorems concerning scrambled
sets [18] to the uniform space setting.
Structure of the paper:
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• Section 2 introduces the necessary definitions, notation, and back-
ground material.
• Section 3 analyzes the equivalence between different levels of chaos

in uniform dynamical systems and establishes criteria for inheritance
under iteration.
• Section 4 provides conclusions, open problems, and directions for future

research.

2. Basic definitions and preliminaries

This section establishes the foundational concepts needed for our main results.
We begin with uniform spaces and then define distributional chaos. Consider
a non-empty set X. A collection U of subsets of X×X is termed a uniformity
on X provided it fulfills these axioms:

(1) For any E1, E2 ∈ U , the intersection E1 ∩ E2 is also contained in U ,
and if E1 ⊂ E2 and E1 ∈ U , then E2 ∈ U ;

(2) Every set E ∈ U contains the diagonal ∆X = {(x, x) : x ∈ X};
(3) If E ∈ U , then E−1 = {(y, x) : (x, y) ∈ E} ∈ U ;

(4) For any E ∈ U there exists Ê ∈ U such that Ê ◦ Ê ⊂ E, where

Ê ◦ Ê = {(x, y) : (x, z) ∈ Ê, (z, y) ∈ Ê, for some z ∈ X}.

The pair (X,U ), consisting of the set X equipped with a uniformity U , is
known as a uniform space [8]. A subfamily B of U forms a basis for U if
every element of U contains an element of B. It is straightforward to verify
that the symmetric entourages within U serve as such a basis. Every compact
topological space admits a uniform structure, specifically the one generated by
its open coverings. This construction facilitates the examination of uniform
continuity for functions defined on compact spaces. Members of the uniformity
U are referred to as entourages of X. An entourage E is called symmetric
whenever E = E−1.
Let (X,U ) be a uniform space. For a point x ∈ X and an entourage E ∈
U , we define E[x] = {y ∈ X : (x, y) ∈ E}. Consider τU = {A ⊂ X :
for each a ∈ A, there exists E ∈ U with E[a] ⊂ A}. Then τU constitutes a
topology on X induced by the uniformity U , termed the uniform topology.
A function f : (X,U ) −→ (Y,V ) is uniformly continuous provided that for
every entourage E of Y , the inverse image (f × f)−1(E) is an entourage of X.
By a topological dynamical system (X,T ) we mean a uniform space X and a
uniformly continuous map T : X → X.
Suppose (X,T ) is a topological dynamical system and n ≥ 2. The product
system is given by (X(n), T (n)), where X(n) = X ×X × · · · ×X (n-times) and
T (n) = T×· · ·×T (n-times). The set4n is defined as4n = {(x1, x2, · · · , xn) ∈
X(n) : ∃ 1 ≤ i < j ≤ n with xi = xj}.
A topological dynamical system (X,T ) is topologically transitive when, for any
pair of nonempty open subsets U and V in X, one can find k ∈ N such that
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T k(U)∩ V 6= ∅. It exhibits sensitivity if there exists an entourage E ∈ U with
the property that for any point x ∈ X and any entourage F ∈ U , there is a
point y ∈ F [x] and a positive integer k ∈ N for which (T k(x), T k(y)) /∈ E. The
system is weakly mixing if, given any four nonempty open sets U1, U2, V1, V2,
there exists a positive integer k ∈ N satisfying T k(Ui)∩Vi 6= ∅ for each i = 1, 2.
A point x ∈ X is an n-periodic point of T provided Tn(x) = x for some n ∈ N
and T k(x) 6= x for all 1 ≤ k ≤ n − 1. The case n = 1 corresponds to a fixed
point. A topological dynamical system (X,T ) is considered Devaney chaotic
when it is topologically transitive, sensitively dependent on initial conditions,
and its periodic points form a dense subset of X.

To clarify the above definitions, we provide several concrete examples.

Example 2.1 (Metric space as a uniform space). Let (X, d) be a metric space.
For each ε > 0, define Eε = {(x, y) : d(x, y) < ε}. Then {Eε}ε>0 forms a for a
uniformity on X, called the metric uniformity. A map T : X → X is uniformly
continuous in the metric sense if and only if it is uniformly continuous with
respect to this uniformity.

Example 2.2 (Shift space). basis Define Σ2 = {0, 1}N = {(x0, x1, x2, · · · ) :
xl ∈ {0, 1}}. A uniformity U on Σ2 is generated by the basis of entourages
Vr = {(x, y) : max{ 1

l+1 : xl 6= yl} < r} for r > 0. The shift transformation σ :

Σ2 → Σ2 is given by σ(x) = (x1, x2, · · · ). This system is uniformly continuous
and serves as a canonical example of chaos.

3. Main results: equivalence and inheritance of distributional
n-chaos

This section analyzes the equivalence of distributionally topological n-scrambled
sets and the conditions under which uncountable distributionally topological
n-scrambled sets are inherited. We also address the converse of the main the-
orems.

Definition 3.1 ( [18]). Given a topological dynamical system (X,T ) and an
integer n ≥ 2, a subset D ⊆ X is said to be distributionally topological n-
scrambled provided that for any selection of n distinct points x1, x2, x3, . . . , xn ∈
D and for every entourage E ∈ U ,

F ∗x1,...,xn
(E, T ) = lim sup

N→∞

1

N
]

1 ≤ k ≤ N :
⋃

1≤i<j≤n

(T kxi, T
kxj) ∈ E

 = 1,

and, for some entourage F ∈ U ,

Fx1,...,xn(F, T ) = lim inf
N→∞

1

N
]
{

1 ≤ k ≤ N : ∃1≤i<j≤n(T kxi, T
kxj) /∈ F

}
= 0,

where ] denotes the cardinality of a set.
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The notation
⋃

1≤i<j≤n(T kxi, T
kxj) ∈ E signifies that for every pair 1 ≤ i <

j ≤ n, the condition (T kxi, T
kxj) ∈ E holds. Conversely, ∃1≤i<j≤n(T kxi, T

kxj) /∈
F means there exists at least one pair 1 ≤ i < j ≤ n for which (T kxi, T

kxj) /∈
F .
A set of points x1, x2, x3, . . . , xn satisfying these conditions is termed a dis-
tributionally topological n-scrambled tuple. The system (X,T ) is described as
distributionally topological n-chaotic when it possesses an uncountable distri-
butionally topological n-scrambled set. The case n = 2 corresponds to the
standard notion of distributional chaos.
The following result follows directly from the definition.

Proposition 3.2. Consider a topological dynamical system (X,T ). If a sub-
set D ⊆ X is not distributionally topological 2-scrambled for T , then it cannot
contain any distributionally topological n-scrambled tuple for integers n > 2.
Moreover, if D is uncountable, a map T that fails to be distributionally topo-
logical 2-chaotic cannot exhibit distributional n-chaos for any n > 2.

A collection F of subsets of N0 is a Furstenburg family if it is upward closed;
that is, if S ∈ F and S ⊂ S′, then S′ ∈ F . For any subset S ⊂ N0, its upper
density is

d(S) := lim sup
n→∞

1

n
|S ∩ {0, 1, . . . , n− 1}|

and its lower density is

d(S) := lim inf
n→∞

1

n
|S ∩ {0, 1, . . . , n− 1}|.

When d(S) = d(S) = d(S), we say the set S has density d(S).
For a set G ⊆ N, its upper and lower densities are defined respectively as:

d(G) = lim sup
n→∞

](G ∩ {1, 2, ..., n})
n

, d(G) = lim inf
n→∞

](G ∩ {1, 2, ..., n})
n

.

Let M(s) = {G ⊆ N : d(G) ≥ s} for any s ∈ [0, 1]. Consequently,

M(1) =

{
G ⊆ N : lim sup

n→∞

](G ∩ {1, ..., n})
n

= 1

}
.

The following observation follows from the definition.

Remark 3.3. (1) For any entourage E ∈ U ,

F ∗x1,··· ,xn
(E, T ) = 1 ⇐⇒

k ∈ N :
⋃

1≤i<j≤n

(T kxi, T
kxj) ∈ E

 ∈M(1).

(2) For some entourage F ∈ U ,

Fx1,··· ,xn(F, T ) = 0 ⇐⇒
{
k ∈ N : ∀1≤i<j≤n(T kxi, T

kxj) /∈ F
}
∈M(1).
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Theorem 3.4. Let (X,T ) be a topological dynamical system. If D ⊆ X con-
stitutes a distributionally topological n-scrambled set for T , then it is also a
distributionally topological m-scrambled set for any 2 ≤ m < n.

Proof. Given that D is a distributionally topological n-scrambled set of T , for
any selection of n distinct points x1, . . . , xn ∈ D the following holds:

(a) ∀E ∈ U , F ∗x1,...,xn
(E, T ) = 1, (b) ∃F ∈ U , Fx1,...,xn

(F, T ) = 0.

By the remark in conjunction with condition (a), the equality F ∗x1,··· ,xn
(E, T ) =

1 corresponds tok ∈ N :
⋃

1≤i<j≤n

(T kxi, T
kxj) ∈ E

 ∈M(1).

Now, for an arbitrary k ∈ N, observe that the condition⋃
1≤i<j≤n

(T kxi, T
kxj) ∈ E

implies (T kxi, T
kxj) ∈ E holds for all pairs 1 ≤ i < j ≤ n. Consequently,

(T kxi, T
kxj) ∈ E is also valid for any 1 ≤ i < j ≤ m with 2 ≤ m < n. It

follows that
⋃

1≤i<j≤m(T kxi, T
kxj) ∈ E, leading to the set inclusionk ∈ N :

⋃
1≤i<j≤n

(T kxi, T
kxj) ∈ E

 ⊆
k ∈ N :

⋃
1≤i<j≤m

(T kxi, T
kxj) ∈ E

 .

Hence, k ∈ N :
⋃

1≤i<j≤m

(T kxi, T
kxj) ∈ E

 ∈M(1),

which is itself equivalent to the statement F ∗x1,··· ,xm
(E, T ) = 1.

From condition (b) and the remark, Fx1,...,xn
(F, T ) = 0 corresponds to{

k ∈ N : ∀1≤i<j≤n(T kxi, T
kxj) /∈ F

}
∈M(1).

For any fixed k ∈ N, the relation ∀1≤i<j≤n(T kxi, T
kxj) /∈ F necessarily implies

∀1≤i<j≤m(T kxi, T
kxj) /∈ F . This yields the containment{

k ∈ N : ∀1≤i<j≤n(T kxi, T
kxj) /∈ F

}
⊆
{
k ∈ N : ∀1≤i<j≤m(T kxi, T

kxj) /∈ F
}
.

Using the upward closure property of M(1), we obtain{
k ∈ N : ∀1≤i<j≤m(T kxi, T

kxj) /∈ F
}
∈M(1),

which consequently gives Fx1,...,xm
(F, T ) = 0. Thus, D is verified to be a

distributionally topological m-scrambled set for all integers 2 ≤ m < n. �



Distributionally chaotic dynamical systems in uniform spaces – JMMR Vol. 16, No. 1 (2027) 257

We now examine the converse direction: does the existence of m-scrambled
sets for all m < n imply the existence of an n-scrambled set? In general, the
answer is negative without additional assumptions.

The difficulty arises because for an n-scrambled tuple, we need the chaotic
behavior to be synchronized : the same times k must witness divergence for all
pairs simultaneously. For m-scrambled sets, the witnessing times may differ for
different pairs. To overcome this obstruction, we introduce a density condition
that ensures synchronization across all pairs in the set.

Remark 3.5 (Density Condition (DC)). Consider a subset D ⊆ X. Suppose
there exist subsets A,B ⊆ N with upper densities d(A) = d(B) = 1 such that
for every scrambled pair (x, y) ∈ D ×D the following conditions are met:

∀E ∈ U , A ⊆
{
k ∈ N : (T kx, T ky) ∈ E

}
and ∃F ∈ U , B ⊆

{
k ∈ N : (T kx, T ky) /∈ F

}
,

then we say D satisfies the density condition (DC).

The intuition behind (DC) is that all scrambled pairs in D share a common set
of times A when they are simultaneously close, and a common set of times B
when they are simultaneously far apart. This uniformity is what allows us to
stitch together pairwise chaotic behavior into n-wise chaos. As we will see in
Section 4, this condition is satisfied in natural examples such as the full shift.

Theorem 3.6. Let D ⊆ X be a distributionally topological 2-scrambled set of
T satisfying density condition (DC). Then D is a distributionally topological
n-scrambled set of T for every n ≥ 2.

Proof. Suppose D ⊂ X is a distributionally topological 2-scrambled set for T ,
with subsets A,B ⊂ N satisfying d(A) = d(B) = 1. For any integer n ≥ 2,
consider the following arrangement of distinct point pairs:

(x1, x2), (x1, x3), . . . , (x1, xn); (x2, x3), (x2, x4), . . . , (x2, xn);

(x3, x4), (x3, x5), . . . , (x3, xn); . . . ; (xn−2, xn−1), (xn−2, xn); (xn−1, xn).

Our objective is to demonstrate that D is also a distributionally topological n-
scrambled set. This requires establishing the existence of an entourage F ∈ U
such that
(1)

Fx1,...,xn
(F, T ) = lim inf

N→∞

1

N
]
{

1 ≤ k ≤ N : ∀1≤i<j≤n(T kxi, T
kxj) /∈ F

}
= 0

and, for every entourage E ∈ U , that
(2)

F ∗x1,...,xn
(E, T ) = lim sup

N→∞

1

N
]

1 ≤ k ≤ N :
⋃

1≤i<j≤n

(T kxi, T
kxj) ∈ E

 = 1.

We begin by verifying condition (1). For any selection of n distinct points
x1, x2, . . . , xn ∈ D, consider the pairwise combinations outlined above. Focus-
ing first on the pairs (x1, xj) with 1 < j ≤ n, the hypothesis guarantees the
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existence of a set A with d(A) = 1 and, for each j, an entourage F1,j ∈ U such
that

B ⊆
{
k ∈ N : (T kx1, T

kxj) /∈ F1,j

}
for all 1 < j ≤ n.

For the pairs (x2, xj) where 2 < j ≤ n, one can find corresponding entourages
F2,j ∈ U satisfying

B ⊆
{
k ∈ N : (T kx2, T

kxj) /∈ F2,j

}
for all 2 < j ≤ n.

This reasoning extends to the remaining pairs. Specifically, for (x3, xj) with
3 < j ≤ n, and so forth up to (xn−1, xn), there exist entourages

F3,j ∈ U (3 < j ≤ n), · · · , Fn−2,j ∈ U (n−2 < j ≤ n), Fn−1,j ∈ U (n−1 < j ≤ n)

such that

B ⊆
{
k ∈ N : (T kx3, T

kxj) /∈ F3,j

}
for all 3 < j ≤ n,

· · · · · ·
B ⊆

{
k ∈ N : (T kxn−2, T

kxj) /∈ Fn−2,j
}

for all n− 2 < j ≤ n,
B ⊆

{
k ∈ N : (T kxn−1, T

kxj) /∈ Fn−1,j
}

for all n− 1 < j ≤ n.
In consequence, for every pair xi, xj with 1 ≤ i < j ≤ n, one can associate an
entourage Fi,j ∈ U fulfilling

B ⊆
{
k ∈ N : (T kxi, T

kxj) /∈ Fi,j
}

for all 1 ≤ i < j ≤ n.
Defining the entourage F =

⋂
1≤i<j≤n Fi,j , we obtain the stronger inclusion

B ⊆
{
k ∈ N : (T kxi, T

kxj) /∈ F
}

for all 1 ≤ i < j ≤ n.

Let P =
⋂n−1
i=1

⋂n
j=i+1

{
k ∈ N : (T kxi, T

kxj) /∈ F
}
. It then follows that

B ⊆ P ⊆
{
k ∈ N : ∀1≤i<j≤n(T kxi, T

kxj) /∈ F
}
.

Given that d(B) = 1, we deduce

d
({
k ∈ N : ∀1≤i<j≤n(T kxi, T

kxj) /∈ F
})

= 1,

which necessarily implies

d
({
k ∈ N : ∀1≤i<j≤n(T kxi, T

kxj) /∈ F
})

= 0,

thereby confirming Fx1,...,xn
(F, T ) = 0.

We now turn to condition (2). Let E ∈ U be an arbitrary entourage. Since
each pair xi, xj (for 1 ≤ i < j ≤ n) is distributionally topological 2-scrambled,

there exists a set A with d(A) = 1 such that

A ⊆
{
k ∈ N : (T kxi, T

kxj) ∈ E
}

for all 1 ≤ i < j ≤ n.

Define Q =
⋂n−1
i=1

⋂n
j=i+1

{
k ∈ N : (T kxi, T

kxj) ∈ E
}

. This yields the contain-
ment

A ⊆ Q ⊆

k ∈ N :
⋃

1≤i<j≤n

(T kxi, T
kxj) ∈ E

 .
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Again, employing the fact that d(A) = 1, we have

d

k ∈ N :
⋃

1≤i<j≤n

(T kxi, T
kxj) ∈ E


 = 1,

which can be expressed as F ∗x1,...,xn
(E, T ) = 1. Thus, D is verified to be a

distributionally topological n-scrambled set for T . �

Remark 3.7. For a topological dynamical system (X,T ) possessing an uncount-
able distributionally topological n-scrambled set for each n ≥ 2, the statements
of Theorems 3.4 and 3.6 can be reformulated for any integers 2 ≤ m < n as
follows:

(1) Distributional n-chaos for T implies distributional m-chaos.
(2) If T exhibits distributional 2-chaos and condition (DC) holds, then T

is distributionally topological n-chaotic for every n ≥ 2.

We continue by showing that distributional n-chaos of a topological dynamical
system is inherited by its iteration, and vice versa.

Remark 3.8. We define the following notations.

ξN (T, x1, . . . , xn, E) =

N∑
k=1

χE

( ⋃
1≤i<j≤n

(T kxi, T
kxj)

)
,

ξcN (T, x1, . . . , xn, E) =

N∑
k=1

χEc

(
∃1≤i<j≤n(T kxi, T

kxj)
)
,

ηN (T, x1, . . . , xn, E) =

N∑
k=1

χE

(
∃1≤i<j≤n(T kxi, T

kxj)
)
,

ηcN (T, x1, . . . , xn, E) =

N∑
k=1

χEc

( ⋃
1≤i<j≤n

(T kxi, T
kxj)

)
.

Then one can see that

F ∗x1,...,xn
(E, T ) = lim sup

N→∞

1

N
ξN (T, x1, . . . , xn, E)

and

Fx1,...,xn
(E, T ) = lim inf

N→∞

1

N
ηN (T, x1, . . . , xn, E).

Many researchers examine conditions under which key properties including
topological transitivity, mixing, recurrence, and shadowing are preserved when
passing from a dynamical system (X, f) to its iterates (X, fn) for n ≥ 2.
Several classical results are extended, and new criteria are established that
characterize when such properties are inherited. In particular, it is shown that
while topological mixing propagates to all iterates, transitivity and recurrence
require additional assumptions, such as surjectivity or minimality. The work of
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Wang established that distributional chaos can propagate from a system to its
iterates. The proposition below demonstrates that, conversely, the property of
distributional n-chaos in an iterated system ensures its presence in the original
system.

Proposition 3.9. Let (X,T ) be a topological dynamical system. Then for any
selection of points x1, x2, . . . , xn ∈ X and any positive integer p > 0,

(a) Fx1,x2,...,xn
(E, T p) = 0 for some entourage E ∈ U implies Fx1,x2,...,xn

(F, T ) =
0 for some entourage F ∈ U .

(b) F ∗x1,x2,...,xn
(E, T p) = 1 for any entourage E ∈ U implies F ∗x1,x2,...,xn

(F, T ) =
1 for any entourage F ∈ U .

Proof. (a) The assumption Fx1,x2,...,xn
(E, T p) = 0 for some E ∈ U guarantees

the existence of an increasing sequence {nl}∞l=1 ⊆ N for which

(3)
1

nl
ηnl

(T p, x1, x2, . . . , xn, E)→ 0 as l→∞.

By virtue of the compactness of X and the continuity of T , each map T s

for s ∈ {0, 1, . . . , p − 1} is uniformly continuous. Consequently, for the given
entourage E ∈ U one can select an entourage F ∈ U such that for any n
distinct points x1, x2, . . . , xn ∈ X and any s ∈ {0, 1, . . . , p − 1} the following
implication holds:

∀1≤i<j≤n(T pxi, T
pxj) /∈ E ⇒ ∀1≤i<j≤n(T sxi, T

sxj) /∈ F.

This leads to the inequality

(4) p(ηcnl
(T p, x1, x2, . . . , xn, E)− 1) ≤ ηcpnl

(T, x1, x2, . . . , xn, F ).

Set ml = pnl. Combining inequality (4) with the identity

1

nl
ηnl

(T, x1, x2, . . . , xn, F ) +
1

nl
ηcnl

(T, x1, x2, . . . , xn, F ) = 1 for each nl,

yields the estimate

(5)
1

ml
ηml

(T, x1, x2, . . . , xn, F ) ≤ 1

nl
ηnl

(T p, x1, x2, . . . , xn, E) +
1

nl
.

From condition (3) together with inequality (5), it follows that

1

ml
ηml

(T, x1, x2, . . . , xn, F )→ 0 as l→∞,

which establishes Fx1,x2,...,xn(F, T ) = 0 for some entourage F ∈ U .
(b) Given that F ∗x1,x2,...,xn

(E, T p) = 1 for all entourages E ∈ U , for an arbi-
trary entourage F ∈ U we can choose an entourage E0 ∈ U with the property
that for any n distinct points x1, x2, . . . , xn ∈ X satisfying

⋃
1≤i<j≤n(xi, xj) ∈

E0, ⋃
1≤i<j≤n

(T s(xi), T
s(xj)) ∈ F for any s ∈ {0, 1, . . . , p− 1}.
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For this particular E0 ∈ U , we have F ∗x1,x2,...,xn
(E0, T

p) = 1. Hence, there
exists an increasing sequence {nl}∞l=1 ⊆ N such that

(6)
1

nl
ξnl

(T p, x1, x2, . . . , xn, E0)→ 1 as l→∞.

Lettingml = pnl, we deduce p(ξnl
(T p, x1, x2, . . . , xn, E0)−1) ≤ ξml

(T, x1, x2, . . . , xn, F ).
Furthermore,

1

nl
ξnl

(T p, x1, x2, . . . , xn, E0) ≤ 1

ml
ξml

(T, x1, x2, . . . , xn, F ),

which, in conjunction with condition (6), gives

1

ml
ξml

(T, x1, x2, . . . , xn, F )→ 1 as l→∞.

Therefore, F ∗x1,x2,...,xn
(F, T ) = 1 for any entourage F ∈ U . �

Employing reasoning analogous to that found in the proof of Lemma 3.2 in
Wang’s work, one obtains the following result.

Proposition 3.10. Let (X,T ) be a topological dynamical system. Then for
any x1, x2, . . . , xn ∈ X, any entourage E ∈ U , and any positive integer p > 0,

(a) Fx1,x2,...,xn
(E, T ) = 0 implies Fx1,x2,...,xn

(E, T p) = 0.
(b) F ∗x1,x2,...,xn

(E, T ) = 1 implies F ∗x1,x2,...,xn
(E, T p) = 1.

Theorem 3.11. Let (X,T ) be a topological dynamical system. Then T exhibits
distributional n-chaos if and only if T p exhibits distributional n-chaos for every
positive integer p ≥ 2 and for all n > 2.

Corollary 3.12. For a topological dynamical system (X,T ) and any fixed in-
teger n > 2, the following statements are equivalent:

(1) T is distributionally n-chaotic.
(2) For every integer p ≥ 2, the iterate T p is distributionally topological

n-chaotic.
(3) There exists some integer p ≥ 2 such that T p is distributionally topo-

logical n-chaotic.

Examples

Example 3.13 (Full shift scrambled set). Let Σ2 = {0, 1}N be the space of all
one-sided infinite sequences of 0’s and 1’s, equipped with the product topology
and consider the shift map σ : Σ2 → Σ2 by σ(x0, x1, x2, . . . ) = (x1, x2, x3, . . . ).
The pair (Σ2, σ) is a topological dynamical system. Moreover, Σ2 is a subshift
of finite type (SFT) with alphabet {0, 1} and empty set of forbidden blocks; it is
known as the full 2-shift. The system is topologically mixing (hence transitive)
and has positive topological entropy.
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We now exhibit an uncountable 2-scrambled set. For each t ∈ (0, 1), con-
struct a point x(t) ∈ Σ2 as follows. Let (wn)n≥1 be an enumeration of all finite
words over {0, 1}. Define x(t) by concatenating the words

w1, w2, . . . , wk, . . .

but insert a block of 0’s of length bk · tc after each wk. One can verify that for
any distinct t1, t2 ∈ (0, 1), the pair (x(t1), x(t2)) satisfies

lim inf
n→∞

d(σn(x(t1)), σn(x(t2))) = 0 and lim sup
n→∞

d(σn(x(t1)), σn(x(t2))) > 0.

Thus S = {x(t) : t ∈ (0, 1)} is an uncountable subset of Σ2 in which every
pair of distinct points forms a scrambled pair. Hence S is an uncountable 2-
scrambled set, and (Σ2, σ) is Li-Yorke chaotic.

Example 3.14 (Non-metrizable uniformity). Let Σ = {(xj) : xj ∈ {0, 1}, j =

0, 1, 2, · · · }. For a subset J of N0, the upper density d of J is defined by

d(J) = lim sup
n→∞

1

n
|J ∩ {0, 1, · · · , n− 1}|.

For each ε > 0, let

Uε = {
(
(xj), (yj)

)
∈ Σ× Σ : d ({j ≥ 0 : xj 6= yj}) < ε}.

Then the family B = {Uε : ε > 0} is a basis for a non-metrizable uniformity U
on Σ. It is easy to see that any distinct pair (x, y) cannot be a distributionally
topological 2-scrambled pair.

Example 3.15 (Non-existence of 3-scrambled tuple). Take the topological dy-
namical system (Σ2, σ) defined earlier and define the points

x1 = 00000000 · · · , x2 = 101010101010 · · · , x3 = 0101010101 · · · .
Clearly, no pair (xi, xj) with 1 ≤ i < j ≤ 3 is distributionally topological
2-scrambled. Therefore, the triple (x1, x2, x3) cannot be a distributionally topo-
logical 3-scrambled tuple.

Remark 3.16 (Concrete Example Satisfying Condition (DC)). The density con-
dition (DC) is a strong sufficient condition. We now provide a concrete example
of a dynamical system where (DC) holds.

Let (Σ2, σ) be the full shift on two symbols, where Σ2 = {0, 1}N0 with the
metric

d(x, y) =

∞∑
i=0

|xi − yi|
2i+1

.

For each t ∈ (0, 1), let {wn}∞n=1 be an enumeration of all finite binary words.
Define

x(t) = w10bt·1cw20bt·2cw30bt·3c · · ·
where 0m denotes a block of m zeros. Let

D = {x(t) : t ∈ (0, 1)}.
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Let A = N (trivially has upper density 1). For B, define

B =
{
k ∈ N : k falls within a zero block of length at least b

√
kc
}
.

This set has upper density 1 because the zero blocks grow in length.
For any entourage E ∈ U , there exists N ∈ N such that

EN = {(x, y) : xi = yi for all i = 0, 1, . . . , N − 1} ⊆ E.
For any two distinct points x(s), x(t) ∈ D with s 6= t, and any k ∈ N, if k falls
within a region where both points have the same finite word wn (which occurs
infinitely often by construction), then for those k,

(σkx(s), σkx(t)) ∈ EN ⊆ E.
The set of such k has upper density 1 uniformly in s, t, because the blocks wn
are exhaustive and appear periodically. Thus

A = N ⊆ {k ∈ N : (σkx(s), σkx(t)) ∈ E}
for all E ∈ U .

Fix an entourage F such that

F = E1 = {(x, y) : x0 = y0}
(i.e., agreement on the first coordinate). For any two distinct x(s), x(t) ∈ D
with s 6= t, consider the times k when the shift is positioned at the beginning
of a zero block of length bt · nc vs. bs · nc for some n. At such positions, since
s 6= t, the lengths of the zero blocks differ, so there exists a coordinate where
one point has 0 and the other has 1. Hence

(σkx(s), σkx(t)) /∈ F.
The set of such k has upper density 1 uniformly in s, t, because the zero blocks
grow without bound and occur with frequency 1 in the upper density sense.
Therefore

B ⊆ {k ∈ N : (σkx(s), σkx(t)) /∈ F}.
Thus, for this scrambled set D in the full shift (Σ2, σ), we have A = N with

d(A) = 1 and B with d(B) = 1 such that for all x, y ∈ D:

∀E ∈ U , N ⊆ {k : (σkx, σky) ∈ E}
and

∃F ∈ U , B ⊆ {k : (σkx, σky) /∈ F}.
Therefore, D satisfies the density condition (DC).

Discussion. We emphasize that (DC) is a sufficient condition whose ne-
cessity is unknown. The condition is quite restrictive, as it requires the same
density-one sets A and B to work uniformly for all entourages and all scram-
bled pairs. However, as the example above shows, there are natural systems
where (DC) is satisfied. The key insight is that the construction ensures that
the structural features (separators and zero blocks) are synchronized across all
points in D, allowing uniform sets A and B to work for all pairs simultaneously.
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Whether (DC) is necessary for the equivalence of 2- and n-chaos remains an
open question for future investigation.

4. Conclusions and future directions

This paper contributes to the understanding of n-scrambled sets within the
context of topological dynamical systems on uniform spaces. Our main achieve-
ments include:

• Generalizing the theory of distributional n-scrambled sets from met-
ric spaces to uniform spaces, thereby allowing applications to non-
metrizable topological spaces.

• Proving that distributional n-chaos implies distributional m-chaos for
all 2 ≤ m < n (Theorem 3.4).

• Establishing a sufficient condition (density condition DC) under which
the converse holds: if a system is m-chaotic for all m < n and satisfies
DC, then it is n-chaotic (Theorem 3.6).

• Demonstrating that distributional n-chaos is preserved under iteration
and, conversely, that if an iterate is n-chaotic then the original system
is n-chaotic (Theorem 3.11).

Several natural questions remain unresolved:

• Converse of Theorem 3.4: Does distributional m-chaos for all m < n
imply distributional n-chaos without assuming condition (DC)? We
suspect the answer is negative in general, and constructing a coun-
terexample remains an open problem.

• Necessity of (DC): Is condition (DC) also necessary for the converse?
That is, if every m-scrambled set (for all m < n) forces an n-scrambled
set, must (DC) hold? This requires further investigation.

• Uniform versus metric: Are there properties of scrambled sets that are
strictly stronger in uniform spaces than in metric spaces? For instance,
can we have an n-scrambled set in a non-metrizable uniform space that
is not measurable in any compatible metric?

We propose the following avenues for future work:

• Entropy and n-scrambling: Investigate whether positive topological
uniform entropy implies the existence of uncountable n-scrambled sets
for all n, extending known results for metric spaces.

• Shadowing and n-scrambling: Given the known relation between shad-
owing and chaos, examine how uniform shadowing properties (e.g., L-
shadowing, asymptotic shadowing) interact with higher-order scram-
bling.

• Mean Li-Yorke n-chaos: Extend our results to mean Li-Yorke n-chaos
and compare with distributional n-chaos in uniform spaces.

The results presented here lay a foundation for further exploration of higher-
order chaos in uniform spaces, bridging abstract topological dynamics with
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potential applications in complex systems where non-metrizable structures nat-
urally arise.
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